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Abstract— With the aid of model abstractions, biochemical for E. coli in being piliated. For example, a highly piliated
networks can be analyzed at different levels of resolution: population leads to preferential activation of the host ime
from low-level quantitative models to high-level qualitaive ones. system, which can rapidly clear the infection. In addititre

Furthermore, an ability to change the level of abstraction @n be .  pili al kes it harder f& lito divid
very useful when dealing with many biological systems, inading expression of pill alSo maxkes It haraer iar coli to divide.

gene regulatory networks. These systems typically have tanany The expression of Type 1 pili i&. coliis phase variable [3],
components and states to be practically studied using alktlusive with cells randomly switching between fimbriate (ON) and
low-level models, yet they often manifest enough dynamicalnd  afimbriate (OFF) phases. Phase variation of Type 1 fimbriae
functional complexity, making an entirely high-level qualtative is mediated by the inversion of a 314bp chromosomal region

representation similarly inadequate — thus necessitating search | ted t fimA th ding the structural
for some intermediate level of abstraction. Finally, while most ocated upstream ofim € gene encoding the structura

abstractions used in modeling of biochemical networks have Pili subunit [4]. This DNA inversion requires eithéfimB or
traditionally been performed manually, doing so accuratey in ~ FimE site-specific recombinases that differ in both specificity
a large system is a tedious and time-consuming process thatand activity. Wheread'imB promotes recombination with

is highly susceptible to errors during model transformation. To|itje orientational biasFimE promotes recombination largely

address these issues, we have developed a methodology and - . .
implemented an automated modeling and analysis tool with in the ON-to-OFF direction [2], [S]. Experimental resulisa

variable abstraction level capabilities. In this paper, weuse it for ~indicate that the total ON-to-OFF switching rate is mucheas
the analysis of switching in Type 1 pili expression dynamicand, thanfimB-promoted switching rate alone [1].

in particular, for the problem of estimating the effect of H-NS and Figure 1 shows the genetic circuit controlling Type 1 pili
Lrp regulatory protein levels on phase variation rates inE. coli. expression. GeneBmA to fimH are transcribed only when

Such behavior is notoriously difficult to study due to the sie of . . o . . .
the associated gene regulatory network and the charactetisally the fim switch is in the ON position. Thém switch can be

stochastic dynamics involved, which result in very high aniytical  inverted by recombinaseBimB and FimE when they are
and computational demands. Here, we show how, by using our bound to the four adjacent half-sites with probability sate
system, we are able to automatically abstract the switch natork  regulated by the levels of other proteins in the network.sThu
and accurately predict E. coli afimbriation rates, while, at the e gynamics oE. coli phase variation is manifestly discrete
same time, accelerating the required computations by up towo .
orders of magnitude. and stochastlc, a_nd cannot be accu_ra_\te_ly modeled by any of
the classical continuous and deterministic methods.

. INTRODUCTION Global regulator proteing.rp, H-NS, and IHF also play

important roles in phase variation by, among other things, a

Type 1 pili are the foremost virulence factor in UrOpath'Cr%g as sensors of the environmental conditions. For example

E. CO.”’ which is .belie\_/ed to be respo_qsible for 70-90 perce;nﬂp binds to the 3Lrp-sites and changdan switching rates.
?;;nt?ﬁz Lr;?éa:{]frigtéoasitgliénTr:—ewiF:j"(Ia zré_av/ﬁﬂogc?n; r:r(]js As the concentration of.rp increases with temperature, it
wo adapter proteins and adhesins ca abrl)é of medigtinoli correspondingly communicates this parameter to the jpifat
pterp cap 9 ecision switch. Analogously, the concentration or thévigt
attachment to the mannose-containing receptors founden B H.NS is temperature and medium dependent. It has been
surface of many_host tlissue. cells [1], [2]2 T){pe 1 pil a'&hown thati-NS binds to the regions that contain ﬁimBand
thus thc_)ught N a'.d. the |nfect_|on ar_1d colonization process ImE promoters [7] and represses the transcriptiorféoB and
enhancmg_ the ability oE. C.OI' to stick to host cells anq by fimE[8]. As the temperature increases, the effectHaNS on
thus_enabllng them to _colon_|ze the bladder. Howev_er, while Phe repression ofimB transcription increases, which leads to
provide a means for infection, there are some d|sadvanta%eaeCreaSe in the concentrationisfnB and a corresponding

