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Abstract — A hybrid automatic and interactive scheme is
developed for partitioning the surfaces of mechanical parts
represented by finite element meshes on the basis of
geometric discontinuity. Given a finite element surface
mesh M in three dimensions, the algorithm firstly finds a
partition of M into k subregions Mm;,..,M, on the basis of

G! discontinuities in an automatic manner. Secondly, an
interactive approach is proposed to decompose surface
meshes further w.r.t. G2 discontinuity in reference to
surface curvatures. The overall computational complexity
is O(nlogn), where n is the maximum between the numbers
of elements and vertices in M, respectively. Numerical
experiments have been conducted to show the effectiveness
of our algorithm and its application in shape morphing or
optimization.
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1 Introduction

Surface partitioning of unstructured meshes is
important to many problems in engineering and science. In
the areas of computational geometry, virtual environment,
computer games, tolerance verification, collision detection
and motion planning, the partitioning problem may be
abstracted as a convex solid decomposition of polyhedral
or a convex surface decomposition of polygonal meshes [1,
2]. The key idea of the approaches in this group is to break
the entire model into a number of convex entities. The
problem of finding the minimum number of patches is NP-
complete, but there are several good approximations.

In the area of computer graphics, surface partitioning
has been used to assist morphing, mesh reduction, shape
matching, and collision detection. A novel hierarchical
mesh decomposition algorithm was recently proposed to
cut up a complex object into simple sub-objects by using
deep concavities as an indicator [3]. This approach is well
suited in decomposing biological creatures such as animals
and human beings, but is not capable of identifying features
such as fillets of mechanical parts.

In the area of reverse engineering, a recover and
select paradigm was proposed by Leonardis et al. [4]. An
iterative process was used to recover and select specific
instances of the required geometric primitives, including
planes, spheres, cylinders, cones and tori. On the basis of
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this approach, a non-iterative method, direct segmentation,
was also studied [5, 6]. However, it is suited only for
regular objects that are bounded by simple analytic
surfaces.

In this paper, we focus on the surface partitioning of a
special type of mesh, finite element mesh, for shape
optimization. It is reasonable to assume that there is no
surface noise on finite element meshes except discretization
errors. Even though the CAD information can be useful for
the partitioning, with the boundary representation each B-
Spline patch or surface may not have any functional
meaning, especially for freeform objects or irregular
objects with anti-symmetry. It is therefore useful to
develop a surface partitioning algorithm for finite element
meshes, which is capable of decomposing a mesh into
geometrically-meaningful partitions for the purpose of
shape optimization. A geometrically meaningful entity
herein means neither a convex entity nor an equally-sized
subregion. It refers to a form feature that describes a
portion of a part’s nominal (or idealized) geometry.

We now state the problem that we wish to solve. It is
assumed that a finite element mesh without surface noises
is available. In the case of polyhedral meshes, a polygonal
surface mesh needs to be extracted as a preprocessing step.
The objective of our approach is to partition this mesh into
fewer numbers of geometrically meaningful subregions,
each of which corresponds to a form feature or a general
freeform feature. In [7], we proposed a surface partitioning
scheme for finite element meshes. It is a fully automatic
scheme that may generate some undesirable partitions
because of a lack of interactivity in determining a suitable
curvature threshold, which often varies from problem to
problem. In this paper, we propose a new approach with
the following main contributions:

(1) A hybrid scheme: automatic surface partitioning by G*
discontinuity and interactive surface partitioning by

G2 discontinuity. This provides users a flexible way to

tackle the partitioning problem for the finite element

meshes without surface noises. In this paper, we define

G! discontinuity as the discontinuity of surface

tangent direction, which is equivalent to the

discontinuity of surface normal, and G2 discontinuity
as the discontinuity of surface curvature.



(2) A local histogram® of nodal surface curvatures and a
corresponding region growing process are used for
achieving the surface partitioning of polygonal meshes
by G2 discontinuity. Users have an option to choose
one of five different types of curvatures.

