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Abstract - The problem of finding the longest 
common subsequence is a well-known 
optimization problem because of its applications, 
especially in bioinformatics. In this paper, by 
applying the techniques developed in 
parameterized computation, an efficient 
approach for the problem of finding the longest 
common subsequence of two sequences is 
presented. The parameterized approach is 
compared with the well-known dynamic 
programming approach for the problem. The 
parameterized approach is much more efficient, 
as is shown by the experimental results. 
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1. Introduction 
The longest common subsequence (LCS) 
problem is a well-known optimization 
problem because of its applications. The 
fixed alphabet version of the problem is of 
particular interest considering the 
importance of sequence comparison (e.g. 
multiple sequence alignment) in the fixed 
size alphabet world of DNA and protein 
sequences. (Note that in computational 
biology, DNA sequences are in a four-letter 
alphabet, and protein sequences are in a 
twenty-letter alphabet). 
 
A string s is a subsequence of a string s' if s 
can be obtained from s' by deleting some 
characters in s'. For example, "ac" is a 
subsequence of "atcgt". Given a set of 
strings over an alphabet Σ, the longest 
common subsequence problem is to find a 
common subsequence that has maximum 
length. The alphabet Σ may be of fixed size 

or of unbounded size. For example, if s1 and 
s2 are two strings and s is the longest 
common subsequence of s1 and s2, the 
elements in s appears in each of s1 and s2 in 
the same order but not necessarily 
consecutively. By finding s, we can 
determine how similar of s1 and s2. The 
longer s we can find, the more similar s1 and 
s2 are. For example, assume s1= “actgat” 
and s2= “ctacgaga”. Then “cga” is a 
common subsequence of s1 and s2, but it is 
not the longest. “acga” is longer than “cga” 
and is the longest one. So s = “acga”. 
 
In this paper we focus on the problem of 
finding the longest common subsequence of 
two sequences by applying the 
parameterized computation techniques.  

2. A brief review on 
parameterized computation 
According to the theory of NP-completeness, 
many problems that have important real-
world applications in life science are NP-
hard. This excludes the possibility of solving 
them in polynomial time unless P=NP. For 
example, the problems of cleaning up data, 
multiple sequence alignment, closest string 
and maximum common substructure, are all 
famous NP-hard problems in computational 
biology [4, 8, 12, 13]. A number of 
approaches have been proposed in dealing 
with these NP-hard problems. For example, 
the highly acclaimed approximation 
approach [1] tries to come up with a good 
enough solution in polynomial time instead 



 

of an optimal solution for an NP-hard 
optimization problem [6, 7, 10, 11]. 
 
The theory of parameterized computation [8] 
is a newly developed approach introduced to 
address NP-hard problems with small 
parameters. It tries to give exact algorithms 
for an NP-hard problem when its natural 
parameter is small (even if the problem size 
is big). A parameterized problem Q is a 
decision problem consisting of instances of 
the form (x, k), where the integer k ≥ 0 is 
called the parameter. The parameterized 
problem Q is fixed-parameter tractable [8] if 
it can be solved in time f(k)|x|O(1), where  f  
is a recursive function.  
 
For a problem in the class FPT, researchers 
try to come up with more efficient 
parameterized algorithms. There are many 
effective techniques for parameterized 
algorithm designing, such as the methods of 
bounded search tree and reduction to a 
problem kernel. For example, the Vertex 
Cover problem, a well-known NP-hard 
problem, is fixed-parameter tractable (in the 
class FPT). 
 
Vertex Cover problem: given a graph G and 
an integer  k, determine if G has a vertex 
cover C of k vertices, i.e., a subset C of k 
vertices in G such that every edge in G has 
at least one end in C. Here the parameter is k. 
 
Given a graph of n vertices, there is a 
parameterized algorithm that can solve the 
Vertex Cover problem in time O(kn + 1.286k) 
[5]. 
 
Accompanying the work on designing 
efficient and practical parameterized 
algorithms, a theory of parameter 
intractability is developed. In parameterized 
complexity, to classify fixed-parameter 
intractable problems, a hierarchy, the W-
hierarchy W[t], t ≥0, where W[t] ⊆W[t+1]  
for all t ≥ 0, has been introduced, in which 
the 0-th level W[0] is the class FPT. The 
hardness and completeness have been 
defined for each level W[i] of the W -
hierarchy for i ≥1, and a large number of 

W[i] -hard parameterized problems have 
been identified [8]. For example, the Clique 
problem is W[1]-hard. 
 
