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Abstract— Quarter-power scaling of biological features with
body mass is commonly observed in a variety of organisms
and is considered a universal law in biology. The origin of the
quarter-power scaling law has been proposed to be a universal
requirement of a maximized hierarchical network for distributing
materials (e.g., oxygen and nutrients) in any organism. We pro-
pose a mathematical model for the development of a maximized
total capillary surface. This model quantitatively demonstrates
how body mass is related to the biological information controlling
development of capillaries under the condition that the maximiza-
tion of total capillary surface area is subject to the minimization
of the informational complexity.

Keywords: Quarter power scaling law; Modeling of development of
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I. INTRODUCTION

Kleiber’s law of allometric scaling states that the basal
metabolic rate of an organism is proportional to its mass to the
�
� power (Kleiber, 1932; Schmidt-Nielsen, 1984). Empirical
data for numerous biological variables in a large variety of
animals and plants fit allometric scaling relationships which
are simple multiples of a quarter-power (Schmidt-Nielsen,
1984; cf. Brown et al. 2002; West and Brown 2005). West,
Brown and Enquist (1997, 1999) proposed a model to explain
the ubiquitous quarter-power allometric scaling relationship.
The spirit of the model can be summarized as follows. Let �
and � denote respectively the total capillary surface area and
the mass in average over all individuals of a given species.
Then for that species there is a constant �� such that

� ��� ��
�
� (1)

Furthermore, � is directly related to variety of biological
functions, such as metabolic rate. Theoretical predictions of
the West-Brown-Enquist model have been shown to closely

match observed data for mammals and birds (Savage et al.
2004), plants (Niklas and Enquist, 2001) and other organisms
(Damuth 2001; Gillooly et al. 2001, 2002; Enquist et al. 2003).
With (1) a universal equation for growth was obtained (see
equation (5) in West et al. 2001). Though it is similar to the
classical sigmoidal curve of von Bertalanffy (cf. Reiss 1989),
this universal equation is directly derived from the cellular
parameters that govern growth, and thus, sets a link between
growth and fundamental cellular parameters.

A key step in the derivation of (1) is based on that animals
have evolved so as to maximize total capillary surface area
subject to various physical and geometric constraints (p. 1679
West et al. 1999). In the following, we will use the term
“maximized total capillary surface” to mean “maximized total
capillary surface area subject to various physical and geometric
constraints”. The agency for evolution is development (cf. Raff
2000; Raff and Sly 2000; Wilkins 2002). That any animal has
evolved a maximized total capillary surface implies that there
is an essential mechanism shared by all animals for devel-
oping such a surface. Beneficial developmental mechanisms
are “re-used” by different species; and hence, there should
be an underlying mathematical model that captures such a
mechanism. Moreover, since this developmental mechanism
is genetically programmed, the model should also show how
the mechanism is related to the developmental information
for capillaries. We propose a model for the mechanism, which
demonstrates a quantitative relation between body mass and
the developmental information for capillaries. Our attempt is in
theory to uncover a relation between the quarter power scaling
law and its genetic basis.

The genes associated with early development of human
pulmonary veins (Hall et al. 2002) or murine blood vessels
(Argraves and Drake 2005), are not well characterized, but if



we consider capillary development from a theoretical view-
point then it is possible to propose a mathematical model
for the process. Capillary development essentially follows the
body plan, i.e., the biological information co-opted in the
embryo. Beginning with this, we form the proposed model
by three components as follows.

(i) The reflection of the body plan on cell lineage paths is
modeled by a combinatorial structure, a forest of binary trees,
that describes how cell lineage paths follow physical and
geometric constraints;
(ii) A cell lineage path is viewed as a sequence of gene
expression profiles. Taking variation in gene expression into
account, we model cell lineage paths by a stochastic process
with independent increments;
(iii) With a stochastic process and combinatorial structure, we
quantify the biological information for capillary development
by a numerical parameter � � � � �. Here, � � � is
the percentage of cell lineage paths that can be viewed as
randomly generated via variation in gene expression. The
detail is presented in Subsection II-C.

Assume that for a given kind of animal, the growth of each
capillary takes the same (average) number �� � �� of cell
cycles. In accordance with the West-Brown-Enquist model, we
use � to denote the area of maximized total capillary surface.
Let �� denote the average amount that each capillary cell
contributes to �.

