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Abstract - Transition P System are a parallel and distributed 
computational model based on the notion of the cellular 
membrane structure. Each membrane determines a region that 
encloses a multiset of objects and evolution rules. Transition P 
Systems evolve through transitions between two consecutives 
configurations. Moreover, transitions between two consecutive 
configurations are provided by an exhaustive non-deterministic 
and parallel application of evolution rules inside each membrane 
of the P system. Hence, rules application is critical for the whole 
evolution process efficiency, because it is performed in parallel 
inside each membrane in each one of the evolution steps. The 
work presented here includes definitions of maximal and 
minimum applicability benchmarks of an evolution rule over a 
determined multiset of objects. These two definitions permit the 
design of new algorithms that improve complexity of traditional 
step by step one. This is achieved through new parallelism degree 
for the application of evolution rules. 

Keywords: Natural Computing, Transition P system, 
Evolution Rules Application, Algorithm. 

1 Introduction 
  Membrane computing is a new computational model 
based on the membrane structure of living cells [1]. This 
model has become, during last years, a powerful 
framework for developing new ideas in theoretical 
computation. Main idea was settled in the base of 
connecting the Biology with Computer Science in order to 
develop new computational paradigms. ÒThese applications 
are usually based on experiments using programs for 
simulating/implementing P system on common computers. 
Nowadays, it can be found several P Systems simulators 
very elaboratedÓ [2].  

 At this point, there is a problem with the parallelism 
synthesized in [2] by: Òparallelism -a dream of computer 
science, a common sense in biologyÒ. This is the reason 
why, P! un avoids Òto plainly say that we have 
Ôimplementations of P systemsÕ, because of the inherent 
non-determinism and the massive parallelism of the basic 
model, features which cannot be implemented, at least in 
principle, on the usual electronic computer. [É]  An 
overview of membrane computing software can be found in 
[3], or tentative for hardware implementations [4], or even 
in local networks [5] is enough to understand how difficult 

is to implement membrane systems on digital devices. This 
does not mean that simulations of P systems on common 
computers are not useful; actually, such programs were 
used in biological applications, and can also have important 
didactic and research applicationsÓ. 

 Every algorithm implementing evolution rules 
application for making evolving the systems are sequential. 
This is due mainly to the fact that technologies are 
inherently sequential or, when concurrent technology is 
used, evolution rules are applied over the multiset in 
mutual exclusion. In this paper, new algorithms based on 
applicability benchmarks for evolution rules in which, a 
certain degree of parallelism is obtained Ðat a given 
iteration step of the algorithm, a given evolution rule is 
applied several times over the multiset of objectsÐ. 
Respecting the non-determinism, a total parallelism cannot 
be achieved but these new algorithms go one step ahead in 
two different senses: firstly, implementations are closed to 
the theoretical model and to biology, and secondly, due to 
parallel application of evolution rules by chunks, hardware 
or software simulators will be more eff icient. 

 This work is structured as follows: firstly two 
definitions about evolution rules applicability are given, 
maximal and minimal applicability for a rule. Secondly, the 
sequential algorithm for applying evolution rules in 
Transition P systems is formally characterized. After that, 
next sections are devoted to present two enhanced version 
of the traditional algorithm for applying rules based on the 
maximal and minimal applicability. Finally, the obtained 
results are compared and some conclusions are presented. 

2 Maximal and Minimal 
applicability for evolution rules  

 This section defines two concepts about evolution rules 
applicability and recall different formalizations which are 
needed to follow the developed work presented here. 

2.1 Multiset of objects 

 Definition 2.1.1.  A multiset of objects over the set U, 
being a finite and not empty set of objects.  
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 As it is well known, there are several representations 
for multiset of objects: 

...),...},(),,(),,{( !!!== cba nnn
cba cbancnbnaM  

 Definition 2.1.2. The set of multisets of objects over 
the set U. 
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 Definition 2.1.3. Weight of an object in a multiset of 
objects. 

