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Abstract— To improve the recovery of gene-gene and
marker-gene (eQTL) interaction networks from microar-
ray and genetic data, we propose a new procedure for
learning Bayesian networks. This algorithm, termed Bi-
layer Verification, starts with a user-specified leaf node,
and then searches upstream to locate portions of the
biological interaction network that can be verified as un-
confounded by hidden variables such as protein levels. We
provide theoretical justification for this procedure, which
learns Bayesian networks by recursively finding two levels
of v-structures in the data. We discuss the specialization
and efficiencies gained when exogenous variables (those
with no parents) such as genetic markers can be included
in the network.

I. INTRODUCTION

Bayesian Network learning algorithms [1] [2]
[3] [4] [5] [6] when applied to microarray data
sets face a significant missing data problem which
greatly confounds the recovery of accurate genetic
networks. Actual protein levels, the active entity of
most genes, are typically unknown. These unknowns
may actively confound the correct derivation of a
gene-gene interaction network based on microarray
data.

In an important synthesis of classical and new
approaches, Schadt and coworkers[7] brought the
power of classical genetic Quantitative Trait Loci
(QTL) analysis to bear on gene selection from
modern microarray data, producing expression-
Quantitative Trait Loci (eQTL). While successful
at selecting genes for further experimental investi-
gation, this work is limited to a comparison of a
handful of three node models and does not learn
gene-gene interactions.

As we examined the consequences of using ge-
netic data to help inform the recovery of larger gene-
gene interaction networks from microarray data,
we encountered the issue of confounding of such
interactions by unknown variables, in particular
protein levels. More generally, this analysis applies
to hidden variables in any Bayesian networks. In our
intended application, the network describes the ge-
netic marker-gene and gene-gene influence network
within a tissue.

Our analysis leads us to a new verification process
by which confounding influence can, in recogniz-
able cases, be ruled out when the observations flow
from a faithful probability distribution. Such edges
in the Bayesian network are verified edges, and their
discovery is based on two inter-connected layers of
v-structures. Although common biological feedback
mechanisms would initially suggest undirected or
cyclic graphs, the restriction of learned networks
to directed acyclic graphs (DAGs) is useful in that
DAGs suggest priorities in terms of causal order and
more readily suggest intervention points that may be
useful in gene or siRNA therapy.

This paper is organized as follows. In section II,
we review the terminology, definitions and theorems
from the literature on learning Bayesian networks
that illuminate the subsequent analysis. In section
III, we provide a theorem for the process of learning
Bayesian networks by recursively finding two levels
of v-structures in the data, a process we term Bilayer
Verification, and comment on its specialization for
graphs with genetic markers. In section IV, we
describe the algorithm that utilizes the developed



theorem to learn Bayesian networks with verified
edges. Verified edges in a Bayesian network cannot
be associations due only to hidden confounders.
Throughout we comment on the special handling
of genotype data within this algorithm.

II. DEFINITIONS AND THEORY CONTEXT

Here we provide a skeleton of the theory and
definitions needed to place the subsequent theory
in context.

Definition 1: Bayesian Network. A Bayesian
network is a pair(G, θ) consisting of a directed
acyclic graphG in which each node is a random
variable, together with a set of parametersθ that
encode for each node the conditional probability
distribution of that node given its parents in the
DAG.

Definition 2: d-separation. In a DAG, two dis-
joint sets of variablesX andY are d-separated by a
third setD, itself disjoint fromX andY , if and only
if along every path from anX node to aY node
we find that each nodeZ encountered satisfies one
of the following three criteria:

• Z is at a converging connection, and neither
Z nor any of its descendants (along directed
paths) are inD

• Z is at a diverging connection, andZ ∈ D

• Z is at a serial connection, andZ ∈ D

The definition of d-separation is a condition on all
paths in the network whose legs can be taken with
or against the arrows on the directed edges. While
traversing each path, three types of connection pat-
terns may be encountered when going from a node
in X to a node inY . These are illustrated in Figure
1, and are called serial, diverging, and converging
connections. They are also know as chain, fork,
and collider connections. If two variables are not
d-separated, they are d-connected.

Definition 3: d-separation notation and prob-
abilistic interpretation. The d-separation criteria
allows one to read complex induced conditional
independence statements from a graph. It is also
a common basis for the learning of Bayesian Net-
works. Suppose we specify three disjoint sets of
nodesX, Y , andZ, whereZ might be the empty
set, butX andY must have cardinality at least one.
If Z d-separatesX from Y , then the graph is claim-
ing that in the probability distribution that it repre-

sents,X is conditionally independent ofY given
Z. This is written symbolically asX⊥⊥Y |Z, indi-
cating P (X, Y |Z) = P (X|Z)P (Y |Z). The oppo-
site, conditional dependence, is noted byX 6⊥⊥Y |Z.
This notation is due to Dawid [8], while Pearl
[6] uses this notation and further adopts 3-tuple
relation notation from predicate calculus to denote
conditional independence:I(X, Z, Y ), meaning that
X is independent ofY given Z.