Clique problem: given a graph G and an 
integer k, determine if G has a clique C of k 
vertices, i.e., a subset C of k vertices in G 
such that there is an edge in G between any 
two of these k vertices, i.e., the k vertices 
induce a complete subgraph of G. Here the 
parameter is k. 
 
The Clique problem is also a well-known 
NP-hard problem [9]. The Clique problem 
can be solved in time O(nk), based on the 
enumeration of all the vertex subsets of size 
k for a given graph with n vertices. Now it 
has become commonly accepted that no 
W[1]-hard (and W[i]-hard, i > 1) problem, 
(such as the Clique problem), can be solved 
in time  f(k)nO(1) for any function  f. W[1]-
hardness has served as the hypothesis for 
fixed-parameter intractability. Examples 
include a recent result by Papadimitriou and 
Yannakakis [14], showing that the Database 
Query Evaluation problem is W[1]-hard. 
This provides strong evidence that the 
problem cannot be solved by an algorithm 
whose running time is of the form f(k)nO(1), 
thus excluding the possibility of a practical 
algorithm for the problem even if the 
parameter k (the size of the query) is small 
as in most practical cases. 
 

3. The approach based on 
dynamic programming 
A brute-force algorithm for LCS is to find 
out all the subsequences of X then check all 
the subsequences if they were the 
subsequences of Y and find the longest one. 
If the length of X was m, there will be 2m 
subsequences of X. Thus the problem will 
be solved in exponential time O(2m). The 
most common way to solve the problem of 
finding the longest common subsequence of 
two sequences is to use the approach based 
on dynamic programming. We give a 
discussion on this approach. 



 

3.1 Characterizing the longest 
common sequence and a recursive 
solution 
The following theorem is proved in [3]: 
 
Theorem Let X = <x1 x2 …xm> and Y = <y1 
y2 … yn> be sequences, and Z = <z1 z2 … 
zk> be any LCS of X and Y. 
 

1. If xm = yn, then zk = xm = yn and Zk-1 
is an LCS of Xm-1 and Yn-1. 

2. If xm ≠ yn, then zk ≠ xm implies that 
Z is an LCS of Xm-1 and Y. 

3. If xm ≠ yn, then zk ≠ yn implies that Z 
is an LCS of X and Yn-1. 

 
The xm here means the mth element of the 
sequence X, and the Xm-1 means the first to 
the (m-1)th elements of the sequence X. For 
example, for the sequence X = <a b c d e>, 
x5 = e and X4 = <a b c d>.  
 
There is a recursive solution for the LCS 
problem. Base on the Theorem, let us define 
c[i, j] to be the length of a longest common 
subsequence of sequences Xi and Yj. When 
xi = yj, c[i, j] = c[i-1, j-1] + 1; xi ≠ yj, c[i, j] = 
max( c[i-1, j], c[i, j-1]). And we set the stop 
rule for the recursive solution that when i = 
0 or j = 0, c[i, j] = 0. 
 
The recursive formula can be written as 
follows: 
 
                  0,               if i = 0 or j = 0  

c[i, j] =      c[i-1, j-1]+1, if i, j > 0 and xi = yj                          Now we have the dynamic programming as 
follow [3].                   max(c[i-1, j], c[i, j-1]),  

                                       if i, j > 0 and xi ≠ yj
 
That we can have a recursive algorithm as 
follow 
 
LCS1–LENGTH (i, j) 
1 if i = 0 or j = 0 
2     then return 0 
3 else if xi = yj
4        then do LCS1–LENGTH (i-1, j-1) + 1 
5         else if LCS–LENGTH (i-1, j) >= 
LCS–LENGTH (i, j-1) 

6                    then do LCS–LENGTH (i-1, j) 
7         else do LCS–LENGTH (i, j-1) 
 
The algorithm will be done in an 
exponential time. This is because the 
recursive calls will re-compute c(i, j) that 
might have been computed. For example, if 
we want to have the value of c(3, 4), we 
need to call the function to have the value of 
c(2, 3), c(2, 4), c(3, 3), and for every value, 
we need to call the function again and again. 
It will duplicate the computation and 
increase the complexity.   

