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Abstract - In this paper we investigate the gen-
eration and structure of roll waves flows down a
porous inclined plane and subjected to an applied
surface shear stress. The unsteady equations of
motion for the fluid layer are depth integrated ac-
cording to the von Kármán momentum integral
method accounting for the variation of the veloc-
ity distribution with depth. The slip boundary con-
dition at the interface between the fluid layer and
the porous plane is based on the assumption that
the flow through the porous medium is governed by
Darcy’s law, and that the characteristic length scale
of the pore space is much smaller than the depth of
the fluid layer above. The instability of the uni-
form flow and the evolution to roll waves flow is
determined by numerically solving the time depen-
dent governing equations and calculating the non-
linear evolution of infinitesimal disturbances. Con-
clusions are drawn regarding the effect of the per-
meability of the porous inclined plane and its corre-
lation with the effect of the shear stress applied on
the surface of the fluid.

key-words: flow down a porous incline, non-
linear stability analysis, roll waves.

1 Introduction

Free-surface gravity-driven flows down an in-
cline can exhibit a surface wave pattern which
is referred to as “roll waves”. This wave system
results from the instability of the uniform flow

and consists of progressive bores connected by
sections of gradually varying flow.

Roll waves are observed frequently in flows
found in the environment [1]. For example,
sufficiently rapid mud flows develop a series of
intermittent bores which can be capable of in-
flicting sever property damage and even topo-
graphical changes.

Due to the ubiquitous nature and relevant
impact of roll waves flows, it is important
to theoretically determine under what condi-
tions roll waves will be generated and pre-
dict their structure and velocity of propaga-
tion. Such theoretical investigations can be
conducted by first establishing a mathematical
model for flow down an incline. This model can
be used to simulate the evolution of a uniform
and steady flow perturbed by a small distur-
bance. If the perturbed flow develops into a
secondary quasi-steady flow the simulation de-
picts the expected roll waves flow.

In this paper we derive a model that incor-
porates certain factors not included in previ-
ous investigations which will allow us to obtain
more realistic simulations of roll waves flows in
environmental settings. In particular, we in-
clude the effect of wind stress by applying a
prescribed shear stress at the surface of the
fluid layer. This effect is coupled with that
of the permeability of the inclined surface over
which the fluid is flowing. This extension is
important due to the fact that environmental
flows mostly occur over porous surfaces such as
soil, river beds, and layers of gravel [2].



2 The Mathematical Model

Consider the two-dimensional laminar flow of
a thin layer of a Newtonian fluid along the sur-
face of a porous medium incline at an angle θ
with respect to the horizontal. We define an
(x, z) coordinate system with the x-axis along
the bottom and the z-axis normal to it. We
denote the velocity and the total pressure by
u = (u,w)T and p respectively. We assume the
characteristic longitudinal length of the flow,
L to be much larger than the characteristic
depth, H, with the depth varying slowly in
time and in the longitudinal direction.

The equations of motion for the layer are
obtained from the Navier-Stokes equations by
neglecting terms of O(ε2) with ε = H/L being
the aspect ratio, and are expressed as [1]
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where g is the acceleration due to gravity, and
ρ and µ are the mass density and the viscos-
ity of the fluid respectively. In obtaining these
equations we also assumed moderately high Re
flows with Re = ρUH/µ ∼ O(1/ε), with U be-
ing a characteristic velocity of the flow.

The effect of wind stress can be incorpo-
rated into the model by prescribing the shear
stress, τw at the surface of the layer. If we
neglect terms of O(ε2), including those arising
from the effect of surface tension, then the con-
tinuity of force condition at the surface reduces
to

p = 0

µ
∂u

∂z
= τw



 at z = h(x, t). (4)

The kinematic condition at the surface is
given by
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We assume that the porous medium is sat-
urated with fluid and that the flow through it
is governed by Darcy’s Law. We note that even
if the free flow is a high Reynolds number flow,
the application of Darcy’s Law to model the
flow through the porous medium is validated
by the assumption that the geometry of the
pore space results in a low Reynolds number
flow. The condition at the fluid layer-porous
medium interface in this case has been inves-
tigated by Beavers and Joseph [3]. They pro-
pose that a boundary-layer is formed at the
top of the porous medium and that the tan-
gential velocity rapidly changes across this re-
gion from the Darcian velocity to the velocity
at the interface. Beavers and Joseph verify ex-
perimentally that the appropriate condition for
the tangential velocity at the interface is
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where κ is the permeability of the porous medium,
χ is a dimensionless parameter dependent on
the structure of the porous medium, and up =
(up, wp)T is the Darcian mean filter velocity
in the porous medium. The normal velocity
does not vary through the boundary-layer so
the condition at the interface is

w = wp at z = 0. (7)

We will consider cases when the pore space
geometry is such that the flow is slower than
that of the layer above to the extent that the
mean filter velocity terms in the interface con-
ditions (6) and (7) are negligible [4]. The con-
ditions at the bottom of the fluid layer then
reduce to
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Integrating equation (3) and using the bound-
ary condition (4) we find the expression for the
total pressure to be:

p = g cos θρ(h− z).