The rest of this paper is organized as follows. The
algorithm is introduced in Section 2, and numerical
experiments and discussions are presented in Section 3.
Finally, some conclusions are given in Section 4.

2 Algorithm for Surface Partitioning

As stated in Section 1, the main goal of this paper is
to develop a surface partitioning scheme that is based on
geometric characteristics of polygonal mesh surfaces.
Surface discontinuity is a major mark that can be used to
fulfil this objective, especially in the area of shape
optimization on finite element models in which no surface
noises exist and the main requirement to the partitioning is
to obtain geometrically meaningful partitions (i.e., form
features) rather than convex entities, equally-sized entities,
or a minimum number of entities. There are a variety of
surface discontinuity such as G*, G%, ... , G" among
which only the first two are practically useful, i.e., any

G' (i >2)discontinuity has an insignificant influence on the
shape of the surface if G! and G2 continuities are
guaranteed. Since G? discontinuity - ! discontinuity in
a sense that some G2 discontinuities do not imply G?

discontinuity, we can divide the entire task into two main
steps in a sequential manner as follows:

Algorithm 1: Hybrid Surface Partitioning

1. Automatic surface partitioning by G* discontinuity
on the base of surface normal

2. Interactive surface partitioning by 6?2 discontinuity
with respect to curvatures

In this way, our scheme approximately covers the surface
partitioning under any possible range of geometric
discontinuity. In addition, the homogeneity of nodal surface
normal on each of the resulting surface patch by G!
discontinuity partitioning is guaranteed such that a further
region growing for surface partitioning by G2 discontinuity
with respect to curvatures becomes supported (see Section
2.2.2 for details).

2.1 Surface partitioning by ¢! discontinuity

The treatment to G! discontinuity depends mainly
upon the existence of surface noises. In the case of no
surface noises, surface normal of each finite element can be
used as an indicator to guide a surface partitioning process.
However, with surface noises, surface curvature

L «Local” refers to the region of each surface patch resulted
from partitioning by G* discontinuity.

information is normally needed. In engineering analysis
and optimization, it is reasonable to assume no surface
noises on finite element meshes. Thus, in this paper the
angle formed by surface normals of two adjacent elements
is used as an indicator to determine when a G!
discontinuity will occur. In [7], we developed an automatic

scheme for surface partitioning by G! discontinuity. It is
basically a breath-first search for region growing.

The difference between our scheme and existing
approaches lies in the fact that we first partition the surface
by ! discontinuity independently. In contrast, existing
approaches blindly handle the discontinuities caused by

both G! and G2 discontinuities (i.e., both sharp edges and
high-curvature transitions) [8, 9].

After the completion of G! partitioning, planar sub-
regions may be identified by another round of breath-first

searches over G!-continuous sub-surfaces with a second
angular threshold for surface normal change, g . Its default

value is 5° and can be adjusted by users. In the past,
finding planar sub-regions was proposed by several
researchers [6, 10-12]. In this paper, we use a curvature
threshold to prevent the case in which a low-curvature
region is mistakenly considered as a planar sub-surface.
Our numerical experiment indicates that the identification
of planar sub-regions is well suited to mechanical parts
with many planar surfaces, but may cause over-
segmentations on parts with freeform surfaces. Thus, we
set the generation of planar sub-surface as an option for
users to choose in a surface partitioning process.

2.2 Surface partitioning by c? discontinuity

Two crucial questions about G2 partitioning are
whether we really need it and whether it leads to over-
segmentation. The answers to the questions are context-
dependent. In most application areas mentioned in Section
1, surface noises exist such that the G2 partitioning
becomes useless and likely produces over-segmentation.
However, in shape morphing or optimizations with finite
element meshes there exist only approximation or
discretization errors. A careful usage of G2 partitioning
can generate additional useful information about the
underlying shape of the model for an effective shape
morphing or optimization. Therefore, we propose to
handle G? partitioning interactively by letting users to
select a curvature threshold dynamically with respect to a
curvature histogram and to select one of five types of
curvatures for generating a desirable result.