3.2 Dynamic programming 
Base on the above formula, there is a 
dynamic programming to solve LCS 
problem. We use a ((n+1) × (m+1)) table to 
implement the function c(i, j) (n is the length 
of X and m is the length of Y). The basic 
idea of the table building is like this: 
 

(1) c[i, j] = 0 when i = 0 or j = 0 
(2) for i = 1, 2, …, n and j = 1, 2, …, m, 

compute c[i, j] follow the 
aforementioned formula. 

(3) At the same time, we also get the b[i, 
j] base on the way of c[i, j] 
computing. 

(i) if c[i, j] = c[i-1, j-1]+1 
then b[i, j] = “\” 

(ii) if c[i, j] = c[i-1, j] then 
b[i, j] = “|” 

(iii) if c[i, j] = c[i, j-1] then 
b[i, j]= “—” 

 

 
LCS2-LENGTH (X,Y) 
m = length[X] 
n  = length[Y] 
for i  = 0 to m 
      do c[i, 0] = 0 
for j = 0 to n 

do c[0, j] = 0 
for i  = 1 to m 
   do for j = 1 to n 
              do if xi = yj



 

                      then c[i, j] = c[i-1, j-
1]+1 
                              b[i, j] = “\” 
                      else if c[i-1, j] >= c[i, 
j-1] 
                                then c[i, j] = c[i-
1, j] 
                                        b[i, j] = “|” 
                                 else c[i, j] = c[i, 
j-1] 
                                        b[i, j] = 
“—” 
return c and b 

 
 
3.3 Constructing an LCS 
When xi = yj, b(i, j) = “\” so we can get the 
elements of the LCS follow the arrows of    
b(i, j) shows. For example, we can know 
that the longest common subsequence of 
sequences X = “ACDBAD” and Y = 
“CDACBABA”> is Z = “ACBA”. The 
following recursive solution prints out a 
LCS of two sequences X and Y [3]. 
 
PRINT-LCS (b, X, i, j) 
1 if i = 0 or j = 0 
2     then return  
3 if b[i, j] = “\” 
4     then PRINT – LCS (b, X, i-1, j-1) 
5             print xi 
6 else if b[i, j] = “|” 
7        then PRINT – LCS (b, X, i-1, j) 
8 else PRINT – LCS (b, X, i, j-1) 
 
Follow the arrows in b[i, j], if it is “\”, go to 
the upper- left of it, if it is “—”, go to the 
left of it, and if it is “|”, go to the top of it. 
The worse case is that there is no common 
subsequence for the two sequences, the b[i, j] 
must be “|” or “—”. In this case, the running 
time of the program is the longest and is 
O(m + n).  
 

4. The parameterized approach  
To compute the longest common 
subsequence of two given sequences s1 and 
s2 of the same length n, the above approach 
based on dynamic programming for solving 

the problem is to fill a two dimensional 
dynamic programming table where each 
entry represents the length of the longest 
common subsequence between the 
corresponding prefix of s1 and the 
corresponding prefix of s2 [3]. There are n2 
entries to be filled in the two dimensional 
table.  Consider a diagonal band of entries 
starting from the middle diagonal. The basic 
idea of the parameterized approach is to 
ignore entries outside the chosen band. This 
approach needs to fill up a band c, thus it 
takes linear time O(cn), with c as the 
parameter. In fact, the banded alignment 
idea has been investigated to some extent in 
the alignment literature [2]. 
 
 The following is the pseudo-code of the 
parameterized approach for the LCS of two 
sequences. Please note the difference from 
the dynamic programming approach we 
discussed in the previous section. 
 
PARA-LCS2(X, Y) 
 
m = length[X] 
n  = length[Y] 
for i  = 0 to m 
      do c[i, 0] = 0 
for j = 0 to n 

do c[0, j] = 0 
for i  = 1 to m 
   do for j =1 to n 
             if ((i, j)  is within BAND) { 
              do if xi = yj
                   then  
                    c[i, j] = c[i-1, j-1]+1 
                    b[i, j] =  
UP_AND_LEFT 
                      else if c[i-1, j] >= c[i, 
j-1] 
                              then  
                          c[i, j] = c[i-1, j] 
                          b[i, j] = UP 
                                else  
                                c[i, j] = c[i, j-1] 
                                b[i, j] = LEFT 
             } 

 
// Trace the backtracking matrix.  
 