NUMU !" )(|:|  

nmnmms ss ==! /||),(  

 Definition 2.1.4. Support of a multiset of objects. 
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 Definition 2.1.5. Weight of a multiset of objects. 
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 Definition 2.1.6. Empty multiset. 
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 Definition 2.1.7. Multiset Inclusion. 
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 Definition 2.1.8. Multiset addition. 
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 Definition 2.1.9. Multiset subtraction. This operation 
can be defined if and only if the subtrahend is included in 
the minuend. 
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 Definition 2.1.10. Multiset Intersection. 
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 Definition 2.1.11. Product of a multiset by a natural 
number. 
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2.2 Evolution Rules 

 Some needed definitions about evolution rules are 
provided here. From now on, it will be considered that U is 
a finite and non empty set of objects. And T is a f inite and 
non empty set of targets. 

 Definition 2.2.1. Evolution rule with objects in U and 
targets in T is defined by r=(a,c," ) where a !  M(U), c !  
M(U x T) and "  !  { dissolve, not dissolve} . 

 Definition 2.2.2. The set of evolution rules with 
objects in U and targets in T is represented by R(U,T). 

 Definition 2.2.3. Antecedent of evolution rule. 
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 Definition 2.2.4. Let r !  R(U,T) be  an evolution rule 
and let m !  M(U) be a multiset of objects. Then r is 
applicable over m -r is m applicable- if and only if 
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 Property 2.2.5. Maximal applicability benchmark. 
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 Property 2.2.6. Minimal applicability benchmark. 
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2.3 Multiset of Evolution Rules 

 Definition 2.3.1. Let r #  R(U,T) be a f inite and non-
empty set of evolution rules with objects in U and targets in 
T. A multiset of evolution rules is a map:  
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 Definition 2.3.2. Let MR=
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1  be a multiset of 
evolution rules with rules in R #  R(U,T). The evolution 
rule associated to MR is the linear combination of evolution 
rules in R defined as follows: 
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3 Requisites for Application of 
Evolution Rules over  Multisets of 
Objects 

 This section determines, from an algorithmic point of 
view, requisites for assuring evolution rules application in a 
non-deterministic and maximally parallel manner at a 
determined region. 

 Algorithmically, evolution rules application, over a 
multiset of objects, is a transformation process of 
information with one input, one output and transformation 
conditions. Input will be a finite set of active evolution 
rules R={ r1, É , rn}  #  R(U,T),  and a multiset of objects $  
!  M(U). Output will be a new multiset of objects $Õ !  
M(U), the residual multiset after rules application. 

 Let U = { a, b, c, É}  be a finite set of objects, let 

...!!!= cba cba """" !  M(U) be a non-empty multiset 
of objects, and  let A = { r1, É , rn}  #  R(U,T) be a f inite 
multiset of evolution rules. Where 
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are the evolution rules antecedents from A involved in the 
transformation process. It is important to note that 
consequents of the rules are not considered here, because 
only it is studied the process produced by rules over $ . On 
the other hand, parallel evolution rules application from A 
is equivalent to the application of one multiset of evolution 
rules. Let $ r be the multiset of evolution rules able to make 
evolve every object from $  in a non deterministic and 
maximally parallel manner, and let $Õ be the resting 
multiset after the application of the rules. 
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 Transformation process from $  to $Õ imposes that no 
other possible rule in A can be applied to $Õ and that the 
multiset of rules $ r is calculated in a non deterministic 
manner. Hence, solutions must accomplish the following 
set of linear equations: 

 Requisite 3.1: 
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 This system has the same number of equation as the 
cardinal of the alphabet U. Number of incognitos is the 

cardinal of U plus the number of rules ($Õa, $Õb, $Õc,É , k1, 
k2, k3, É) . The space solutions is restricted to be included 
in Nn+m, where n is the cardinal of U and m is the cardinal 
of A.  

 Following requisite is concerning to the weight of 
resulting multiset of objects $Õ and the weight of applied 
multiset of evolution rules $ r. 

 Requisite 3.2.: 
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 Requisite 3.2. establishes that the number of possible 
multisets of evolution rules that can be applied is a finite 
set. 

 Finally, solution must respect the following set of 
predicates: 

 Requisite 3.3:  
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...''' 222 !<!<!< ccbbaa rrr """  

...''' 333 !<!<!< ccbbaa rrr """  

É  

 This requisite determines that every object able evolve 
had evolved. 

