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Abstract-Full wave electromagnetic simulation 
requires numerically expensive methods such as 
FDTD.  The computation time depends superlinearly 
on the number of unknowns in the simulation region. 
In some situations, especially when the results are not 
needed at every point of the grid, simulation time can 
be reduced.  This reduction can be accomplished by 
partitioning the grid into macromodels and 
determining the macromodel impulse response.  Then 
the impulse response can be decomposed into its 
eigenmodes, some of which can be eliminated because 
they are non-essential.  In this paper we extend our 
earlier work and describe several strategies with 
which macromodels can be interconnected, that result 
in further savings of computation time. 
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I. INTRODUCTION 
One of the most efficient and easy to program 

methods to solve Maxwell’s equations in the time 
domain is FDTD [1,10].  FDTD works by recursively 
solving the Maxwell’s equations in the entire domain 
during every iteration.  The recursive procedure 
continues until some pre-determined condition is 
achieved.  Schemes of this type are often used when 
the analytical solution to an electromagnetic problem 
is prohibitive.  Problems to be solved with FDTD are 
abundant in simulations of aircraft radar cross section 
at high frequency, microwave ICs, optical pulse 
propagation, antennas, bioelectromagnetic systems, 
bodies of revolution, etc. [1].  Real-life problems often 
require grids with very large numbers of points, due to 
fine features of the simulated objects and short 
excitation wavelengths.  The simulation time is 
exacerbated by modeling complex and composite 
materials, as well as increasing the order of the 
simulation in space and time to reduce error [2,3].  In 
some cases the simulation time can become 
unreasonable which has lead researchers to look for 
alternatives to conventional approaches.  One way 
with which it may be possible to reduce this 
simulation time to a more acceptable level is presented 
in this paper. 

The generation of macromodels for simulations has 
attracted some attention recently [4,5,6].  A 

macromodel (subcell model) is basically an 
encapsulation of some simulation region.  A 
macromodel establishes an interface between itself 
and the surrounding region.  The authors have 
described how to create the macromodel impulse 
response matrix from the state transition matrix that is 
easily obtained by inspection of the FDTD method [8].  
The advantage of such macromodels is that the 
impulse response history is computed only once and 
permanently saved as part of the model.  In the future, 
this history can be reused as the surrounding region 
changes.  If the solution within the macromodel is not 
important, then further savings can be made by 
computing the solution at a limited number of 
interface points.  Conversion of macromodels to 
equivalent electrical circuits to model the entire 
system with circuit simulators when EM simulators 
are not suitable is straightforward [5].  Conversion to 
system level is also possible in order to allow for 
behavioral modeling [7].  The use of a similar method 
to construct primitive boundary conditions has also 
been studied [14]. 

The structure of the paper is as follows.  The 
theoretical derivations of the eigenmodal method are 
discussed in Section II.  In [9] we discussed the 
operation of a single module.  Here we remove this 
assumption and we extend our earlier work to a 
system that consists of multiple modules.  In Section 
III we discuss how the proposed system can handle 
various types of excitation scenarios such as steady 
state and transient excitations, as well as initial 
conditions.  We consider several alternative methods 
to evaluate the response of a cascade of multiple 
modules in Section IV.  Our experimental results from 
waveguide simulation are given and discussed in 
Section V.  Finally section VI concludes the paper 
with a summary and suggestions for future research. 

 

II. THEORY 
The results of our earlier work describe the 

advantages and disadvantages of computing the 
impulse response of macromodels [8].  We have 
overcome some of the disadvantages with the 
introduction of the eigenmodal decomposition 
approach [9].  This involves expressing the inputs to a 
macromodel (module) as a superposition of the 
eigenvalues of the state transition matrix.  The 



outcome is that constant time for the convolution can 
be achieved.  Further improvement can be made if 
some eigenmodes are discarded [9,16].   

The method proposed in [9] discusses the interface 
of a modular region and an FDTD region.  The output 
of the modular region is obtained by performing 
convolution of the inputs with the impulse response by 
keeping track of the coefficients for each eigenmode 
as follows: 

 
 Y(1) = h(1) X(0) 
 = λ0a00v0         + λ1a01v1  +...+ λNa0NvN  

 =     s10v0     +     s11v1  +…+    s1NvN   
 
 Y(2) = h(2) X(0) + h(1) X(1)  
 =  λ0s10v0    +  λ1s11v1     +…+ λN s1NvN 

 + λ0a10v0     + λ1a11v1    +…+ λNa1NvN 

               =      s20v0    +    s21v1      +…+     s2NvN 
… 
… 

 Y(n) = h(n) ⊗ X(n),  (1) 

where ⊗ represents convolution, h(n) is the impulse 
response, vk are the eigenvectors, X and Y are the 
inputs and the outputs of  the modular region, 
respectively, and λk are the eigenvalues of A, the state 
transition matrix, all defined in [8].  In the above, each 
input is decomposed into a sum of eigenvectors (vk) of 
the state transition matrix, modulated by the 
coefficients ak.  In order to evolve the state of the 
module by just one time step, each eigenvector must 
be multiplied by its eigenvalue λk [16]. 

