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Abstract

In the present paper, we outline few characteristics
that every viable congestion control protocol for elas-
tic traffic should satisfy. We provide and outline
ways by which these characteristics can be measured
and verified. We’ll focus in our illustrations on pro-
tocols designed for ABR (Available Bit Rate) traf-
fic; nonetheless transmission protocols designed for
the Internet (IP) can be easily evaluated using our
methods and verifications.
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1 introduction

Many Protocols for elastic traffic have been pro-
posed and argued to be stable, convergent and
fair. Usually these claims are validated by ex-
tensive well chosen simulations showing the ex-
cellent sides of the protocol. Very often, a sim-
ple analytic model scheme, as those we’ll present
later, could show an important flaw in the pro-
tocol, eg. non convergent protocol, unfairness
in common situations, or unstable behavior for
some parameters.

In the present paper we propose a general
method to evaluate analytically closed-loop con-
gestion control protocols. The sending rate,
in such protocols, is adjusted to buffer occu-
pancy or to some feedback (eg. fair share) from
the intermediate nodes or from the destination.
Stability (in terms of oscillations), Fairness and
Full Utilization are considered. The later repre-
sent the basic and essential criteria every closed-
loop congestion control protocol should satisfy.

Few examples where at least one of the above
criteria is not satisfied are described and ana-
lyzed using an analytic method and simulations
confirming our analytical results are given. The
examples chosen in this paper are important al-
gorithms that seem to have had significance in
terms of implementations, standardization or
discussions.

We should mention that there has been some
related research on the stability of congestion
control in networks with delayed information
[6, 9, 13, 14, 15] yet in the context of the In-
ternet using tools from delayed differential or
difference equations. That suggests that the
methods presented in this paper can be easily
applied to the Internet (IP).

2 What a closed-loop protocol
should satisfy?

In the sequel, we shall use the following sim-
ple model where multiple sources, sending to
the same destination, share a single bottleneck
node (as depicted in the figure (1)).

.

.

.

DES

SN

S2

S1
γ1

γ2

µ

γN
B

Switch/Router

Figure 1: The model with multiple connections
sharing a same bottleneck link



Without loss of generality, We will consider
only the case where the rate is dictated by the
intermediate node(s) (explicit rate); The buffer
occupancy may well be a control parameter when
the rate is computed. In the case of ABR for in-
stance, intermediate switches compute the fair
share for every source, then the computed fair
share is conveyed back to the sources trough
special RM (Resource Management) cells. Upon
reception of a backward RM cell (i.e. an RM
cell sent by the source itself and made a round-
trip back to the source), the source updates its
rate to the ER (Explicit Rate) value found in
the cell (i.e. ACR(t) = ERi(t − βi)). The
fair share attributed by the switch to a given
source i (ERi(t)) is most often (if not always)
computed based on the number of connections
(N) using the same link, the cumulative input
rate of the ABR traffic (

∑N
i=1 CCRi(t − γi)),

the input rate of connection i (CCRi(t − γi)),
the output buffer size at shared output (y(t))
and the estimated available bandwidth for the
ABR traffic (µ), that we assume constant. βi

is the time it takes a cell from the bottleneck
(queue) to reach source i, and γi is the time it
takes a cell from source i to reach the bottle-
neck (queue) (τi

∆= βi + γi).
The behavior of the system described above

can be easily put into the following equations

(xi(t)
∆= CCRi(t)):

xi(t) = f(x1(t − βi − γ1), · · · ,
xN (t − βi − γN ), y(t − βi), N, µ,B)

.
y (t) =

N∑
i=1

xi(t − γi) − µ

(1)

Remark 2.1 Protocols that don’t use the buffer
occupancy as a control parameter are not sta-
ble, if they aim to fully (100%) use the available
bandwidth [3](eg. ERICA).