 These requisites (3.1, 3.2, and 3.3) determine the 
evolution rules application in a non deterministic and 
massively parallel manner, as it is settled in the literature of 
Transition P systems. 

4 Application of Evolution Rules 
Step by Step 

 In literature about simulation tools of membrane systems 
[6], it is widely used an algorithm in which rules are applied 
one by one in a set of micro-steps of evolution, in 
particular, during the process of calculating the multiset of 
evolution rules. This algorithm involves the random 
selection of one of the active evolution rules, the 
modification of the multiset of objects presents in the 
region, and finally, to calculate again the set of active 
evolution rules in the region. This algorithm is expressed 
below, where $  is the multiset of objects, A is the set of 
active evolution rules, and $ R(U) is the resulting multiset of 
evolution rules to be applied in order to make evolve the 
region. 

( 1)  ! R(U)  <-  ¯ M(R(U))   



( 2)  REPEAT 
( 3)   r i  <-  r andom( ! )   
( 4)   I F NOT appl i cabl e( r i ,  ! )  THEN  
( 5)    !  <- !  Ð { r i }  
( 6)   ELSE BEGI N 
( 7)    ! R(U)  <-  ! R(U)  + { ( r i , 1) }  
( 8)    !  <-  !  Ð i nput ( r i )  
( 9)   END 
( 10) UNTI L | ! | =0 

 The proof of correctness is as follows: 

 Lemma 4.1. The algorithm is finite.  
 Proof 4.1. By the property 2.2.4, any evolution rule 
has a maximal applicability benchmark over the multiset of 
objects. Hence, application of any evolution rule over a 
multiset of objects drives to the non-applicability condition 
{ 4}  eventually. At this point, the rule will be removed from 
the set of active evolution rules A { 5} . This fact implies 
that the set of evolution rules will eventually be the empty 
set, hence the loop will finish { 10} . 

 Lemma 4.2. The algorithm is non deterministic. 
 Proof 4.2. The non-deterministic choice of the active 
evolution rule in { 3}  gives the non- deterministic character 
for the resulting multiset of evolution rules during the 
process. 

 Lemma 4.3. There is not object able to evolve in the 
resulting multiset after finishing the process. 
 Proof 4.3.  By the lemma 4.1, at the end of the 
algorithm execution, the empty multiset in { 10}  is reached. 
This is achieved by the elimination process of active 
evolution rules in { 5} . Hence, there is not object able to 
evolve by the application of evolution rules. 

4.1 Complexity Order  

 Loop complexity of this algorithm is obtained from 
the weight of the resulting multiset of evolution rules Ðone 
iteration per each one of the applied evolution rules in { 7} Ð 
plus the initial set cardinal of evolution rules Ðone iteration 
per each one of the removed evolution rules in { 5} Ð. 
Hence: 
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 The worst case is given by evolution rules with 
disjoint antecedents, weight equal to 1 Ðfor instance, r1 = 
a# É,  r2 = b# É , r3 = c# É Ð and every object is 
evolvable in the multiset of objects. Complexity obtained 
with respect to the input multiset of objects is:  
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 On the other hand, loop body requires to calculate the 
applicability of the rule over the multiset of objects in { 4}  
and, in the worst case, the subtraction of the antecedent 
from the multiset of objects in { 7} . In both cases, 
complexity depends on the cardinal of the support of the 
multiset of objects. Hence, loop body complexity is: 

 ( ) ( )||2 !! SuppCC "=  (3) 

 From (2) and (3), algorithm complexity is: 
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 Finally, considering evolution rules set weight very 
small respect to the weight of the multiset of objects, the 
algorithm order is linear on the weight of the multiset of 
objects, O(n). 

5 Application of Evolution Rules 
with Maximal Applicability 
Benchmark 

 The following algorithm is based on considering the 
maximal applicability benchmark of evolution rules over a 
multiset of objects ÐProperty 2.2.5.-. Process is as follows: 
once an evolution rule has been selected in a non 
deterministic manner, the rule is applied a random number 
of times between 1 and the maximal applicability 
benchmark, per iteration. It is expected that this higher 
consume of objects will accelerate the end of execution. 