There are two important issues that need to be
addressed in order to make the surface partitioning by G?
discontinuity successful. Firstly, an accurate estimation of
discrete curvatures on polygonal mesh surfaces is required.
Secondly, a robust decomposition of curvatures over



polygonal mesh surfaces is needed. As to the estimation of
discrete curvature, since the algorithm in [7] is used to

identify all the ! discontinuities such that all the

partitioned sub-surfaces are G! continuous within their
interior regions, differential geometry can then be applied
on each sub-surface to estimate the discrete curvatures,
even at the boundary on the side of the interior. For the
curvature decomposition, a local histogram of a special
curvature and a corresponding region growing process are

used to produce a surface partitioning by G2 discontinuity.

2.2.1  Estimation of discrete nodal curvatures

In general, either nodal or element curvatures can be
used as a representation of discrete surface curvatures.
Since the nodal curvature is closer to the curvature
definition in differential geometry and the element
curvature provides only a kind of average information over
each surface element, nodal curvature, discrete estimate of
curvatures at each vertex, is adopted in region growing,
while the element curvature is used in the generation of
planar surfaces described in Section 2.1. There is a vast
amount of literature related to different approaches for
estimating discrete curvatures. However, no report is
available for the comparison among these schemes with
respect to accuracy, convergence and computational
efficiency. In reference [7], we also proposed an accurate
estimation of discrete nodal curvature with a
mathematically-proven convergence. The basic idea is to
use a quadric surface patch to approximate a vicinity of
each surface vertex of a surface patch that is already

partitioned by ! discontinuity. Principal components
analysis is used to determine the orientation of this local
quadric patch, and a linear least-squares fitting and formula
in differential geometry are used to determine the nodal
curvatures. We have proven that our scheme is sufficient to
describe all major types of surfaces: elliptic, hyperbolic,
parabolic and planar, at the neighborhood of a vertex on
each surface, and the discrete curvature will converge to
the corresponding continuous curvature correctly if the
mesh density increases.

2.2.2  Local multimodal histogram of nodal surface

curvatures

One way to carry out the partitioning by G2
discontinuity is to use a histogram of curvatures like the
usage of histogram in image segmentation. However this
approach does not work well with multiple curvature
clusters, especially when they overlap each other in the
histogram. The following special treatments make this
approach a more viable way in G2 discontinuity
partitioning:

(1) we use a local histogram of nodal curvatures. The
word “local” means that a histogram is created on each

surface patch obtained by G! partitioning. In such a
local histogram, the probability for multiple curvature
clusters to overlap each other is significantly reduced.

(2) we use a region growing process as a means to perform

the surface partitioning by 2 discontinuity. This
process is partially justified by the homogeneity of
surface normal on each surface patch obtained by
G!discontinuity  partitioning. Such a surface
propagation can handle the overlapped curvature
clusters properly as long as these clusters are not
spatially connected to each other over the surface.

(3) Any curvature cluster with a small population is
neglected as a way to suppress the influence of
curvature noises and extremely fine details on the
surface.

(4) An interactive tool is constructed to perform the G2
partitioning selectively and recursively. Users have an
option to choose one of five curvature types for the
construction of a curvature histogram and to select a
particular surface patch to undergo a G2 partitioning
in an interactive way. Users can dynamically change
the curvature threshold with respect to a histogram and
preview the result of G2 partitioning. Such a process
is repeated interactively until a desirable result is
obtained.