2.1 Stability

For equivalent sources, from the above equa-
tions it is always possible to express y(t) as a
first order delayed differential equation. The
obtained equation can be always put in the fol-
lowing form:

a
..
H (t) + b

.
H (t − τ) + c

.
H (t)

+ mH(t − τ) + nH(t) (2)

= G(
.

H (t − τ),
.

H (t),H(t − τ),H(t))

where H(t) ∆= y(t) − ȳ, G(0, 0, 0, 0) = 0 and
H(t) = 0 (equivalent to y(t) = ȳ) is a triv-
ial solution. That goes to say that if there is
stability, then the queue length will tend to sta-
bilize at size ȳ. (ȳ in general is the value of y(t)
for which

.
y (t) = 0). Two kind of analysis are

then possible:
The first is to check whether we could have

ȳ > B, where B is the maximum buffer size
at the bottleneck node. If there are parame-
ters for which this situation can happen, then
it is obvious that losses will always occur be-
cause the buffer occupancy (queue length) will
try to stabilize at a size exceeding the maxi-
mum buffer size. Therefore the protocol can’t
be stable for those parameters satisfying the in-
equality ȳ > B.

The second analysis is to use the theory
of stability of solutions to delayed differential
equations [1, 5, 12]. If the solution y(t) = ȳ is
uniformly asymptotically stable, then whatever
the initial parameters are , The queue length
will stabilize at ȳ with minimal oscillations at
the beginning. An extensive study using this
method (the two analysis) for a number of pro-
tocols can be found in [1] where the stability
conditions for these algorithms are established.

In the sequel, we shall consider only algo-
rithms where the sending rate of each source
becomes constant (roughly constant) for a rel-
atively long period of transmission, if the to-
tal available bandwidth is constant (the rate of
each source stabilizes, ultimately with few os-
cillations at the beginning).

2.2 Full Utilization

In order to achieve full utilization, the rate at-
tributed to each source should be an increas-
ing function if the whole bandwidth is not fully
used. This requirement is needed to make sure
that in the case of existing restricted sources
(sources that are restricted by other nodes or
cannot send at their Allowed Cell Rate (ACR)),



the unused bandwidth by the latter is shared
among other unrestricted sources if such sources
exist.

Assume that the sending rate of each source
can be written in the form of equation (1).
Then, the necessary (since the rate of each source
converges to a constant value) and sufficient
condition to ensure convergence is the follow-
ing:

Lemma 2.1 Under the above hypothesis, a closed-
loop congestion control protocol based on ex-
plicit rate is convergent (i.e. guarantees the full
utilization of the bandwidth), if and only if

∀ µmax ≤ µ,∃ t0 :

If
N∑

k=1,k 6=i

xk(t) = µmin = µ − µmax ∀t,

Then, xi(t) ≥ µmax ,∀ t > t0 (3)

Proof: The proof is trivial: It is easy to ver-
ify that if the above condition is met, then the
maximum utilization is guaranteed. Indeed,
we’ll have ∀t > to,

∑N
k=1 xk(t−γk) ≥ µ. On the

other hand (the other way of the equivalence),
if ∃µmax ≤ µ : ∀t xi(t) < µmax, then the
full utilization is not guaranteed. Indeed, let’s
consider the model described previously, and
assume that N − 1 sources are restricted, thus∑N

k=1,k 6=i xk(t) = µ − µmax, and only source
i is not a restricted source. Because xi(t) <

µmax ∀t, it follows that
∑N

k=1 xk(t) < µ , ∀t,
therefore the protocol is not convergent.