Definition 4: v-structure. If the two parent
nodes of a collider are not directly connected by
an arrow, this structure is termed an unshielded
collider, or v-structure. Refer to graph c) of Figure
1.

Definition 5: faithful probability distribution .
A probability distribution is faithful if each d-
separation and d-dependence observed in the under-
lying causal graph is mirrored in the observed joint
probability distribution.

A fundamental assumption in the structure learn-
ing algorithms such as the IC∗[1], PC[5], and
LCD [3]algorithms, is that the observed data fol-
low from a faithful probability distribution. The
interested reader is referred to [6] [5]. Other
names for faithfulness [5] are stability[1] and DAG-
isomorphism([6],p128). The primary difficulty be-
ing addressed by the faithfulness assumption is
that the particular probability distribution being ob-
served may have independencies that are due to
an unusual coincidence of parameters rather than
being a result of the structure of the edges in the
graph. Peculiar parameter induced independencies
will fool learning algorithms, but are expected to
be uncommon.

The last essential component of the theory of
Bayesian networks for interpreting the causal dis-
covery algorithms is Verma and Pearl’s [9] theorem
on the equivalence of models under observation
alone. Theorem 1.2.8 from ([1],p19) tells us that
using observational data alone, the v-structures are
what allow us to distinguish directionality in the
undirected Markov Random Field or skeleton graph.

Theorem (Verma and Pearl 1990[9]) Observa-
tional Equivalence: Two DAGs are observationally
equivalent if and only if they have the same skele-
tons and the same sets of v-structures, that is, two
converging arrows whose tails are not connected by
an arrow.
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Fig. 1. The three patterns of connection in Bayesian networks

III. RECURSIVE V-STRUCTURE DERIVED

BAYESIAN NETWORKS

Current algorithms for network recovery vary
greatly in their computational complexity and the
amount of information subsequently recovered. To
contrast just two algorithms as examples, the PC
algorithm[5] and the LCD algorithm[3] can han-
dle very different sized data sets, given the time
complexity of their execution. The PC algorithm
will never finish on 100 variables, while the LCD
will return a little structural information about many
billions of variables, without necessarily tying any
two micro observations together.

Our analysis in the following theorem leads to
an algorithm, termed Bilayer verification, whose
complexity falls in the middle. Our algorithm will
capture more of the structure of the network than
is learned by LCD, albeit less than that learned by
PC, and yet will operated efficiently on large data
mining problems such as those posed by microarray
data sources.

The following analysis will allow us to both
verify direct links and detect hidden confounding
influences in the learned graph. Its name derives
from the fact that by examining two layers of
learned network at once, we can verify the edges
and check for confounding at the earlier learned
edge.

Theorem 1:Bilayer Verification correctness.

Let five observed random variables
X1, X2, X3, X4, X5 be drawn from a faithful
probability distribution, so that independence
between variables is entirely due to the underlying
influence structure and not a rare cancelation
of parameter values and observed frequencies.
Suppose that the following pattern of dependence,
characteristic of two interlocked v-structures
(collider patterns), is observed.

First v-structure:

X1 6⊥⊥ X2 (1)

X1 6⊥⊥ X3 (2)

X2 ⊥⊥ X3 (3)

X2 6⊥⊥ X3 | X1 (4)

Second v-structure:

X2 6⊥⊥ X4 (5)

X2 6⊥⊥ X5 (6)

X4 ⊥⊥ X5 (7)

X4 6⊥⊥ X5 | X2 (8)

In the absence of confounding, such dependencies
would be evidence for figure 2 graph C to be the
underlying causal structure.[5][1] However even in
the presence of confounding, the edge∗∗ from X2
to X1 can be either verified, ambiguous (possibly
confounded), or dismissed as surely confounded
according to the following rules for edge deletion
and verification:

1) if (X1 6⊥⊥X4|X2) and(X4⊥⊥X1), then delete
the ∗∗ edgeX2 → X1 as it was only due to
confounding.

2) if (X1⊥⊥X4|X2) and (X4 6⊥⊥X1), then mark
∗∗ edge X2 → X1 as verified (not con-
founded).