In this paper, we divide the abscissa of the curvature
histogram into N, curvature bins, while an ordinate is

used to represent a count of vertices that fall into each
curvature interval or bin on the abscissa, as shown in
Figure 1. Figure 2 shows a user interface used for
displaying a curvature histogram and letting users to
specify curvature markers that separate different curvature
clusters. In this figure, one curvature marker is created and
translated to an appropriate position by using a mouse drag
along the abscissa of the curvature histogram. Users are
allowed to create as many curvature markers as necessary
to separate multiple curvature clusters and to preview a
tentative partitioning result. Each type of curvatures may
play a significant role in different situations, as indicated
by a feature map in Figure 3. We propose to provide five
types of curvatures: Gaussian, mean, maximum principle,
minimum principle, and k,, [7] for users to select.

Even though the interactive manipulation of curvature
markers is a necessity for robust G2 partitioning, it is still
desirable if there is an automatic scheme to provide an
initial estimate to the curvature markers. Our approach to
determine the initial curvature markers is described below.
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Figure 1: Schematic diagram of curvature histogram.
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Figure 2: The working window for interactive
manipulation of curvature thresholds.
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Figure 3: Feature map of some typical shapes.

Since a profile of the histogram may be zigzag due to
the discretization of curvature bins, a cubic spline is used
herein to interpolate the profile with two reasons. First, the

spline interpolation is adopted to provide second-order
derivatives of the profile, which will be used to determine
multiple curvature markers of the curvature histogram.
Secondly, the spline provides a kind of smoothing to the
zigzag pattern of the profile. If x and y are used to represent
the abscissa and ordinate of the curvature histogram
respectively, a cubic spline interpolation of a profile of the
histogram can be constructed by a piece-wise polynomial
function:

Y =CYi +CoYint +Ca¥i +CaYint, X <X<Xyq and i=1..,Ng (1)

where x; < x<x;,, represents a curvature bin or interval of
the histogram and N, refers to the total number of
curvature bins. y; is calculated by an integer count of the
number of vertices that fall into the curvature interval
(Xi 1 Xj41) -

With the information of y, and vy, available,

thresholds of the local curvature histogram can be
determined by the following procedures:

Algorithm 2.1: Determination of Multiple Markers of
the Local Curvature Histogram
(1) loop over each curvature point, x, i=1...,m.
Here, curvature point refers to a certain curvature
bin on the abscissa of the curvature histogram.
(1.1)if (y; <0.0)
(1.1.1) if the following conditions are satisfied:

—yi /‘min{yiﬂ|yi" < 0.0]> threshold, (2)

Yi /iyi > threshold, 3)
i=1

Yi>VYigand y; >y, (4)

then
add y; as §; intoa

histogram_peak_list
(2) loop over each §; in the histogram_peak_list,

(2.1) find a valley between §; and §;,;

(2.1.1) create a lowest_histogram_list for all
x S that are located between §; and

§;.1, and have a lowest value in the

direction of y-axis.
(2.1.2) determine which x has a closest

distance to the midpoint of two curvature
points that correspond to y; and §;,,

(2.1.3) insert this x as x, into a
histogram_valley _list

In Algorithm 2.1, Equation (2) is used to find out
significant valleys in terms of negative y;, while Equation



(3) makes sure that the corresponding vertex count is
significant. Equation (4) filters out all non-peak candidates.
The threshold used in Equations (2) and (3) is chosen as
0.05 in this paper, which means that any curvature bin with
less than 5% of total contribution will be neglected.

One exception to Equation (4) is a curvature plateau,
which corresponds to a ruled surface constructed from a
clothoid curve. In this case, the entire plateau is considered
as a single peak located at its middle point. However, if a
curvature plateau is not a local maximum, it cannot be
considered as a peak. Therefore, an additional step should
be inserted before Step (1) in Algorithm 2.1 to identify all
curvature plateaus that are local maxima, i.e., the plateaus
that have a greater value of curvature than adjacent
curvature bins at their both ends. Since a plateau is
normally not a perfect one, a threshold (5% variation in this
paper) is needed to take account of small variation of
curvatures at an imperfect plateau.