This material is based upon work supported by the Nationaér8e decrease in the fimbriate ph_ase of the populatlon. _Th|5 1S
Foundation under Grant No. 0331270. not unexpected as the ambient temperature elevation may
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Fig. 1. Type 1 pili genetic regulatory network (courtesy df)[ Structural pili subunits are encoded fi;mA and are transcribed only when tfien switch
is in the ON position. Recombinas@mB and FimE bind the four adjacent half-sites and invert the switch vdiffierent ratesFimE is strongly biased
in the ON-to-OFF direction, whil&imB is close to fair. Protein$I-NS and Lrp regulate the recombinases in a temperature-dependentemavith H-NS
acting as a repressor. It has been further proposedHiatis needed for any observable phase variation as it playsietstal role during switching via the
ability to introduce sharp bends into the DNA [6].

correspond to an increase in immune system activity, wiich i 1l. WOLF AND ARKIN’S COMPUTATIONAL MODEL

more .sensitive to piliated ceI_Is. The main question of @Ser N merous methods have been proposed for modeling ge-
here is thus.: hoy\( d_er. coli sense environmental change%etiC regulatory networks [10], [L1]. While many traditain
and control its piliation levels? approaches have relied on some differential equation rep-
This paper examines hot#. coli phase switch is controlled resentation inferred from the set of underlying biochemica
by the global regulators. Such behavior is notoriouslycliffi reactions, there has been a growing appreciation of their
to study using an all-inclusive, low-level model due to thgmitations [12], [13], [14], [15]. In particular, diffenstial
size of the associated gene regulatory network and the @hargquation analysis of genetic networks generally assunes th
teristically stochastic dynamics involved, which resultvery the number of molecules in a cell is high and their con-
high analytical and computational demands. On the othet,hagentrations can be viewed as continuous quantities with the
this type of system often manifests too much dynamical agderlying reactions occurring deterministically. Howevin
functional complexity so that rendering it in an entirelghi natural genetic networks, these assumptions frequently do
level qualitative representation becomes similarly impee. not hold. For example, DNA molecules are typically present
To address these issues, we have developed a generalinesingle digit quantities while some promoters can lead to
model abstraction methodology and implemented a modeliagbstantial fluctuations in transcription/translatiotesaand
and analysis tool at variable abstraction level capabditOur essentially non-deterministic expression charactessfi6],
approach enables one to generate models with multipledevil7]. In these situations, accurate genetic regulatoryvork
of abstraction—including intermediate levels of absimtt modeling requires the use of a discrete and stochastic ggoce
that may well be suited for an efficient quantitative analysitlescription usually encapsulated in theaster equation for-
of a large system—easily and accurately, and to accordinghalism[18]. This approach describes well-stirred biochemical
analyze systems such as Type 1 pili expressiorEincoli systems at the individual reaction level by exactly tragkin
more promptly and efficiently by making the process systerthie quantities of each molecular species and by treating eac
atic and automatic [9]. This paper first considers a detailedaction as a separate random event. It further allows the
mathematical model of Type 1 pili phase variation, and thexxact discrete-stochastic simulation of system behaviar v
demonstrates how our model abstraction approach can hélflespie’s Stochastic Simulation Algorithf8SA) [19].
analyze the effect of.rp andH-NS levels in the ON-to-OFF  Wolf and Arkin have previously demonstrated the impor-
switching probability of Type 1 pili expression. tance of stochasticity in thiém system. They used a four-state



TABLE |
STATE TABLE OF fim SWITCHDNA BINDING (COURTESY OF[1]).