An example of non convergent protocols is
the the ”pure-rate matching” [4, 3]. This is in
fact a ”pure rate matching” corrected by the
queue length, which we will refer to simply as
”pure rate matching”. In this protocol, the rate
is updated as follows: Assume the number of
active connections at the bottleneck node is N
and the available bandwidth is µ, then the rate
(fair share) attributed to each source is given
by:

ERi(t) = (1 − α)xi(t − γi) + α
µ

N
+η(QH − y(t))

= xi(t + βi)

where y(t) is the queue length at time t and QH

is given threshold smaller than B. It is easy to
verify that the maximum rate (xi(t)) allocated
to a given source i, is obtained for y(t−βi) = 0,
thus we have

xi(t) ≤ (1 − α)xi(t − τi) + α
µ

N
+ ηQH

=⇒ xi(t) − xi(t − τi) ≤

α

(
µ

N
− xi(t − τi) +

η

α
QH

)
=⇒

xi(t) < xi(t − τi) if xi(t − τi) >
µ

N
+

η

α
QH

Recursively, we can prove that

∀t xi(t) ≤ µ
N + η

αQH
∆= µmax. Therefore,

∃ α, β,N : µmax ≤ µ and ∀t xi(t) ≤ µmax. In
virtue of Lemma 2.1, it follows that the scheme
is not convergent. In other words, if the avail-
able bandwidth that could be allocated to an
unrestricted source i, because of existing re-
stricted sources, is larger than µ

N + η
αQH , then

the maximum utilization of the link will not be
achieved.
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Figure 2: Simulation scenario for convergence
and fairness .

Figure 2 illustrates the scenario and net-
work setup we used to verify the convergence
and the fairness of the different examples pre-
sented in this paper. The scenario is the fol-
lowing: All sources have the same destination.
The capacity of the different bottleneck links
are 1/5 ∗ Link = 4000 cells/sec, 2/5 ∗ Link =
8000 cells/sec, and Link = 20000 cells/sec,
respectively at the first, second and third node
(switches). Sources 2, 3, 5 start to transmit two



(2) seconds before sources 1 and 4. During the
two first seconds of simulation, ideally (if the
protocol is convergent) the three sources will
be allocated the following rates: S1, S3: 4000
cells/sec and S5: 12000 cells/sec (because S1
and S2 are restricted sources). After two sec-
onds of simulation, we should ideally converge
to the following rate allocation: S1, S2: 2000
cells/sec, S3: 4000 cells/sec, and S4, S5: 6000
cells/sec.
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Figure 3: Rate allocation with ”pure-rate
matching” protocol

Figure 3 shows the rate of each source between
time 0 and 2 seconds, when the ”pure-rate match-
ing” algorithm is considered. We can see that
source 5 transmits at 6500 cells/sec which is far
smaller than the bandwidth it could use (12000
cells/sec). The utilization for the 2 seconds of
simulation is 72.5% and could be worse had the
fair share for source 5 been much higher.

2.3 Fairness

A sufficient condition for fairness using the model
described in figure 1 can be stated as follows:
A protocol is fair if

N∑
k=1

xk(t − γk) = µ

=⇒ xi(t + βi) − xj(t + βj) = 0 ∀t

or |xi(t + βi) − xj(t + βj)| (4)

< |xi(t − γi) − xj(t − γj)| ∀i 6= j

This means that the rate allocated to two dis-
tinct connections (i, j) is the same or tends to

be the same after some time, since the differ-
ence between the two rates allocated to these
connections currently is smaller than the dif-
ference of their sending rates measured at the
switch (incoming rate to the switch).

Moreover, a protocol is not fair (does not
achieve fairness) if

∃i, j :
N∑

k=1

xk(t) = µ

and |xi(t) − xj(t)| ≥ Cst > 0 ∀t

The following is an example of unfair algo-
rithm (first version of ERICA protocol [8]):

ERi(t) = max

(
1
N

,
xi(t − γi)∑N

k=1 xk(t − γk)

)
µ1

where µ1
∆= µ ∗ Target Utilization

ERICA targets to use only a fraction of the
available bandwidth (90-95%). Therefore, we
assume that the available bandwidth seen by
ERICA is µ1 instead of µ. When few connec-
tions are restricted and can’t send at their fair
share, the unrestricted connections should send
at rates higher than µ1/N . Assume that there
are at least two unrestricted connections i and
j:

xi(t) =
xi(t − τi)∑N

k=1 xk(t − βi − γk)
µ1

Therefore, we have

|xi(t) − xj(t)| =

∣∣∣∣∣ xi(t − τi)∑N
k=1 xk(t − βi − γk)