Proof: SinceX2 6⊥⊥X1, there exists a marginally
d-connected path betweenX2 and X1. Similarly,
X3 6⊥⊥ X1, shows that there exists a marginally
d-connected path betweenX3 and X1. Because
X2⊥⊥X3 and X2 6⊥⊥X3|X1 are together character-
istic only of a collider atX1, we know that all paths
from X2 to X3 that account for the conditional
dependenceX2 6⊥⊥X3|X1 must transitX1 via two
distinct directional edges both heading intoX1 from
either side. Hence any final edge fromX2 to X1
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such as∗∗ in the figures must be oriented with
arrowhead intoX1.

Having used X3 and the properties of d-
separation at a v-structure to establish the direction-
ality of the final edge∗∗ in any paths fromX2 to
X1, it now suffices to analyze just the left side of
the v-structure in terms of confounding. The right
side paths (fromX3 to X1) may have additional
confounders, but they will not alter the conclusion
about the directionality of the∗∗ edge. An identical
analysis holds for the second layer of v-structure
utilized in equations (5)-(8), and hence confounding
involving X5 andX2 is also safely ignored.

Now consider the following table (table I) in
conjunction with Figures 2 and 3 and 4, which
exhaust the possibilities for confounding of the
3 variablesX1, X2, and X4. Circles represent
latent, unobserved confounders. Squares represent
observed variables. The table is marked yes if the
independence statement holds, and — if it does not.

Graphs B, C, and F share theX1⊥⊥X4|X2 and
X1 6⊥⊥X4 property, and in each of these three graphs
the∗∗ edgeX2 → X1 is direct and unconfounded.
Hence if this pattern of independence is observed
we can confirm or mark the∗∗ edge as verified
(not confounded). Graphs A1 and D share the
X1 6⊥⊥X4|X2 and X1⊥⊥X4 pattern, and in both
cases there is no true direct cause fromX2 → X1,
instead just confounding exists. Graphs I and J
share the same properties in the table as the other
indeterminant cases A2, E, G, and H. Moreover
these properties hold for all permutations of the
presence and absence of the∗ and ∗∗ edges of
graphs I and J; this conclusion follows from a

graph X1⊥⊥X4|X2 X1⊥⊥X4

A1 — yes
A2 — —
B yes —
C yes —
D — yes
E — —
F yes —
G — —
H — —
I — —
J — —

TABLE I

ANALYSIS OF THE DEPICTED GRAPHS WITH RESPECT TO TWO

SPECIFIC INDEPENDENCE PROPERTIES

simple enumeration (not shown) and checking of
the four possibilities for the∗ and ∗∗ edge states
(present/absent).�

More broadly, note thatX1 6⊥⊥ X4 reveals that
there is some marginally d-connected path between
X1 and X4, and X1⊥⊥X4|X2 reveals thatX2
intercepts (is present on) all such paths. More
specifically, on all such pathsX2 is not the location
of a collider, but rather is a chain or fork connection.
A fork guarantees that the path departsX2 and
arrives directionally atX1, and any chain must
be oriented to flow fromX2 towardsX1 by the
directionality argument for edge∗∗ that began the
proof. Hence we know that a directed path fromX2
to X1 exists and can denote it by the∗∗ edge.

Additionally, in the case when the grandparent
(X4 above) is a genetic marker and hence is reason-
ably modeled as exogenous (does not have any input
arrows from observed or confounding unobserved



variables), then we note that only (referring again to
figures 2 - 4 and table I) graphsC, D, andE apply,
and yet the exact same conclusion is reached. Indeed
since this case is a subset of the above analysis, the
conclusions of the theorem continue to hold for any
parentless grandparent variables. However we gain
from the additional knowledge of no arrows directed
into X1. GraphC, D, and E now correspond in
an invertible manner to unique patterns of inde-
pendence. If we encounter the pattern associated
with graphC or E we can immediately conclude
that edge∗∗ is verifiably present whenX1 6⊥⊥X4,
even though there is also confounding present in
graph E. This follows from examining graphsC,
D, and E, which exhaust the possibilities when
learning second layer relationships in whichX4
has no inputs. Notice that once we conclude that
X1 6⊥⊥X4, we can immediately rule out graphD. In
the remaining graphs (C andE) we are assured of
the presence of the∗∗ edge.

This reasoning results in the following corollary
to the Bilayer verification.

Corollary 1: Parentless grandparent verifies
parent-child relationship. If a variableM is known
to have no parents (as with a genetic marker), then
observingM 6⊥⊥X2 at a stage in learning recursive
v-structures at which we’ve learnedX2 → X1
means that we can immediately markX2 → X1
as a verified edge, because the∗∗ edge must be
present even if theX2 → X1 relationship is also
confounded (as in graphE).