Theorem 1:

� � �� �

�
�

�� �

���

and consequently, by (1)

� �

�
��

��

� �
�

�

�
�

�� �

�� ��
�

A proof of this theorem is in Section III. The theorem predicts
a quantitative relation between body mass and variation in
gene expression in growth of capillaries. For example, it
shows how additional genetic information to control growth
of capillaries implies increasing of body mass.

II. DESCRIPTION OF THE MODEL

A. The constraints

The material distribution system in an animal (or plant) is
described as a space-filling fractal-like structure with terminal
branches (e.g., capillaries) which supply mostly distinct micro-
scopic regions of tissue (cf. West et al. 1997). In our proposed
model, the term “a cell cycle” is used as a time unit, assuming
that, for a kind of animal, a division of capillary cell always
takes the same amount � of time. The growth of a capillary
is monitored at times �, ��, .., �� � ���, resulting in a CLP.
If there were no constraints, then in �� � �� cell cycles all
CLP would form a complete binary tree with height �� � ��.
Here, following the convention in combinatorics, the root of a
complete binary tree is at level 0, its two children are the two

nodes at level 1; in general, for an internal node at level �, its
two children are two nodes at level �����; and the number of
levels is the height of the binary tree. A complete binary tree
with height �� � �� has totally

�
�

��� �
� � ���� � � nodes.

The differentiation and growth of any capillary is subject to
constraints. For example, the growth of a capillary residing
in muscle must be synchronized with muscle growth. As a
result, instead of a complete binary tree, an incomplete binary
tree is obtained when the growth of a capillary is monitored
over �� � �� cell cycles. By an incomplete binary tree we
mean a directed tree such that its root is at level 0, and
for � � � � � , an internal node at level � has in some
cases, one (instead of two) child nodes at level �� � ��.
Figure 1 illustrates an incomplete binary tree. Each path in
this incomplete binary tree represents CLP in the growth of a
capillary. As an example, the incomplete binary tree in Figure
1 has eight CLP, each of which is a sequence of nine capillary
cells. For capillaries residing in different parts of the body,
constraints are not necessarily the same, and hence, different
incomplete binary trees would result.

Fig. 1. Structure of an incomplete binary tree. Eight CLP are
depicted, each of which is a sequence of nine capillary precursor
cells. For instance, in the CLP on the top, of the nine cells, the
second is the result of the division of the first one; the third may
either be the result of the division of the second that produced two
children one of which died, or the older second. This incomplete
binary illustrates the growth of a capillary made of eight capillary
cells (each CLP contributes a cell).

Considering all capillaries in the body of an animal, we have
a set of incomplete binary trees, each branch of which reflects
the constraints on the growth of one capillary and collectively
forms a forest ( �). This forest is the combinatorial structure
used to reflect the physical and geometric constraints on CLP
in capillary growth, i.e. the reflection of the body plan in
capillary development.

However, with � alone we can not answer the key question
to our proposed model: How is the total capillary surface
maximized? Indeed, given all details of � , a value of the
total capillary surface area � can be calculated under the
assumption that each CLP contributes the same amount to �;
yet the question why the value of � is maximized remains. In
next subsection, we examine CLP at a genetic level.

B. The CLP

At a cellular level, each CLP appears the same. (Recall
that each of the eight CLP in Figure 1 is a sequence of nine
capillary cells.) However, gene expression profiles of capillary



cells can detect differences among CLP. The gene expression
profiles of all successive cells along a CLP form a sequence.
In the following, we call such a sequence GEP. Each CLP in
Figure 1 is a GEP, a sequence of nine gene expression profiles.
Variation in gene expression can be viewed as random (Cheung
and Spielman 2002), since, for example, allelic variation in
gene expression is commonly found in the human genome (Lo
et al. 2003). For development of capillaries, the randomness of
variation in gene expression is as follows. There are different
GEP, and for CLP, the GEP (as the CLP) has a random
component. Thus, from a mathematical viewpoint, all CLP
can be modeled by a stochastic process.