 

ii = n;  
jj = m; 
pos = S[ii][jj]; 
lcs = (char *) malloc( (pos+1) * 
sizeof(char) ); 
while ( i > 0 || j > 0 ) { 
 if ( b[i][j] == UP_AND_LEFT ) { 
  i--; 
  j--; 
  lcs[pos--] = a[i]; 
  }  
 else if ( b[i][j] == UP ) { 
  i--; 
  } 
 else if ( b[i][j] == LEFT ) { 
  j--; 
  } 
 else { 
  printf("band is not big 
enough! Optimal not found!\n");  
  } 
 } 
 
Experiment results show the efficiency of 
the parameterized approach. Especially 
when the two given sequences are very 
similar, we could pick a relatively small 
value for the band c in order to achieve the 
optimal solution, i.e., the longest common 
subsequences of the given two sequences. 
We provide the following two sets of 
experiment results: 
 
(1) Given string1 of length = 1020, strings2 
of length = 1106, the longest common 
subsequence of the two strings: 
 
LCS= 
“cgtgtcgttgttcatatgaccgggatactgatggcgtacaca
ttagataaacgtatgaagatttgagtacaaaacttttcgaataC
TCGTCATaaacaaaaatagtcttgaatgagtatccctgg
gatgactttgctctcccgatttttgaatatgtgctgagaattgat
gtcacaatcggaacaacgcggcccacggtcgttttcatatac
cgggacCCTGCCGTTGGGCATctaacattagat
aaaaaaatttgagtacaaaacttttccgaataaactagtcttga
gtatccctgggatgactttgctctcccgatttttgaatatgtgct
gagaattgatgtcacaatcggaacaacgcggcccacggtcg
ttttcatataccgggacCCTGCCGTTGGGCATcta
acattagataaaaaaatttgagtacaaaacttttccgaataaac
tagtcttgagtatccctgggatgactttgctctcccgatttttgaa
tatgtgctgagaattgatgtcacaatcggaacaacgcggccc

acggtcgttttcatataccgggacCCTGCCGTTGGG
CATctaacattagataaaaaaatttgagtacaaaacttttccg
aataaactagtcttgagtatccctgggatgactttgctctcccg
atttttgaatatgaatat” 
 
Table 1. Evaluation of the parameterized 
approach based on different band values 
(with two given sequences of length more 
than 1000). 
 

Value of 
the 
parameter 

Time 
needed  

Find the 
optimal 
solution 
(yes/no) 

band = 100 0.140000 
seconds 

no 

band = 200 0.190000 
seconds 

yes 

band = 400 0.220000 
seconds 

yes 

band = 500 0.230000 
seconds 

yes 

band = 600 0.250000 
seconds 

yes 

band = 700 0.270000 
seconds 

yes 

band = 
1000 

0.280000 
seconds 

yes 

No band  0.280000 
seconds 

yes 

 
 
(2) Given string1 of length = 2775, strings2 
of length = 2775, the longest common 
subsequence of the two strings is omitted 
here. 
 
Table 2. Evaluation of the parameterized 
approach based on different band values 
(with two given sequences of length more 
than 2500). 
 

Value of 
the 
parameter 

Time 
needed  

Find the 
optimal 
solution 
(yes/no) 

band = 100 0.870000 
seconds 

yes 

band = 300 1.010000 
seconds 

yes 



 

band = 500 1.150000 
seconds 

yes 

band = 700 1.270000 
seconds 

yes 

band = 900 1.370000 
seconds 

yes 

band = 
1100 

1.480000 
seconds 

yes 

band = 
1300 

1.690000 
seconds 

yes 

No band  1.860000 
seconds 

yes 

 

5. Summary 
In this paper the problem for finding the 
longest common subsequence of two 
sequences is investigated. First the paper 
gives a discussion on the well-known 
approach based on dynamic programming, 
which has time complexity of O(n2). Then it 
presents a parameterized approach for the 
problem. By choosing a proper parameter, 
the band c, the approach achieves a time 
complexity of O(cn). The approach is 
compared with the well-known dynamic 
programming approach. The parameterized 
approach is much more efficient, especially 
when it is applied to find the longest 
common subsequence of two large scale 
sequences.  
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