State Pigr  Ppime/B Lrp-A  Lrp-3 AG « n j k m I
1/9 - - - - 0 0 0O 0 O 0 0
2/10 IHF - - - AGa2 0 1 0 O 0 0
3/11 IHF FimE - - AGs | AGr a1l ag 1 0 1 0 0
4/12 IHF FimB - - AG4 | AGg az | as 1 1 0 0 0
5/13 IHF FimE Lrp* - AGs31q | AG714 a11a | @414 1 0 1 2 0
6/14 IHF FimE LI‘p"< LI‘p AG31b / AG71b a11b /a4lb 1 0 1 2 1
7/15 IHF FimB Lrp* - AG41a | AGg1q as1q | @314 1 1 0 2 0
8/16 IHF FimB LI‘p"< LI‘p AG41b / AGSlb a21p /a31b 1 1 0 2 1
17/27 - FimE - - AGs3 | AGqrr 0 0O 0 1 0 0
18/28 - FimB - - AGyy | AGss 0 0 1 0 0 0
19/29 - FimE Lrp* - AG3314 | AG7714 0 0O 0 1 2 0
20/30 - FimE LI‘p* Ll"p AG331b / AG771b 0 0 0 1 2 1
21/31 - FimB Lrp* - AGaa1q | AGggi1a 0 0 1 0 2 0
22/32 - FimB Lrp* Lrp AGyq1p | AGssip 0 o 1 0 2 1
23/33 - - Lrp* - AGsq | AGrq 0 0O 0 O 2 0
24/34 - - Lrp* Lrp AG33q | AGr7q 0 0O 0 O 2 1
25/35 IHF - LI‘p* - AG33b / AG77b 0 1 0 0 2 0
26/36 IHF - Lrp* Lrp AG31q | AG714 0 1 0 O 2 1

Markov model to analyze the expression of Type 1 pili [1]. The model is constructed by first reverse-engineering the
Their phase variation network model, shown in Figure lnderlying reactions from the equilibrium statistical riine-
included five specie¥imB, FimE, THF, Lrp*, andLrp. The dynamics model that describes the probability of each $witc
Wolf and Arkin model assumes that the configuration of thBNA configuration shown in Table I. This is accomplished
fim switch can be described by 36 states based on how tmng the hypothesis that the binding and unbinding reastio
molecules of five species involved are bound to the swit@re much more rapid as compared to the associated switching

DNA as shown in Table I. or gene expression rates [20]. Thus, from the standard free e
Their model is then described by the master equation fergy relationship AG = —RT'In (ks /k.), the corresponding
the fim switch based on these 36 possible states as: binding and unbinding reactions are estimated using a rapid

dP(on, 1) unbinding rate constant df.0s~".
—a f(1 = P(on,t)) — gP(on,t) For example, the reaction-based model for switch state 6

is reverse-engineered as shown in Figure 2. In this grabhica
representation, a reaction that is connected to a specibsawi
double arrow is a shorthand to show a reversible reactiah, an
species connected to a reaction with letterq, andm are a
and reactant, product, and modifieior that reaction, respectively.
g— Lscon s exp( =g ) IHF]"* [FimE)’* [FimB]** [Lrp*]™* [Lrp]'* | this reaction scheme, the new specig,, represents
1+ 3 con exp( =g =) [THF] s [FimE}s [FimB]*« [Lrp*]™* [Lrp]'s  the open binding sites, whil86 corresponds to the bound
where P(on,t) is the probability that the switch is in theconfiguration where one molecule BiF binds toPgr, one
ON position at timet. This model is used to infer qualitativemolecule ofFimE binds toPrine, and one molecule dirp
information about the system. For example, they are able hinds to each of the threlerp binding sites (notice thatrp*
answer questions such as why the network has two recomiiid Lrp represent the same species in our model). In other
nases, and how tHin network architecture determines that thavords, S6 could be thought of as the switching dynamics
environment is a87 °C and responds by increasing switchinginalog of theclosed complexconfiguration in transcription
rates and the piliation level of the population. modeling. The association and dissociation rate constants
binding are deduced fromts/k_ss = exp(—AGs1,/RT).
The switching ratev; 1, is adjusted to appropriate units (from
Our model uses the same master equation as Wolf ande;/min) to (s—!)) and used as the rate constant in the

Arkin’s model to specify the configuration of the DNA switchreaction for the switch to move to the OFF position when the
region with most parameter values derived from [1]. OupNA-protein complex is in state 6.