Stochastic differential equation (SDE) is a mathematical
framework that provides a systematic way to manipulate
stochastic processes. In general, two steps are required to
apply SDE to modeling of the dynamics of gene expression.
By definition, a SDE transforms a function into a stochastic
process, and the transform is carried out under the weak
topology built upon the Borel measure on a finite interval of
� and the standard Brownian filtration (cf. Steele 2000). After
setting and solving a SDE as the first step, the second step is to
apply rule(s) to choosing paths in the stochastic process that
represent the dynamics of gene expression. Recently, Chen
et al. (2005) demonstrates that for Saccharomyces cerevisiae
the dynamics of gene expression over cell cycles can be well
captured by a special SDE with the AIC (a classic result in
control theory) applied as the rule to choose paths. To model
the development of capillaries, our approach is to combine the
two steps into one by defining a class of discrete stochastic
processes. This definition follows from an insight into SDE.
For SDE in a family, the solution is a continuous stochastic
process with independent increments. For example, any SDE,
��� � ���� � 	��
� where �� and 	� are differentiable
functions on ��� � 	, belongs to the family. In the SDE used in
Chen et al. 2005, �� is specified for Saccharomyces cerevisiae
and 	� is a constant. We consider discrete stochastic process
� with independent increments over �� ��� generations. The
independence is used to capture the randomness of variation
in gene expression; in the meantime, the specification required
for a particular kind of animal is treated at abstract level. The
eight CLP in Figure 1 are read as eight paths in �.

Recall that the reflection of the body plan on the CLP in
the development of capillaries is modeled by a forest � of
incomplete binary trees. All CLP read as GEP are modeled
by a discrete stochastic process with independent increments
over �� � �� generations, one generation for each cell cycle.
Thus, we model the development of capillaries of an individual
using paths in the stochastic process to fill out � . Using eight
appropriate paths in the stochastic process to fill out the tree
in Figure 1 illustrates the growth of one capillary at a site.

C. Randomness in development of capillaries

To complete the proposed model, we quantify the biological
information for the development of capillaries. Our approach
is motivated by a rather philosophical thought, namely that
randomness is the most fundamental force behind evolution,

and thus, it should be an important factor in development, the
agency for evolution. As discussed in the previous subsection,
in the development of capillaries, randomness is expressed
via GEP which will be accordingly modeled by a discrete
stochastic process with independent increments. GEP can be
viewed as the result of the biological information that controls
the development of capillaries. We will also use GEP to
quantify the biological information. To confirm this idea, let us
look at how the biological information is conveyed. The mean
to convey this biological information is molecular communi-
cation. Recently, it is revealed that molecular communication
in the nature is stochastic (Springer and Paulsson 2006). A
proposed model of molecular communication by Zhou et al.
(2005) is SDE. As pointed by Springer and Paulsson (2006),
molecular communication has two components: deterministic
and stochastic (noise-driven). Thus, we can quantify biological
information by the deterministic component of the molecular
communication that conveys the information.

For the development of capillaries, the deterministic com-
ponent results in a subset of GEP that do commit to this
development in the following way: for any GEP, there exists
GEP in this subset so that the former (GEP) shares a prefix
with the later, and the suffix of the former is a variation
(in gene expression) of the suffix of the later. For example,
the second path (from top to bottom) in Figure 1 can be
considered in the subset, since the third path can be viewed
as generated from it (at the last cell cycle); however, the
first path is not in the subset, since along this path there is
only one child cell after most cell cycles, which indicates that
the biological information has more control on that path to
meet the constraint on the development of capillaries. Given
a kind of animal, let us consider the minimum of all possible
such subsets of GEP. Then the size of this minimum subset
quantifies the biological information for the development of
capillaries: the large the size is the more information there is.
We assume that during evolution any kind of animal has found
the minimum subset; and to this extent, we claim that the
informational complexity for the development of capillaries is
minimized. To formally describe this, we introduce notations
that also will be used in the mathematical formulation of the
proposed model in Section III.