IV. B ILAYER VERIFICATION ALGORITHM

Our analysis leads naturally to the formulation
of a Bayesian Network learning algorithm that
efficiently recovers a user-specified portion of the
network even in the presence of confounding factors
while exploiting the knowledge gained when genetic
markers are present in the network.

Prior work and inspiration must be credited to
Pearl’s definitions of Potential and Genuine Cause
and his IC∗ algorithm([1]), Cooper’s analysis [3] of
the ”+++” pattern, and the FTC/FBD algorithms[4].
Our approach differs from these in that it is ori-
ented towards growing a network both with genetic-
marker root nodes and furthermore by growing
“from the leaf up.” That is, our network is learned
focusing on a given user-specified leaf or sink node,

and we actively ignore variables that appear to
be unrelated to this outcome variableZ. We thus
gain efficiency and a wide exploration of the data
space at the price of potentially missing some causal
factors.

Algorithm: Bilayer Verification algorithm
1) Choose a sink nodeZ.
2) Compute all pairwise marginal dependencies.
3) Considering the setU of neighbors ofZ,

pare down the setU by eliminating indirect
relationships as follows. For distinct nodes
ui ∈ U anduj ∈ U , if ui⊥⊥Z|uj, thenui is at
best an indirect cause ofZ, and so eliminate
ui from U for the purposes of v-structure
detection. Ifui survives this test andui is a
genetic marker (or a known exogenous node)
then add the marker immediately as a parent
of Z.

4) Now detect upstream causes by applying the
unshielded collider (v-structure) test. For each
distinct pair(X, Y ), where bothX andY are
drawn from the chiseled down setU , test for
both X 6⊥⊥Y |Z and for X⊥⊥Y marginally. If
both tests hold true, then add bothX andY

as parents ofZ. If either X or Y has not yet
been considered as a sink, add it to a queue
Q of sinks to check.

5) Verification: once there are two or more layers
in the network, verification becomes possi-
ble. If X → Z1 → Z0, then test for two
conditional independencies: ifX⊥⊥Z0|Z1 and
X 6⊥⊥Z0 then markZ1 → Z0 as confirmed.
If X 6⊥⊥Z0|Z1 and X⊥⊥Z0 then delete edge
Z1 → Z0 as it was due to confounding. (N.B.
Otherwise the edge is ambiguous; it could
be real, confounded, or have both a genuine
direct and confounding factor.)

6) Root connections: if exogenous (root) vari-
ables such as genetic markersM or predicted
genotypes at specified loci are in the graph,
for eachY learned as a parent ofZ, check
for Y 6⊥⊥M (QTL existence) andM⊥⊥Z|Y . If
both these conditions hold, then addM as a
parent ofY .

7) Repeat step 4 until all distinct pairs(X, Y )
have been checked for v-structure.

8) Recursively select a new sink nodeZ from
the queueQ and start again at step 3.



The root connections test in step 6 examines
whether M → Y → Z. This conditional inde-
pendence test can be accomplished for the gene
expression microarray data as follows, given that
Y and Z are continuous gene expression values,
while M , being a genotype in our context, takes
on either two (in the case of SNP genetic marker
data) or three (for microsatellite genetic marker
data) discrete values. We simply regressZ onY and
compute the residuals{E(Zi|Yi)} for i = 1..n after
Y ’s influence onZ has been taken into account.

V. SPECIAL HANDLING FOR GENOTYPES

Genotypes in an F2 mouse inter-cross commonly
constructed for QTL analysis[10] are discrete valued
variables which do not have parents in the graph,
as their status is fixed from conception. Hence
they are readily presumed to be upstream causal
factors relative to all gene expression traits in the
network. When the marker is at the beginning of
a chain of markerM followed by two traitsX,
and Y , as in M → X → Y , then we check for
correlation with an additive, dominant, and recessive
model between the markerM and the conditioned
trait Y |X. Since bothX and Y are continuous,
conditioning is easily accomplished by computing
the residualsY − E(Y |X) after a linear regression
of Y on X. Since in the graph we are checking
M → X → Y , if we remove the influence of
the direct parentX on the variation ofY , then we
should see no further relationship betweenM and
the residualsY |X.

VI. CONCLUSION AND FUTURE WORK

Our analysis of confounding and our tuning
of Bayesian Network learning theory for genetic
data aims to inform the analysis of microarray
data and the better construction of gene-gene
interaction networks. Our next steps are to examine
the performance characteristics of this theory when
applied to the data of Schadt[7] and similar F2
mouse inter-crosses.
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