model, however, uses a lower-level quantitative reactiased
abstraction Wh'_Ch models rea‘_:tlon'lev_el molecular preess Un this paper, a modifier is a species which is neither producer
that largely satisfy the Markovian requirement of the SSA. consumed by a reaction.

with
S scorr ®s exXp(=H5s ) [IHF] "¢ [FimE]/ [FimB]*# [Lrp*]™* [Lrp)'¢
1+ 3, corp exp(=p2= ) [IHF] s [FimE]s [FimB]#s [Lrp*]™s [Lrp]ts

f=

IIl. OUR FULL PHASE VARIATION MODEL



TABLE I
PARAMETER VALUES OF THE PRODUCTION REACTION SCHEME INFIG 3.

IHF FimE Pfim Lrp
\ . [ Parameter | Value |
> 3 k1 1.0 (nMs) !
k26 [Ptimn] (THF] [FimE] [Lrp] k_1 1.0 (s)~ T
—k_6[S6] ko 10.0 (nMs) !
p k_o 1.0 (5)° 1
ks 10.0 (nMs) T
S6 k_3 1.0 ()"
m k4 0.01 (nMs)~ T
k_4 1.0 (5)71
[a1n156] | ks 0.4367 () |
» ke 0.10033 (s) ! if the switch is on
0.0 (s)~! otherwise

switch

Fig. 2. Reverse-engineered full model reaction of the d$wittversion

through state 6. . . . . . L
small over time in an ODE simulation given that the initial

concentrations of the recombinases &énM and the initial
concentration ofH-NS is 10nM. Hence, in a Monte Carlo
Py RNAP H-NS Py simulation, the concentration &fimB tends to significantly

],» >< V><Y I decrease over time ifH-NS] >> 10nM while it tends to

P[P [RNAF| PATNTESS Fa[P2][RNAP| oa [ NS) significantly increase over time H-NS] << 10nM, provided
P INAR ] [PRelB NS [ ShalPe VAR [l NS that the initial concentration dfimB is 100nM. Therefore, the
! ip IP ! characteristics of the ratiFimE]/[FimB] can be controlled
P1-RNAP P1-H-NS P2-RNAP P-H-NS by adjusting the initial concentration &f-NS.
" The goal of our analysis is to determine the effectioNS
ks [P1-RNAP] andLrp on the ON-to-OFF switching probability. Our model
» » is simulated for 20,000 runs using the optimized SSA for each
FimB FimE combination of H-NS], and [Lrp], where the range diLrp],
. , is chosen to be frondnM to 20nM with increment of2nM
Fan [FimE] | FalFimE] | and [H-NS], is allowed to be chosen frotinM and 100nM.

Each simulation starts with the switch in the ON position and
Fig. 3. Reaction-level model sub-network BfmB and FimE regulation. is run for up to one cell generation. If the switch moves to
the OFF position at least once, then the simulation is calnte
as an ON-to-OFF switching event. The ON-to-OFF switching

The effect of H-NS is included by introducing produc- Probability is calculated by the number of the ON-to-OFF
tion reactions forFimB and FimE. Since the quantitative switching events divided by the total number of simulations
knowledge of the production reactions BfinB andFimE is With the same initial condition. We assume tiiatcoli is a
insufficient and the parameter values are not known, our mo@¥linder 2um long and1um in cross sectional diameter, and
uses the mechanism as well as the parameter values whicht8a the cell volume is fixed for each simulation.
consistent with our knowledge of the network. For example, Our full phase variation model contaiB$ species and?2
it was shown that a differential modulation from a decread@eversible reactions, and is encoded in SBML format [21].
in H-NS concentration and/or activity leads to a decrease e simulations of this model take 11.3 hours on a 3GHz
[FimE]/[FimB] ratio [1]. The FimB and FimE production Pentium4 with 1GB of memory. Figure 4 shows the changes of
mechanism as shown in Figure 3 captures this qualitatit®e computed ON-to-OFF switching probability as a function
relationship.P; is the promoter site fofimB and P, is the of Lrp concentration at different levels &f-NS.
promoter site forfimE H-NS can also bind to the promoter Our results are consistent with those obtained by Wolf and
sites. When the promoter is occupiedi®yNS, RNAP cannot Arkin [1] and, in turn, with the empirical observations. larp
attach to the promoter site, and transcription is represBeel ticular, their analysis showed that the ratio[BfmE]/[FimB|
effect of H-NS is much stronger in transcription éfmBthan is crucial to the switching probability in that, when theioat
in that of fimE Hence, an increase in concentrationtbiNS is low (i.e. when[H-NS] is low in our model), the switching
leads to an increase iFimE]/[FimB] ratio. The parameter probability gets lower, and when the ratio is higher (i.eewh
values in the production mechanism are set as shown [if+NS] is high), the switching probability gets higher. This
Table II. H-NS mechanism can be seen in our result as well. Fur-

