Computing the Drift of Mutant Genes
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Abstract - We develop a numerical scheme for computing the solution of a generalized version of Fisher’s equation.
The main idea is to use a modified Crank-Nicolson method in order to construct a predictor corrector scheme. Then
incorporate variable boundary conditions that mimic the asymptotic behavior of the initial condition in order to
ensure that the wave has the right speed as it advances.
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1 Introduction

Nonlinear reaction-diffusion equations play fundamental roles in a great variety of situations such as heat/mass
transfer, developmental biology, chemical reactions, and genetic processes. In this paper we consider a particular
reaction-diffusion equation known as the generalized Fisher’s equation. This equation describes the drift of
advantageous genes due to favorable local conditions for mutation. It is seen that the asymptotic conditions at the
extreme back of the advancing drift wave (where the numbers of the mutant genes are small) can determine the speed
of advance.

The generalized Fisher’s problem we consider is

U = Uge +u—ufp>1 (1)
lim w(z,t) = 0, lim u(z,t)=1,¢t>0,u(x,0) =ug(x) ()
Tr— —00 r— 00

Following Larson [9], if the initial condition ug () € [0,1],2 € R and ug (x) «~ AeP®, A > 0 as z — —oo,
it can been shown that for every 5 € (0, 1) there exists a traveling wave solution to (1) - (2) with speed cg = 5 + %;
if § > 1, the traveling wave solution will have an asymptotic speed of 2; that is, if ug (z) is a positive function that
satisfies the boundary conditions (2) on R and if

o (z) ~ AP A > 0asx — —oo 3)
then as ¢ — oo, the solution will evolve to a traveling wave with speed ¢ () where
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Also Kolmogorov et al. [7] have shown that if the initial data is chosen such that
uo(m):{ 0, <0,
1, >0,
then the solution will approach a traveling wave of speed 2.
We develop a numerical scheme for computing the solution of the generalized Fisher’s equation. We
construct the boundary conditions so that the asymptotic behavior at the extreme back of the wave is modeled
correctly to ensure that the wave advances with the right speed.



It should be noted that the generalized Fisher’s equation can also be used to study certain chemical/electrical
systems and population growth of various species.

2 Analytical Solutions

This section presents some analytical results for particular values of p in equation (1). In 1979, Ablowitz and
Zeppetella [1] found the first known explicit traveling wave solution by substituting v = u (2) = u (x — ct) to obtain
the ordinary differential equation

Wt +u(l—u)=0
(when p = 2) and solving it. The solution method uses the idea in the classical theory of ordinary differential
equations. The solution is of Painlevé type. It is a one parametric family of solutions given by

1
u (1’715) = 2 4)

1+ 016_% (JH_%t)

where c; is a parameter and the speed of the wave is %. It can be seen that the solution will be unbounded if ¢;
is negative. This solution is the only known explicit traveling wave solution for Fisher’s equation [1, 5, 8, 11] and
corresponds to the asymptotic behavior with § = %.

Equation (1) is known as the Newell-Whitehead equation when p = 3 [2, 3, 4, 10, 11]. The known explicit
solutions of Newell-Whitehead equation are given by [11]

c1 exp(%\/ix) — cg exp (—%\/ix)

c1 €exp (%ﬂx) + coexp (—%\/ia:) + c3exp (—%t) ’
where ¢1, o, and c3 are arbitrary constants.

Note that if c3 = 0 in (5), then we have a wave profile with speed ¢ = 0, i. e., a steady state solution or a
standing wave.

u(z,t) = (%)

For p > 1, if we define A\ = % and, u = (21(;:7_)1) , then the traveling-wave solutions are given by
[11]
u(z,t) = [I4+crexp(At+ ua:)}ﬁ
u(xz,t) = [-l4+crexp(Mt=* ;uc)]ﬁ
with speed c = A/ = \/’%.
It can be seen that for the case p = 2 we have \ = —% and p = —% which agrees with the solution given

1

in[1]. If p = 3, we have A = —% and p = — 7 which is consistent with (5) when c¢o = 0 or ¢; = 0.

3 Numerical Scheme

Let us consider the equation
U = & (Tt U, Uy ) 2 ER,0< £ < T ©)
subject to smooth initial and boundary conditions.
The Crank-Nicolson scheme for equation (6) is given by
ultt =yl (7
unt1 + uzl "::Ltrll‘;“gwl . uiiffl +g, g u:;t11+uzl+1 _ 2“:’}1“4’“21 + ":;th +ug, 1

k h.nk m 2 2 2 2
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while an explicit scheme is
n n n n n
Umt1 = Umpm—1 Um41 — 2uy, +u

uptt = up, + ko <mh, nk, up,, T ¥ ’”—1) : (8)




For the generalized Fisher’s equation (7) reduces to

n+1 n 1 n+1
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This scheme is implicit and we need to solve a nonlinear system of equations at every time step. To avoid solving
nonlinear systems several times we construct a predictor-corrector scheme.
This predictor-corrector scheme is

©
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For convenience, let us rewrite the scheme as

T
—Sulh et = Celfh = ul g (L= Sl (P)
—|—ku” —k(ul)?.

w1l wntl n \ P
+ up +u
k m m _ k m m .

where r = %

Typically, this numerical scheme will have better stability properties and at least the same order of
consistency as the explicit finite-difference (8).