Inserting this expression into the x−momentum
equation (2) we obtain
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Due to the fact that we are dealing with a
small aspect ratio flow which varies slowly in
the longitudinal direction, we can employ von
Kármán’s momentum integral method. Conse-
quently, we assume that the dependence of the
fluid velocity with depth is the same as that
of a uniform and steady flow and integrate the
governing equations over the depth of the fluid.
Now, a uniform and steady flow of the fluid
layer is given by
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u = u0(z) =

3ū0
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and ū0 is the depth-averaged velocity given by
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Depth-integrating the continuity equation
(1) and the momentum equation (9) over the
fluid layer we obtain equations governing the
depth of the fluid layer, h(x, t) and the depth-
averaged velocity, ū(x, t). We can nondimen-
sionalize these equations by introducing the nondi-
mensional quantities (signified by an asterisk)
according to

x = Lx∗, ū = ū0ū
∗, t =

L
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where ū0 and H are the velocity and thickness
of the uniform steady flow respectively, and
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ū2

0
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.

Employing this transformation to nondimen-
sionalize the equations for h and ū and drop-
ping the asterisks for notational convenience
we obtain
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3ū

2h2 + 3τh + 6γ(h + τ)
,

φ =
8
15

h5 +
(

5
3
τ +

8
3
γ

)
h4 +

(
4γ2 +

4
3
τ2 +

20
3

γτ

)
h3 +

(
4γτ2 + 8γ2τ

)
h2 + 4γ2τ2h ,

and where

ψ0 =
3

2 + 3τ + 6γ(1 + τ)
,

Λ =
cot θ

Re
, Re =

gρ2H3 sin θ

3µ2
,

γ =
√

κ

χH
, and τ =

τw

ρgH sin θ
.

In the case when τw = 0 and γ = 0 the Reynolds
number can be expressed as Re = ρū0H

µ .
The parameters in the governing equations

(11) and (12) are Λ, γ, and τ . The parame-
ter Λ is the ratio of the viscosity, which is a
stabilizing factor, to destabilizing factors such
as the thickness of the uniform fluid layer, the
fluid mass density, and the inclination of the
plane. The parameters γ and τ are the scaled
permeability of the porous inclined plane and
the scaled applied surface shear stress respec-
tively.

3 Roll Waves Calculations

Our aim is to determine which uniform flows
are unstable and evolve into roll waves flows
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Figure 1: The evolution of the perturbed flow
to roll waves solution with Λ = 0.63, τ = 0.3,
γ = 0, P = 8.91, and λ = 28.5.

and calculate various aspects of the wave struc-
ture such as the wave height, i.e. the height of
the bores, the wavelength, and the speed of
propagation. This is accomplished by calcu-
lating the evolution of the perturbed uniform
flow over a periodic domain x ∈ [0, λ]. An
example of such a calculation is illustrated by
the results in figure 1. Here we present snap-
shots of the surface of the fluid at various times
which are whole multiples of the period P . It
can be seen that for times nP with n greater
than approximately 14, the surface remains un-
changed indicating that a roll waves solution is
attained, with wavelength equal to the length
of the calculation domain, λ and propagating
with speed λ/P .

The governing equations (11) and (12) form
a system of nonlinear hyperbolic conservation
laws with a source term. To solve this system
we employ the quasi-steady wave-propagation
algorithm developed by Leveque [5]. This method
is particularly effective in the context of stabil-
ity analysis since it captures the balance be-
tween the source term and the flux gradient
which is appropriate for cases when the solu-
tion is “quasi-steady”. The discretization of
the equations is accomplished by a second-order

accurate finite-volume TVD scheme.
In terms of the nondimensional variables

the change in mechanical energy across a bore
is given by
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where [f ]12 ≡ f1−f2 with f1 denoting the limit
of the quantity f as the bore is approached
from the right and f2 the limit of f as the bore
is approached from the left. The speed of prop-
agation of the bore is given by c = [hū]12/[h]12.
The two integrals in the expression for Ė can
be expressed in terms of ū and h using the as-
sumed velocity profile given by

u = 3ū
2(h + τ)(z + γ)− z2

2h2 + 3τh + 6γ(h + τ)
.