Our model also includes degradation reactions FanB thermore, our results capture the phenotype tuning malif [1
andFimE. The degradation rate constants are chosen so thdtereby at intermediate concentratidng activates, while at
the changes of the concentrations of the two recombinaseslaigh levels it inhibits switching.
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IV. MODEL REDUCTION

Though our full model allows for a more detailed descrip-rFig. 6. Reduced model reaction of the switch inversion tghostate 6.
tion of the network, such a low-level abstraction leads to
substantial computational costs for analysis. Thus, gting

higher-level representation and abstracting away dyralipic . . o
insignificant reactions or species to reduce the complefity Fhe reaction scheme for the switch state 6 as shown in Figure 2

the system can help make our analysis more efficient. For éx- reduced to the rqutpn scheme_shoyvn In F|gur.e 6 by
ample, thequasi-steady-state approximati¢g@ SSA) has long applying the rgpld eqwhbnum approximation. After apiplg
been carried out to reduce the complexity of biochemical ndfi€S€ abstractions, the tool finds that the valudsisfandLrp
works. Although this type of reduction has traditionallyebe do not change over time. Th_us, in this transformed reaction,
done manually, this practice gets increasingly more tegliotl> and Lrp are repllace.d_\./wth constant_s whose vaIL_Jes are
as the size of the network increases, eventually rende’ringsﬁEt “? the correspopd|ng |n|t|a! con.centratlons. The petido
intractable and potentially leading to significant error¢arge reacyon scheme dTlmB, andFlmE,'s r_:tlso reduced as s.hown
model transformations. Our abstraction tool alleviatess¢h N Figure 7 by assuming that bindings and unbindings of
problems by automatically and systematically testing ekw Promoter sites are rapid. After applying model reductite, t

patterns and characteristics to determine which abstractPri9inal model is transformed to a model with 3 species,
methods are applicable. (FimB, FimE, andswitch) and 5 reactions (production and

Using this approach, our phase variation model can gggradation rgactions fatimB and_l?imE shown. in Figure 7
transformed into a simplified (“reduced”) model using ouRNd the combined ON-to-OFF switching reaction). .
automatic abstraction tool to allow for a more efficient gsed N order to compare the reduced abstracted model with
of the switching probability. The abstraction tool (ougihin the original model, we have performed the same number
Figure 5) begins with a model composed of a set of chemic®f| Simulations using the same simulator. Figure 8 shows
reactions which could be simulated using SSA or one of i8¢ results from the simplified model. The results are in
variants though at a substantial computational cost. Taaed close agreement with the results from our original model.
the cost of analysis, the abstraction tool simplifies thginal However, the computational gains from the model abstractio
model by applying several abstraction methods that, among
others, leverage QSSA and the rapid equilibrium assump-

tion [22]. The result is a new, higher-level abstracted nhode ks 22 [RNAP], ko 755 [RNAP],
with less reactions and species which substantially lowes 1+ 2L [RNAP], + 22 [H-NS], 1+%[RNAP]O+&[H-NS]O
cost of stochastic analysis. Even though this transfoonati - .

may cause our stochastic model to be non-Markovian, the

simplified model still captures the large scale system hiehav FimB FimE

such as the ON-to-OFF switching probability in our phase .
variation system, so that the trade-off of accuracy and dpee

is found to be desirable. ka1 [FimB] [Featime]