Let 
 denote a �� � ��-dimensional finite set. We denote
� � 
 by � � ���� 
 
 
 � �����. Let � be the uniform
distribution on 
. � represents CLP in the development of
capillaries. That � is uniform indicates that each CLP as a
sequence of capillary cells is equally likely to be used by an
individual. We define a process � on the probability space
�
� ��:

���� �� � ��� 
 
 
 � �� � ��� � 
 	
 � (2)

satisfying that for � � � � �� � ��, there is a function �� �

� 	
 � such that ���� �� � ������ for all � � 
. Process
(2) proceeds through cell cycles marked by 1, 
 
 
 � �� ���. In
a path � in �, at the �th cell cycle, �� represents the cell and
������ is the gene expression profile read from ��. That is,
�������� 
 
 
 � ����

��
���

�� is the sequence of gene expression



profiles (GEP) for the CLP represented by �, and accordingly,
� is the set of all possible GEP.

We call paths � and �� in � companions, if for some
� � � � � , �� � ��

�
for all � � � � �� � ��

and �� �� ��
�

for all �� � �� � � � �� � ��, and if
the subsequence ������������ 
 
 
 � ��

��
�
�� is either empty,

or is a variation (in gene expression) of the subsequence
�������

�
����� 
 
 
 � ��

���
�
��. Notice that by definition a path

is always a companion of itself. A subset of 
 is said to
be feasible if every � � 
 has a companion in this subset.
Let ���	 be the feasible subset with minimum size. And
let � � �����	�. Notice that since � is uniform, each � is
assigned with equal probability �
���, and thus, � � �����	�
counts the percentage of GEP in ���	 over all GEP.

In next section, we will define a class of stochastic pro-
cesses, namely adaptable processes, so that the discrete version
of the solution of SDE in Chen et al. 2005 belongs to it. Then
we apply adaptable process to the development of capillaries,
proving Theorem 1.

III. MATHEMATICAL FORMULATION

To characterize how the probabilistic distribution on all GEP
progresses over cell cycles, we let for � � � � �� � ��,

���� 
 
 
 � ��	

��
� ��� � 
 � ��

�
� ��� � � �� 
 
 
 � ��, and let 
�

be the union of all ���� 
 
 
 � ��	, i.e. 
���� 
 
 
 � ��	. That is, 
�

is obtained by re-grouping the elements in 
. (Thus, 
 � � 

for all � � � � �� � ��.) And accordingly, we let �� denote
the probability measure on 
� induced by � in the usual way.
Then �
�� ��� is a probability space. Notice that 
� can be
thought as a partition on 
, and 
��� is refinement of 
�.
This viewpoint will be used shortly.

We recall that a mass transportation from �
�� ��� to
�
���� ����� is defined as a probability measure on 
��
���

so that �� and ���� are respectively the first and second
marginal (cf. Rachev and Rüschendorf, 1998). Intuitively, a
mass transportation pushes �� forward to ����. Given �
�� ���
and �
���� �����, there can be many mass transportations. We
are interested in a particular one �� directly induced by � as
follows. For ��
��� �
����� � 
� �
���

�����

��� �
������


��
� ���
����� (3)

if for some ���� 
 
 
 � ��� ����� 
 
 
 � �� � � 
, �
�� �
���� 
 
 
 � ��	 and �
���� � ���� 
 
 
 � ��� ����	; otherwise, zero.
It is straightforward to verify that �� is a mass transportation
from �
�� ��� to �
���� �����. Let �


��
� �
� �
��� 
 
 
�

�
� �
����� 
 
 
� �

�
�


���
�. The probability measure

� on 
 ultimately determines a joint probability measure on
�. Let � denote this probability measure. We call ��� �� the
increment space of �.

Definition 2: A process � is said to be adaptable, if its
increment space ��� �� is a product probability space with
� �

��

��� ��.
This definition follows from an insight into Ito’s integral,
the major tool for solving SDE. In the discrete case, Ito’s
integral becomes martingale transform. So, instead of the

standard Brownian filtration, we use an increasing chain of
partitions on 
, 
� � 
� � 
 
 
 � 


���
, together with

�� to form a discrete filtration, and then with this discrete
filtration we use �� to carry out a martingale transform.
There is no regularity restriction on how 
 � are formed
so that the solution of any SDE ��� � ���� � 	��
�

where �� and 	� are differentiable functions on ��� � 	 has
its discrete version representable by an adaptable process. 1