Note that the output of Algorithm 2.1 is a
histogram_valley_list that represents a list of curvature
markers for different curvature clusters. A precondition for
this algorithm is that {xi=1...,Ng, | should be ordered in

the magnitude of curvature. As a result, a postcondition for
this algorithm is that x, in the histogram_valley list

fJk=1..,m-1} is also ordered. Normally, m is much
smaller than N, and m-1 represents the number of
curvature markers for the surface patch.

2.2.3  Surface partitioning by 6?2 discontinuity

The basic strategy in implementing surface
partitioning by G2 discontinuity is to let breath-first
searches (i.e., region growing processes) find out partitions
on a surface in a sequential manner. Suppose that there are
m-1 curvature markers in a histogram_valley list
produced by Algorithm 2.1, these markers can be used to
divide the abscissa of the curvature histogram into m
regions. For each curvature region in turn from left to right
{4, %)k =0,....m -1}, as illustrated in Figure 1, breath-first

searches are conducted to start from an element with the
nodal curvatures at its all vertices being within the current
curvature region (x,,%,;). During the search propagation

across different edges of each element over the surface, the
directional nodal curvature in [7] is used as an index to
determine if the propagation should continue across the
current element edge. If the directional curvature is within
the current curvature region (%X.X.i), pPropagation

continues. Otherwise, it terminates at this element edge.

Now we are ready to introduce an algorithm for
multiple partitioning of a surface by using nodal curvatures
as follows:

Algorithm 2.2: Surface Partitioning by Discontinuity of
Curvatures
(1) loop over each surface patch generated by G!

discontinuity partitioning

(1.1) calculate nodal curvatures

(1.2) construct a local curvature histogram

(1.3) determine makers of the histogram

Rk =1...,m-1}

(1.4) loop over each curvature region
{%. %)k =0,...,m-2} except for the last one

()A(m—lrim)
(1.4.1) perform
breath-first searches

(1.4.1.12) initiate only from an element with
directional curvatures at its all vertices
along its edges being within the
region (Xy,Xg.1)

(1.4.1.2) propagate across different
element edges over the surface until
a termination condition is satisfied:
directional curvature is outside the
region (X, %)

(1.4.1.3) If there are still some elements
unprocessed, go back to (1.4.1.1) to
initiate another breath-first search.

(1.5) group the remain elements, which do not
belong to regions formed by breath-first
searches in Step (1.4), into one or more
different surface patches by means of their
connectivity.

3 Numerical Experiments and
Discussions

The algorithms introduced in this paper were
implemented in VC++ and tested on a Pentium Il HP PC.
Table 1 shows the execution time and rate on different test
meshes. The last column of this table demonstrates the
effectiveness of our approach in partitioning a polygonal
mesh with a significant number of elements into a much
smaller number of geometrically meaningful sub-surfaces
by ¢! discontinuity and G!'+G? discontinuities,
respectively.

Table 1: Execution time and rate on different test mesh
models.

Model Vertex | Flement | Time Rate Sub-
name (sec) (elem/s) surfaces
Gt | &2
Emnob 2678 5110 2.04 25539 7 14
Parths 15675 31294 7753 403.64 43 -
46
Part0s 5451 10742 12.27 87547 17 ]
51
Bumper 473 432 0.17 2541 4 8




* refers to the cases where sub-surfaces are obtained from
G! partitioning plus the generation of planar surfaces.

G! discontinuity partitioning uses breath-first
searches to traverse over the input mesh m with a time
complexity o(n), where n=max(N,, N,), N, and N, are
the numbers of elements and vertices in M , respectively.
In the estimation of discrete curvatures at each surface
vertices [7], an expensive single value decomposition is
applied on each vertex in ™M, which costs about &°
operations for each vertex. Even though the complexity for
all vertices is still o(n), we have a big coefficient, 216,
here. The complexity of Algorithm 2.1 can be represented
by o(m+Ng*N), where N, refers to the number of

curvature bins of each histogram, and N is the number of
sub-surfaces produced by using G! discontinuity
partitioning. Normally N, is much smaller than n and N,

is 50 in this paper such that the complexity of Algorithm
2.1 is essentially o(n). As to Algorithm 2.2, it costs

o(n*N,), where N, is the average number of markers of

all curvature histogram, and normally ranges from 1 to 3
such that it also takes o(n). Thus, overall time cost of the

proposed approach is linear time o(n) .