The numerical computations were carried out over the finite domain [—L, L] for large L. We impose
boundary conditions that mimic the asymptotic behavior consistent with the initial data. The boundary conditions
used are 1

w(—L,t) = 5eﬁ“L*Cnt),u(L,zt) =1 (10)
where c,, is the computed speed of the left front at time ¢ = ¢,,. The speed of the wave is computed by monitoring the
point (., u (z,t,)) = (:cc, 2) We used cubic interpolation in order to get the point where the numerical solution is
equal to £

If the initial value is

uo(x){ 0, =<0,

1, z=>0,
the predicted speed is ¢ = 2 and we will use u (—L,t) = 0in (10).
When the initial value is given by the exact solution to (1):

u(z,t) =[1+4 crexp (At £ ux)]%
p+3 /
Vo) and the corresponding S is s

i A
the speed c is 4= +1

The mesh width h and the time step k are chosen according to the stability criteria given by
2

h<1lk<
= 44 2h%

These criteria were derived by requiring the numerical scheme (8) to preserve monotonicity of the solution profile.



4 Numerical Results

We applied the predictor-corrector scheme with the initial condition
1.8z
_ | 3eP7, x <0,

uo () = { 1-— %efﬁz, x>0,
for any p > 1. The speed of the computed front should be ¢ (8) = 5 + % The mesh width and the time step size
where chosen as h = 1 and k = 0.1 satisfying the stability criteria.

For 8 = 0.2 we have that the predicted speed c is 5.2, therefore the front will reach the boundary at

t =~ % = 38.46. We applied the predictor-corrector method for ¢ € [0, 36]. The graphs of the solutions and the
computed speeds for several p-values are given below.

)
Computed Speed
no
[

Figure 1: Approximated solution at ¢t = 36,p = 2 Figure 2: Exact speed = —5.2
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Figure 3: Approximated solution att = 36,p = Figure 4: Exact speed = —5.2
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Figure 5: Approximated solution att = 36,p = 1.3 Figure 6: Exact speed = —5.2

When 8 > 1, for different p values, we obtained a computed speed close to 2 as the theoretical results state.
If we apply the initial condition
wo () = 0, =<0,

1, z=>0,
the predicted speed is 2 and the time it takes for the front to reach the boundary is ¢ = 100. We computed the solution
for t € [0,80]. We also changed the value of h to h = 0.05 in order to get a better approximation to the predicted
speed.
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Figure 7: Approximated solution att = 80,p =5 Figure 8: Exact speed = —2
We also used as initial condition
1.8
ePr,  x <0,
wiw={ 1
2

, x>0,
where 3 and ~y are positive numbers. This condition will generate two profiles, one traveling to the left with speed
B8+ %, and the second one traveling to the right with speed v + % A typical computed solution is given in the figures
below. The values for 8 and + in the figures are 0.4 and 0.2 respectively.
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Figure 9: Approximated solution at ¢ = 36,p = 1.3
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Figure 10: Exact speed of the left front = —2.9  Figure 11: Exact speed of the right front = 5.2

As noted in section 2, when p = 3, the exact solution solution (as time increases)
c1 exp(%\/ix) — co exp (—%\/ix)
C1 €exXp (%\/ix) + coexp (—%\/ix) + c3exp (—%t)

u(z,t) =

becomes a standing wave given by

c1 exp(%\/ix) — cg exp (—%\/iaz)

c1 exp (%\/ix) + c2 exp (—%ﬁm)

The common speed of the fronts is ¢ = % before they reach the form of a standing wave. If we choose ¢c; = ¢3 = 1,
this solution is a front from —1 to 1. For p odd, we will use

exp(%\/ix) — exp (—%\/ﬁm)
exp (%ﬂx) + exp (—%ﬂx) + exp (30)

u(z,t) =

ug(z) =

as the initial value.
For p = 3 the computed solution is given in the following graphs
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Figure 12: Approximated solution att =20  Figure 13: Exact speed = —2.1213
If the exact solution
2
u(z,t) =[14 crexp (ANt £ px)] ™7 ¢4 >0,p>1
p+3

. o e,e .. . . _ A .
is used as the initial condition, we see that the fronts will travel with speed ¢ = i = Japrs The corresponding 3
2

V2(p+1)

value is . We have the following numerical results (b = 0.05).
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Figure 14: Approximated solution att = 80,p = 1.3 Figure 15: Exact speed = —2.0049
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5 Conclusions

The predictor-corrector method that we developed seems to have good stability properties and gives more accurate
speeds for the traveling fronts. It is better to use cubic interpolation to compute the speed in order to avoid unwanted
oscillations.

The use of non-constant boundary conditions that mimic the asymptotic behavior of the initial condition,
as we did, allows us to get the traveling fronts closer to the finite boundaries and it is easier to implement than the
method given by Hagstrom et al [6]. Also, we do not use the exact speed in the implementation of the boundary
conditions- but, the transient speed as the front advances.

From the numerical work carried out we can say that our predictor-corrector method with cubic interpolation
and variable boundary conditions is a robust method for the generalized Fisher’s equation that gives good
approximations to the fronts and their speeds.
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