(5)

− xj(t − τj)∑N
k=1 xk(t − βj − γk)

∣∣∣∣∣ µ1

From (5), we have:

N∑
k=1

xk(t) = µ1 ∀t

=⇒ |xi(t) − xj(t)| = |xi(t − τi) − xj(t − τj)|

It means that there exist allocations where the
whole available bandwidth is allocated while
the sources could have different rates, therefore
fairness is not guaranteed not even for equiva-
lent sources (τi = τj).



Note that the fairness in this scheme is of-
ten achieved, when there are unrestricted con-
nections and the sources start to transmit rel-
atively at the same time or at rates close to
the fair share. However, when a source starts
to transmit while others are in their “steady
state”, we can have situations where the full
utilization is achieved (

∑N
k=1 xk(t − βj − γk) =

µ ∀t, j) while the sources are allocated different
rates.
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Figure 4: Rates in cells/sec when using ERICA.

To illustrate that, we run a simulation us-
ing the scenario depicted in Figure 2 where the
ERICA algorithm is used targeting 95% uti-
lization (19000 cells/sec). Figure 4 shows the
rates achieved by the five sources. We can see
that the available bandwidth is fully used, but
the sources did not get their fair share. Indeed,
source 5 was allocated a rate of 7500 cells/sec,
and sources 3 and 4 have received less than 3800
cells/sec each. Source 4 which is not restricted
in this example received less than half what
source 6 has received while they should have
received the same rate had the protocol been
fair. As noted before, the fairness of this pro-
tocol depends heavily on the initial rates. The
closest the initial rates to the optimal shares
the more fair the algorithm is and inversely.

Following the steps described in this section
about how to evaluate fairness, we can easily
proof that the ”pure rate matching” protocol
described in the previous section is indeed fair.

Remark 2.2 If a congestion control protocol
is fair (satisfies (4)) and convergent (satisfies
(3)), then it is “MAX-MIN” fair [10]. Indeed,
if it is fair then any two unrestricted connec-

tions will have the same share, therefore all un-
restricted connections will have the same share.
Moreover, if the algorithm is convergent, then
the entire bandwidth will be used should be there
few unrestricted connections. Because the algo-
rithm is fair then the bandwidth not used by
restricted sources is going to be fairly shared
among unrestricted ones.

3 Conclusion

In this paper we presented a simple yet efficient
method for evaluating protocols based on ex-
plicit rate and/or buffer occupancy and can be
applied to congestion protocols in any type of
network be it ATM IP or anything else, as long
as the information used to compute the send-
ing rate is derived from the available bandwidth
and/or buffer occupancy at intermediate nodes.
We focused mainly on ABR service in ATM
networks for it is the service for which thou-
sands of protocols were designed, and where the
fair share (Explicit Rate) rate is clearly com-
puted using an estimate of the available band-
width and buffer occupancy.

We focused on the three characteristics of
stability, convergence and fairness because they
are the most important measures of robustness
that every protocol has to satisfy. We used few
examples to show how to apply our conditions
in practice, then by means of simulation we val-
idated our hypothesis.

More and more congestion control experts
argue that Max-Min fairness should not be con-
sidered the ideal of fairness. Indeed, one can
argue that connections crossing more hops use
more resources than connections traversing only
few routers. Therefore, the bandwidth should
be allocated in proportion to some criteria such
as round trip time, number of crossed hops etc...
[10]. In general we would like to see more band-
width being allocated to connections using less
network resources. TCP for instance achieves
proportional fairness based on the round trip
time, because it favors connections with small
round trip time over connections with large round
trip time. This is the topic we would like to ex-
plore in the near future.
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