With our tool, all the reverse_-eng_lneered reactlons are flrli‘:fg. 7. Reduced reaction-level sub-networkiiinB and FimE regulation.
abstracted (reduced) to more simplified reactions. For pl@m
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are significant. The abstract model simulations only take 15 ocsf
hour which is a speed-up of about 11 times compared W|%1
the runtime of the original model.
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V. FINITE STATE SPACE GENERATION

While the simplified model contains significantly less
species and reactions, the state space of the model is still . . .
infinite. In order to make the state space finite, the uppei lim ’ ° el o) * ®
of each molecular count could be specified. To enforce an
upper molecular count limit, the abstraction tool can ihsefi9: 10- Regulation of the ON-to-OFfim switching probability byl-NS

and Lrp. Comparison of the full model results with those from twdatiént

an artificial reaction. For example, to limit the upper meleqeveﬂS of finite state space abstraction.
ular count of FimB to 300, the tool may insert a reaction:
300 FimB — 299 FimB, with a very high reaction rate. With
this reaction inserted in our model, whenever the number
FimB molecules reache300 in a Monte Carlo simulation,
the above reaction fires at a very high probability befo
the production reaction oFimB fires again. Consequently,
the FimB count decreases t299, and it gives an artificial  If the possible number of states for tH&mB count is
upper limit of FimB molecules 0f300. One could also use reduced to 31 with this method, the state space of the model
other techniques to specify the upper limit of each moleculis reduced to 1,922. The computational cost of the stochas-
count. For example, mass conservation conditions may #e simulation is significantly reduced by this stoichionyet
exp||c|t|y inserted, thus also e|iminating some of the mC amplification as well since the kinetic laws of the prOdUﬂtiO
Alternatively, to limit the upper molecular count dfimB and degradation reactions are reduced by the factor of the
to 300, our abstraction tool could make the reaction raf@oichiometry amplified. The entire simulation of this fenit
function of FimB production piecewise with the expressionstate model with stoichiometry of 10 takes only 14 minutes.
zero reaction rate when tH&mB count is at leas800. Notably, this method allows the degree of abstraction to be

Suppose the upper limits of the molecular counts of bottontrolled at various levels by using the stoichiometry Bamp
FimB and FimE are chosen to b800. The state space of fier as a smoothing parameter. Thus, to reduce the state space
the model is still very large with a state count of 181,202s well as the simulation time even further, a more aggressiv
(90,601 for the states with switch ON and another 90,6&toichiometry amplification can be used. For example, if the
for switch OFF). To reduce the state space further withostoichiometry offimB andFimE are amplified to 30, then the
lowering the molecular count upper limits, the abstractiostate space can decrease to only 242. Furthermore, the entir
tool can increase the stoichiometry BimB and FimE in  simulation of this reduced state-space model only takes 5
their production and degradation reactions. For example,niinutes which is a speed-up of more than 135 times compared
the stoichiometry offimB in its production and degradationwith the runtime of the original model. Figure 10 shows the
reactions are amplified from 1 to 10 as shown in Figure 8pmparison of the results from these two finite-state moalels
and if the artificial reaction to specify the upper limit ofeth different levels of abstraction compared with the resuitsrf
FimB count is300 FimB — 290 FimB, then the number of the full model.

0.002 |/

f
gistinct values that th&imB counts can take decreases from
n1 to 31 given the initial count of"imB is a multiple of 10
and at mosB00.



In this work, we have constructed a model of Type 1 pili

VI. CONCLUSIONS

(8]

phase variation inE. coli and have analyzed the respons€g]

of the ON-to-OFF switching probability to the changes in

the concentrations of the two global regulatolsNS and

Lrp. Our results quantify how the switching probability ig10]
influenced by those two regulators and confirm that the patt
is consistent with those expected empirically and anadiftic
from [1]. Furthermore, we have demonstrated how the mod¢ig]

with various levels of abstraction (as automatically gerest
by our method) can be used to obtain the results that agrae wit

those of the original model, while also producing perforggn [13]

T

increases of up to two orders of magnitude without signitican

losses in accuracy.

(1]

(2]

(31

(4]

(5]

(6]

(7]
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