In order for the module to express the inputs as a 
superposition of eigenmodes as shown in (1) it must 
solve N equations in N unknowns.  The matrix 
equation to be solved is [8]: 

 Va = B1X  
 => a = V-1B1X, (2) 
where a is the vector containing the coefficients ak 
used in (1) and B1 is a selector matrix for one interface 
input. 

The matrix V=[v1, v2, …, vN] does not change and 
therefore its inverse must be computed only once.  The 
stepwise computation in (2) requires NI 
multiplications, where N is the total number of points 
in the module and I is the number of inputs.  The 
computation time of (1) and (2) can be significantly 
reduced in some situations by discarding non-essential 
eigenmodes [9].  We have shown that the time taken 
to compute (1) and (2) with our method can be up to 
four times less than the time to compute the same 
results by FDTD [18]. 

The more modules are used, the greater the 
improvement in the computation time.  The advantage 
to having multiple modules is that they can be made to 

communicate in terms of their coefficients, with a 
linear transformation [17] replacing the stepwise 
calculation of (2).  The number of multiplications with 
the linear transformation is decreased to P2, where P is 
the number of modes remaining after the reduction. 

In our earlier work we assumed that the excitation 
plane is located in the FDTD region.  If the excitation 
region is partially or fully located within a module 
then some simplifications can be made, as described 
below. 

 
 

III. EXCITATION 
A. Transient Excitation 

In the first mention of the FDTD method, only the 
propagation of a single-pulse in a lossless medium is 
described [10].  To initialize the system, the state of 
the electromagnetic field is specified at time step 1.  
For the following time steps the FDTD algorithm 
takes over the propagation and scattering of the pulse 
in time and in space.  If a portion of the pulse is 
initially located somewhere within the module, then 
we have a non-zero state system that must be 
converted to one with zero state.  This can be done if 
we assume that the system (module) is completely 
controllable.  In this case the equation to solve is 
given by: 

 Va = Q,    (3) 

where Q denotes the system state as described in [7].  
We end up with a set of non-zero coefficients a0k.    

B. Steady State Excitation 
For long duration sources Taflove argues that Yee’s 

excitation method can lead to an excessive simulation 
time.  Taflove’s suggestion is to perform stepwise 
computation of the desired time function (sinusoidal, 
Gaussian, etc) for the Electric field components in the 
FDTD domain [11,12].  Usually these field 
components are the same across an entire plane.  We 
consider sinusoidal excitation below.   

To use this approach with our method, assume the 
excitation is in the form: 

 Ez(i=i s,j,k,n∆t) = E0 e
jωn∆t. (4) 

The first step is to solve (2) with every component of 
X equal to E0.  This is the situation for n=0.  We will 
end up with a set of non-zero coefficients b0k which 
should be kept separate from a0k.  Taking the real part 
of (4), every successive input will be equal to the 
multiplication of sin(ωn∆t) by E0.  Since E0 is written 
as a superposition of eigenvectors, each of the b0k  

must be multiplied by the sinusoid as follows: 

 



Y(1) = h(1) X(0) 
        = λ0b00v0   +    λ1b01v1   +  …  + λNb0NvN 

        =     s10v0  +        s11v1     +        +     s1NvN 
 

Y(2) = h(2) X(0) + h(1) X(1) 
           = λ0s10v0 +  λ1s11v1      +  … + λN s1NvN 

 +sin(x)[ λ0b00v0+  λ1b01v1    +  … +  λNb0NvN ] 
            =    s20v0+      s21v1      +  … +      s2NvN, (5) 

where x = Re(jωn∆t) = ωn∆t.  With this approach, the 
number of multiplications is reduced from NI to N 
because (2) does not have to be solved for every time 
step. 

IV. MULTIPLE MODULES 

A. Impulse Response 
The number of interfaces that a module will have to 

the outside world will usually depend on whether 
partitioning is done in one, two, or three dimensions.  
Several alternatives exist for the simulation of a 
cascade of modules.  One way, discussed in detail in 
[8] involves writing the impulse responses due to each 
interface of a two interface module as follows: 

 























⊗=

)(

)(

)()(

)()(

)(

)(

2

1

2221

1211

2

1

n

n

nn

nn

n

n

X

X

hh

hh

Y

Y
.     (6) 

The above equation can be simplified to use the 
method shown in (1).  However, in order to do that, 
we must first solve (2) with the modification shown 
below: 

 Va = B1,2[X1X2]
TR. (7)  