From the numerical solution to the governing
equations we have the values of ū and h, and
we can thus calculate the energy drop across
the bore in the roll waves solution. This quan-
tity must be non-positive since mechanical en-
ergy is dissipated into heat due to turbulence.
Since this mechanism is not accounted for in
our model, the criterion of non-positive energy
generation across the bore can be used to dis-
miss certain solutions as being non-physical.

Our numerical experiments reveal that for
given values for the parameters γ and τ , there
is a critical value of the uniform flow parame-
ter Λ = Λcrit, such that for the range [0,Λcrit]
the uniform flow is unstable with the insta-
bility giving rise to roll waves flows, while for
Λ > Λcrit roll waves do not form. Furthermore,
for a given value of Λ in the unstable range
various roll waves solutions exist with different
wavelengths. It turns out that the energy drop
across the bore decreases with wavelength, and
there is a critical wavelength for which the en-
ergy drop is zero. This is the shortest physi-
cally possible roll waves solution. This solution
is referred to as the “minimum roll wave” and
corresponds to the wave pattern expected to
emerge spontaneously from an unstable flow.
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Figure 2: Wave height of the minimum roll
wave as a function of Λ with τ = 0 and γ = 0.

Ng and Mei [1] have previously studied roll
waves generation on fluid layers with zero shear
stress prescribed at the surface and flowing down
an impermeable incline. They carry out an
analytical investigation by seeking roll waves
solutions characterized as periodic shocks con-
nected by smoothly increasing depth profiles.
They present an analytical procedure for calcu-
lating the wavelength, speed, and wave height
of the roll waves. As is illustrated in figure 2,
the results of this procedure are in good agree-
ment with our numerical solutions for cases
with γ = 0 and τ = 0. In addition, the theoret-
ically determined wave speed of the minimum
roll wave in these cases agrees with experimen-
tal findings [6].

4 Results and Conclusions

In figure 3 we present the variation of Λcrit
with τ for different values of γ. It can be seen
that the region of instability increases with τ
and with γ. We can thus conclude that the
applied shear stress destabilizes the flow when
acting downhill and acts to stabilize the flow
when applied uphill (negative values of τ). We
can also deduce that the effect of the perme-
ability of the inclined plane is to destabilize
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Figure 3: Critical value of Λ for formation of
roll waves as a function of τ .

the flow. Physically, this behavior is to be ex-
pected since we know that the effect of friction
is to retard the flow and thus act as a stabiliz-
ing factor. Increasing the permeability of the
porous substrate diminishes the friction of the
fluid with the bottom as, due to the slip con-
dition, the velocity gradient at the bottom of
the fluid layer decreases as the permeability, κ
is increased.

In figures 4 - 6 we illustrate the effect of
Λ and τ for a nonzero value of γ on the wave
height, speed, and wavelength of the minimum
roll wave respectively. The results presented in
figure 4 indicate that there is significant varia-
tion of the wave height with τ for small values
of Λ, which corresponds to highly unstable uni-
form flows. In particular, it can be seen that
in these conditions the wave height decreases
with τ . Now, as indicated by the results in
figure 3, increasing the applied surface shear
stress speeds up the flow and thus increases
the interval of instability for the uniform flow
parameter Λ. However, the results presented in
figure 4 suggest that applying a surface shear
stress in the downhill direction to highly unsta-
ble flows has a damping effect on the roll waves,
with the wave height decreasing as a function
of the magnitude of the surface stress. When
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wave as a function of Λ with γ = 0.1.

0 0.2 0.4 0.6 0.8 1
2

2.5

3

3.5

4

4.5

5

Λ

W
a

v
e

 S
p

e
e

d

τ=0.4

τ=0

τ=−0.2

Figure 5: Wave speed of the minimum roll
wave as a function of Λ with γ = 0.1.
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Figure 6: Wavelength of the minimum roll
wave as a function of Λ with γ = 0.1.

the surface shear stress is applied in the up-
hill direction the opposite occurs, as the stress
has a greater effect on slowing down the flow
ahead of the bores. This results in a greater
buildup of fluid at the bores as the magnitude
of the stress is increased and thus a greater
wave height.

The effect of the applied surface stress on
the speed and wavelength of the minimum roll
wave appears to be more pronounced for flow
conditions near criticality (i.e. for the larger
admissible values of Λ). By examining figure 5
we see that as Λ increases the variation of the
wave speed with τ increases with the speed be-
ing a decreasing function of τ . A similar behav-
ior is illustrated in figure 6 for the wavelength.
In particular, we can conclude that under crit-
ical conditions for the onset of roll waves, the
wavelength of the minimum roll wave decreases
sharply as the applied surface shear stress is in-
creased.
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