( 1)  !
R(U)  <-  ¯ M(R(U))  

( 2)  REPEAT 
( 3)   r i  <-  r andom( ! )  
( 4)   max <-  maxi mal Appl i cabl e( r i , ! )  
( 5)   I F max = 0 THEN  
( 6)    !  <-  !  Ð { r i }  
( 7)   ELSE BEGI N 
( 8)    k  <-  r andom( 1, max)  
( 9)    ! R(U)   <-  ! R(U)   + { ( r i , k ) }  
( 10)    !  <-  !  Ð kái nput ( r i )  
( 11)   END 
( 12)  UNTI L | A| =0 

 The correctness proof of this new version is based on 
the fact that the execution effects of the previous and the 
new algorithms are the same. 

 Proposition 5.1. Every execution of the maximal 
applicability benchmark algorithm has the same effect than 
another one from the step by step algorithm. 
 Proof 5.1. Let E be one possible execution for the 
maximal applicability benchmark algorithm. Then, E can be 



represented by a sequence of rules application in A as 
follows by the Definition 2.3.2. 
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execution from step by step algorithm that produces same 
effect than E.  

 Proposition 5.2. Every step by step algorithm 
execution has the same effect than another one of maximal 
applicability benchmark algorithm. 
 Proof 5.2. In fact, each one of the step by step 
algorithm execution is a particular case for maximal 
applicability benchmark algorithm in which k is equal to 1 
for every iteration step at { 8} . 

5.1 Complexity Order  

 In the worst case, loop complexity for this algorithm is 
the same to loop complexity for the step by step algorithm. 
This situation is produced in the case described in the proof 
of the Proposition 5.2. However, considering that the 
random function is uniform, the average length for the 
sequence of random addends (LSRA) to get a given number 
n is n, n! 1, else: 
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 On the other hand, loop body requires to calculate 
evolution rules applicability over a multiset of objects in 
{ 4}  and, in the worst case, the scalar product of the rule 
antecedent by a natural number and the subtraction from the 
multiset of objects in { 10} . Complexity is dependent on the 
cardinal of the support of the multiset of objects. Hence, 
loop body complexity is: 

 ( ) ( )||3 !! SuppCC "=  (7)  

 From (6) and (7), algorithm complexity is: 
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 Finally, considering the set of evolution rules cardinal 
very small respect to the weight of the multiset of objects, 
the maximal applicability benchmark algorithm has a 
logarithmic order )(log 2nO by approximation of the LSRA 
function, where n is the weight of the multiset of objects. 

6 Application of Evolution Rules 
with M inimal Applicability 
Benchmark  

 The following proposed algorithm is based on considering 
the minimal applicability benchmark for evolution rules 
over multisets of objects ÐProperty 2.2.6Ð. The idea is, once 
an evolution rule has been randomly selected, this rule is 
applied a random number of times in between its minimal 
and its maximal applicability benchmark. This is a way for 
making rules to consume every object that will not be 
consumed by others rules. For the worst case considered in 
maximal applicability algorithm, r1 = a� É , r2 = b� É,  r3 = 
c� É , É Ð the rules will be applied in the maximal way in 
only one iteration. Hence, consumed objects will be 
increased and consequently the final condition will be 
reached in the smallest possible number of iterations. 

( 1)  ! R( U, T) <-  ¯ M( R( U) )  
( 2)  REPEAT  
( 3)   r i  <-  r andom( A)  
( 4)   max <-  maxi mal Apl i cabl e( r i , ! )  
( 5)   I F max = 0 THEN  
( 6)    A <-  A Ð { r i }  
( 7)   ELSE BEGI N 
( 8)    ! Õ <-  ¯ M(U)  
( 9)    FOR- EACH r j  I N A Ð { r i }  
( 10)     ! Õ <- ! Õ+ 
         maxi mal Appl i cabl e( r j , ! )  
         ái nput ( r j )  
( 11)    mi n <-  maxi mal Appl i cabl e 
            ( r i , ! Ð( ! I ! Õ) )  
( 12)    k  <-  r andom( mi n+1,  max)    
( 13)    ! R(U)   <-  ! R(U)   + { ( r i , k ) }  
( 14)    !  <-  !  Ð kái nput ( r i )  
( 15)   END 
( 16)  UNTI L | A| >0 

 Correctness proof of this new algorithm is based on 
the same reasons, lemmas and proofs than the previous one 
for the maximal applicability algorithm. 