An alternative method for cascade modules is to 
combine every two modules into one such that we end 
up with only one module.  As shown in Fig.1, the 
combination process begins with the two modules that 
are closest to the boundary.  Their impulse responses 
can be combined as follows [15]: 

 h=hA11 + hA12⊗ (hB⊗hA21) + hA12 ⊗  
 (hB ⊗(hA22 ⊗ (hB ⊗ hA12))) +…  . (8) 
 

B. Linear Transformation 
Linear algebra tells us that if the eigenvalues are 

distinct, then the corresponding eigenvectors are 
linearly independent.  If there are N linearly 
independent eigenvectors, then they constitute a basis 
for the N-dimensional vector space.  Any vector in an 
N-dimensional vector space can be written as a sum of 
the N eigenvectors in the basis [17].  Using these 
theorems allows us to express the input as a 
superposition of N eigenvectors without any loss of 
data.  When the coefficients are exchanged between  

 

 
 

adjacent modules, they will need to go through a 
rotation transformation in order to relocate the field 
from the rightmost position of the output module to 
the leftmost position of the input module and vice 
versa.  Additionally, if the medium is inhomegeneous, 
the coefficients will have to be converted from one 
basis to another.  Below we give details of the linear 
transformation whereas the details  of the change of 
basis can be found elsewhere [17]. 

In order to construct a conversion matrix we need 
to understand what the linear transformation will do to 
the basis vectors vk. An example of the left to right 
transformation for a single vector is shown below: 

 

 



















=


















0

H(2)

0

0

H(2)

H(1)

E(2)

E(1)

T   

Fig. 2.  Example of linear transformation from left to 
right. 

 
By performing the linear transformation for every 

vector vk we will end up with a set of vectors ek that 
can be saved in the matrix E.  After the one time 
computation F=V-1E, we end up with F which is the 
matrix representation of the linear transformation from 
left to right.  The linear transformation from right to 
left is obtained in an analogous manner.  Now, in 
order to obtain the input coefficients for the right 
module, the following computation will be required: 

 ar= Fal, (9) 
 
where the a’s are the coefficient vectors discussed in 
(2). 
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Fig. 1.  Cascade connection of two modules. 



V. RESULTS 
A parallel plate waveguide structure was simulated 

with the conventional FDTD and with the algorithm 
presented in this paper.  The eigenvectors were 
discarded according to the procedure outlined in [9].  
The waveguide was excited with a constant plane 
wave source of 10 GHz at x=1 and shorted at the other 
end.  A thousand time steps were required to reach a 
stable solution.  The x,y,z mesh dimensions were 
133,20,9 cells, respectively.  The modules were 
adjacent to each other in cells at locations x=58 and 
x=59.  In Fig. 3, the electric field values in location 
x=58 obtained with both methods are compared.  As 
can be seen, the approximate results are very close to 
the exact ones calculated with the FDTD algorithm, 
and degrade only slightly near the end of the 
simulation.   

A combined impulse response using (8) was 
obtained for all the modules of an inhomogeneously 
filled waveguide and keeping the first ten terms.  
Special care had to be taken to keep the round-off 
error to a minimum.  The results are plotted in Fig. 4.  
As can be seen, the primary consequence of dropping 
the terms is that the electric field values do not reach 
the peak.  This is due to the infinite impulse response 
(IIR) nature of the FDTD modules. 

VI. CONCLUSION 
In this paper we discussed a modular alternative to 

the brute-force FDTD approach to perform full-wave 
simulation of the propagation of the electromagnetic 
field.  Simulation time for each module is reduced by 
nearly a factor of four as was shown by our earlier 
work [18].  We showed that our recursive algorithm 
can provide good results even with multiple modules 
while reducing the simulation time.  We considered 
different types of excitations possible with the 
simulation and introduced new methods to work with 
them.  We discussed how a system with multiple 
modules can lead to even further reduction in 
simulation time by using linear transformations.  
Techniques to obtain the impulse response of multiple 
modules were given and their effects on the simulation 
results were shown.  

An advantage of using linear transformations is to 
be able to communicate only with coefficients.  The 
number of coefficients is equal to the number of non-
discarded modes.  This becomes useful as the modules 
are distributed among multiple processors because 
communication time can be decreased in comparison 
to the conventional FDTD which must communicate 
the data for every single point on the boundary.  
Another advantage of using linear transformations is 
that the output of the inner modules does not have to 

be computed during every time step, which leads to 
further savings of computation time. 

Future work will involve the investigation into the 
techniques to utilize the modular algorithm in parallel 
computation.  In particular, the use of linear 
transformations as a means to further reduce 
communication and computation will be studied.  
Also, parallelizable methods to solve systems of 
simultaneous equations that do not require matrix 
inversion will be considered. 
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Fig. 3.  Comparison between the output of the 
modules and the output of conventional FDTD for one 
period.  Results indicate a very close match in the 
waveforms. 
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Fig. 4.  Spatial Variation of The Electric Field.  
Results obtained using (8) are compared with 
conventional FDTD.  The y,z location is the same as in 
Fig. 2, n=1000. 
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