(a) G* partitioning or
direct segmentation

200 '
: ;
’ 100 -.l ?lﬂlil‘l!ﬂ!!?’ﬂlﬂ!l‘ﬂﬂ;{l’
(c) further partitioning @ « cu:;\;z;tzdr: """""
12
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Figure 4: G2 partitioning of a bumper with irregular
shape. (a) two patches generated by G*
discontinuity or by direct segmentation; (b) four
sub-surfaces produced by G2 partitioning; (c)

further decomposition by the interactive tool; (d)
ky, CUrvature histogram.

Figure 4(a) shows two sub-surfaces generated by G!
discontinuity partitioning plus the generation of planar
surfaces. It is also the result by using direct segmentation.
One main problem with the direct segmentation is that

it can not handle irregular freeform surfaces quite
well. Figure 4(b) is the partitioning result as four sub-
surfaces by using k,, curvatures for G2 partitioning. The
local curvature histogram is illustrated in Figure 4(c), in
which y refers to the number of vertices in each curvature
bin and 2" derivative is the one of y with respect to x in
Equation (1). By means of Equations (2) through (4), there
are two significant peaks (one at 2 and the other at 50) and
one valley at 25. Figure 4(c) is a result of further
G2 decomposition of two side faces in Figure 4(b) by using
an interactive tool. The partitioning result in Figure 4(c) is
better than that in Figure 4(a) in terms of facilitating shape
morphing or specification of perturbation for shape
optimization. In order to maintain the smoothness between
patches during shape morphing or perturbation, freeform
deformation technique of 3D B-spline solid bounding box
should be used.

Figure 5(a) shows the result of G! partitioning or the
direct segmentation [6], while Figure 5(b) represents a

further G2 partitioning on the basis of Gauss curvature,
which is well suited in separating a cylindrical surface from
a spherical surface. The concept of feature map [13] can be
used to guide our interactive tool to separate different types
of surfaces by using the histogram of Gauss or mean
curvatures, as illustrated in Figure 3. It is really desirable to
have the partitioning result in Figure 5(b) instead of that in
Figure 5(a) because it provides more flexibility in the shape
morphing or perturbation by using the freeform
deformation technique.

(a) G! partitioning

(b) Gt + G2 partitioning
Figure 5: Surface partitioning of a knob. Data courtesy
of National Design Repository.

In comparison with existing approaches introduced in
Section 1, our approach not only deals with regular shapes
like the direct segmentation, but also handles the
antisymmetric freeform surfaces as in Figures 4 and 5.

Through a careful linkage between the results from ! and
G? partitioning, no over-segmentation is necessarily

introduced. Instead, the G2 partitioning can be used to
provide a second layer of information on the basis of the

primary layer of G! partitioning. This second layer of



information provides extra geometric constraints that
should be obeyed from the viewpoint of feature-based
design.

4 Conclusions

In this paper, we present a new hybrid approach to
surface partitioning by an automatic G! partitioning and

an interactive G2 partitioning on the basis of feature map
with respect to Gauss, mean, maximum principal,
minimum principal or k;, curvatures. In addition, an

automatic initial estimation of curvature markers for G?
partitioning is proposed. Overall, we use breath-first
searches to conduct surface propagation during a
partitioning process with a linear time complexity of o(n),
where n=max(N, N,), N, and N, are the numbers of

elements and vertices in M , respectively.

The results of numerical experiments on various
mechanical parts indicate the effectiveness of our approach.
The resulting partitions are ready for the applications such
as shape morphing or perturbation for optimization. One
implicit assumption of this paper is that an input polygonal
mesh does not contain a significant amount of noises,
which is valid for finite element meshes in engineering
analysis.
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