6.1 Complexity Order  

 In the worst case, loop complexity for this algorithm is 
the same to loop complexity for the maximal applicability 
algorithm. This situation is obtained when the minimal 



applicability benchmark is zero. This fact is produced when 
for every antecedent rule ri! A, has a non empty intersection 
with any antecedent rule in A-{ ri} . In any other case, when 
the minimal applicability benchmark increases, number of 
algorithm iterations will decrease. 

 On the other hand, the loop body requires: to calculate 
the maximal applicability benchmark for evolution rules 
over a multiset of objects; and in the worst case, to calculate 
the minimal applicability benchmark in { 8-11} ; the scalar 
product of the antecedent by a natural number and the 
subtraction from the multiset of objects in { 14} . Hence, 
complexity is dependent on the weight of the support of the 
multiset of objects. Then, complexity obtained is: 
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 Consequently, the order for this algorithm keeps the 
logarithmic factor as previous algorithm. 

7 Comparative Results 
 This section presents the experimental results obtained 
from evolution rules application using the three algorithms 
presented here. The test set has been randomly generated 
and it is composed by 100 different evolution rules sets, 
which have been applied to 100.000 multisets of objects. 
Each evolution rules sets combines three parameters: 
evolution rules number (in between 1 -16), weight of the 
support of the multiset of objects (in between 1-16), and 
finally, the ratio between the weight of the evolution rules 
antecedent and the weight of the multiset of objects (in 
between 1:1-1000). 

 First obtained result, attending to the average time of 
all possible situations, is that best behaviour is shown by 
the maximal applicability benchmark algorithm reducing to 
15.3% respect step by step algorithm. Minimal applicability 
algorithm does not get better results (21.8%) than the 
maximal applicability algorithm due to its higher calculus 
cost introduced in equation (9). 

 A deeper analyze attending to the three different 
parameters above mentioned for the same test set, shows in 
which way the relation between weight of the evolution 
rules antecedents and the multiset of objects affects to the 
behaviour of the different algorithms accordingly to their 
complexity orders; while the other two parameters are not 
very relevant.  Fig. 1. a) and b) show the small differences 
when the number of evolution rules or the weight of the 
support of the multiset are changed. Fig. 1. c) shows the 
linear order of the step by step algorithm in contrast with 
the logarithmic order of the other two ones based on 
applicability benchmarks. 

 
a) Number of Evolution Rules. b) Cardinality of Multiset 

Support. c) Relationship of Weights. 
Fig. 1. Particular Comparative Results. 

 A detailed examination of values obtained shows 
which one of three algorithms is better according to the 
three studied parameters. In Fig. 2 can be appreciated how 
the step by step algorithm produces better results when the 
weight relation is 1:1. However, when relation between the 
two studied weights decreases then the maximal and 
minimal applicability benchmark algorithms are obtaining 
better execution results. Moreover, in the cases in which the 
better results are obtained by the step by step algorithm, the 
maximal and minimal applicability benchmark algorithms 
are very close to the first one as it can be seen in c) of Fig 3. 

 
Fig. 2. Better algorithm according to the weight of the 
support of multiset of objects, the number of evolution 
rules and the ratio between weights of the antecedent of 

evolution rules and the multiset of objects. 
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8 Conclusions 
 This work contributes with two new versions of 
traditional step by step algorithm for applying evolution 
rules over the multiset of objects. These are based on the 
formal definition of maximal and minimal applicability 
benchmark. Thanks to them, it is incorporated a first 
parallel degree in evolution rules over multiset of objects 
application: at a given iteration step of the algorithm, a 
given evolution rule is applied several times over the 
multiset of objects.  
 So, two objectives are reached simultaneously: to 
increase P system simulators efficiency with a logarithmic 
complexity order in critical evolution process; and to 
design closer algorithms to computational and biological 
model for future in vitro implementations.  
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