It is helpful to see what an adaptable process implies in
biological terms. We use the proposed model as an example.
� � ���� 
 
 
 � �� � represents CLP, and �������� 
 
 
 � ��

��
�
��

is the GEP for the CLP. Thus, ������ 
 
 
 � ��	� is the
probabilistic measure of CLP that share the same prefix
�������� 
 
 
 � �������. Therefore, �� in probabilistic
terms captures the change from �������� 
 
 
 � �������
to �������� 
 
 
 � ������� �����������. As a sequence of
gene expression profiles �������� 
 
 
 � ������� �����������
may well depend on �������� 
 
 
 � �������. However,
when all changes (from �������� 
 
 
 � ������� to
�������� 
 
 
 � ������� �����������) are considered, they
are stochastically independent which is expressed by
� �

��

��� ��. This idea was used for the proposed model
in Chen et al. 2005 (cf. Subsection 2.1 therein). Here, we
mathematically formulate it in a general way.

We apply adaptable process to the development of capillar-
ies. A path � in � is said to fill out a path in a tree in � , if
for all � � � � �� ���, �� represents the �th node in the path
in this tree. For example, in case of � � �, � fills out the top
path in Figure 1 if �� represent the nine nodes from left to
right, respectively. A process � is said to be with respect to
� , if it satisfies the following two conditions: (i) every path
in 
 fills out exactly one path in one tree in � , and each path
in a tree in � is filled out by a path in 
; and (ii) for any two
paths � and �� in 
 and any � � � � �� � ��, if �� and ��

�

represent the same node in a path in a tree in � then � � � ��
�.

Definition 3: A process � is said to be a capillary develop-
ment process, if it is adaptable and is with respect to � .
For a given kind of animal, we assume that the capillary
development process � is a fixed one.

The method used to prove Theorem 1 follows from the
probabilistic counting principle. The idea behind the principle
can be simply illustrated. Given a set 
 which has a defined
mathematical structure, we are asked to find the size �
� of
the set. In principle, the problem can be solved as follows.
We impose a uniform probabilistic distribution on 
 so that
each element in the set is assigned with the same probability
�. Then with the mathematical structure we show that � � �

for some � � �, concluding �
� � �
�
. Examples of the utility

of probabilistic counting in problem solving can be found in
Alon et al. 1991.

Proof of Theorem 1: Given a capillary development process
�, we consider its increment space ��� ��. Recall definition

1A mathematical proof for this statement is to compare all constructions
completed thus far with the three steps in defining Ito’s integral (cf. chapter
3 of Steele 2000).



of �� in (3) and definition of ���	 in Subsection II-C. Let

��


��
�
�
��
��� �
����� � 
� �
���

��� �
���� � ���	

�
By definition we have ������ � �. In the meantime, �� can
be read as an event: find a segment ���� ����� that belongs
to a path � � ���	. Let ��� denote the complement event of
��. Then ������� � � � �. Notice that both �� and ��� are

events in the probability space �
� � 
���� ���. Let ���

��
���������
 
 
����

. Then ��� is an event in the probability space
��� ��. Since � is a capillary development process, ��� �� is a
product space with � �

�
�

��� ��. Thus,

������ �
��

���

������� � ��� ��� (4)

Now, let us conduct a trial as follows. Randomly and
uniformly, choose a path � � � 
; and then for � � � to � ,
check if the event �� happens, i. e., if there is � � ���	 such
that ��

� � ��, � � � and �� �. We succeed in the trial if ��

happens for some �; otherwise, we would fail. Since the size
of 
 is �
�, �� is chosen with probability �

��� . On the other
hand, by (4) the probability of failure in the trial is ��� ��� .

By definition any � � � 
 has a companion in ���	, and
hence, �� must happen for some �, � � � � � . That is, in the
trial we never fail, which means that �

��� � ��� ��� yielding
�
� � ������� . Therefore, the maximum of �
� is ������� �
which can be taken as �� � ��� . So far, we have shown that
the maximum number of CLP in the growth of capillaries is
��� ��� .

The theorem follows from that (i) each CLP results in one
capillary cell at the �� � ��st cell cycle, and (ii) the average
amount that each capillary cell contributes to the total capillary
surface is ��.
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