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Abstract

This paper reports that in parallel Monte-Carlo
simulations of the 2D Ising-Model, commonly used
pseudo-random number generators (PRNG) lead
to manifestly erroneous results.

When parallel random number sequences for a
parallel simulation are generated by a same PRNG
with diffrent initial seeds, the sequences can be strongly
correlated with each other if the seeds are selected
imprudently.

The error is due to some dependencies of the
outputs of the PRNG on the initial seeds. This
type of defect is not so problematic in non-parallel
computations, but becomes serious in parallel sit-
uations. Special care is required when using such
PRNG in parallel computations.
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1. Introduction

The reliability of Monte-Carlo simulations depends
on the randomness of the pseudo-random number
generators (PRNG’s) used. Such PRNG’s have been
studied intensively. Many defective generators were
used in the past, but these days modern common
generators are widely believed to have only minor
defects.

We report that this is not the case for parallel
computations, by showing dramatic failure in sim-
ulating Ising-Model simulations. So far, the PRNG
tests mainly consider one single stream of the out-
puts of a PRNG. In parallel computations, many
distinct streams of random numbers are generated
by several PRNG’s. Often one same algorithm is
selected for many PRNG’s, and a distinct initial
seed is seeded to each PRNG. Thus, dependency
of the outputs on the initial seed becomes matters,
when the initial seeds are systematically selected.

We conducted a test of randomness called the



cluster test, introduced in [13], to the standard C
random number generator in a parallel computing
situation. We found strong correlation between the
parallel streams of the pseudo-random numbers, if
the seeds are systematically given. Most of known
defects of randomness have been found in the lower
significant bits of generated numbers, and the most
significant bits are commonly believed to have good
randomness. We found strong correlations between
most significant bits of the parallel streams.

2. Cluster test

While there are a number of PRNG tests, till there
remain no decisive tests of randomness. This seems
due to the lack of a practical definition of random-
ness.

The cluster test[13] is a test based on the 2D
Ising Model, proposed by Vattulainen et.al. Let L
be a sufficiently large integer, and consider two di-
mensional lattice points of size L × L. Suppose
that one atom is fixed at each lattice point, and
each atom can take two possible states: 0 or 1 (in
physics, these states are called the spin). This is a
model of phase transition. In finite temperature,
the adjacent atoms interact and tend to have the
same spin, but here we consider the infinite temper-
ature, where each atom independently takes each
state with a probability 1/2. Thus, the state of the
system is uniformly distributed among all the pos-
sible 2L

2
states.

Take a state of the system. A connected com-
ponent of atoms with the same spin in the state is
called a cluster. Its size is the number of atoms in
it. Then the system is partitioned into a finite set of
clusters. The number Cs of clusters of size s in the
system is a random variable. In the limit L → ∞,
the distribution of the size s of clusters was studied
[11] and explicit values for s = 1, 2, . . . , 17 were
obtained[12].

The cluster test investigates a PRNG by creat-
ing a state by pseudo-random bits from the PRNG,
and comparing the observed distribution of the size

of clusters with the theoretical one. This test is very
sensitive to dependencies of the bits in medium-
size intervals. Because the test itself is a simple
typical Monte-Carlo simulation in physics, failure
in this test implies that the PRNG may well yield
erroneous results in similar simulations in physics.

3. Cluster test in parallel simula-
tion

Parallelism in Monte-Carlo simulations is now an
important topic, because of the tendency of larger
scale simulations in distributed/parallel computing
systems.

One simple way of doing this is to assign a
PRNG to each actual processor. However, this breaks
the portability of the simulation. Often it is re-
quired that a simulation can be reconstructed inde-
pendently of the number of actual processors, and
in this case PRNG’s are assigned not to actual pro-
cessors but to each virtual processor handling one
atom (or one sub-system) in the simulated system.

In such simulations, correlations of parallel out-
put streams of PRNG’s become the matters. Since
the number of virtual processors may be huge, of-
ten we use one same type of PRNG with distinct
initial seeds. For example, we may select the ID
number of each virtual processor as a seed, and
thus in the cluster test, the coordinate of each lat-
tice point. Sequences generated from different seeds
are expected to be totally independent. If they are
not, the correctness of simulations becomes doubt-
ful.

Warnings on the danger of interstream corre-
lation have been given in many places (e.g. [4],
[10]), but to our knowledge, known problems are
(i) incidental overlapping of sequences by birthday-
collisions and (ii) long-range correlations [7] [8]
which become short-range correlations in parallel
situations. They are considered not to be so serious
in a short simulation, whereas we report a dramatic
failure even in a very short usage of random num-
ber sequences.



4. PRNGs in C library

We selected two standard PRNG’s in the C-language
library: random() and lrand48(). The standard
PRNG in the C library is named rand(), but its im-
plementation depends on the system, and it has of-
ten been replaced. In the old BSD UNIX, a linear
congruential generator

x1+j = 110351515245xj + 12345 mod 231

was used. This generator is unsatisfactory by to-
day’s standard. In particular, due to the well known
fact that the lower k bits of xj have period 2k, it has
poor randomness for small k.

As of April 2006, rand() in the GNU C library
is identical to random(), which is one of the lagged-
Fibonacci generators. As a default, it generates a
pseudo-random 31-bit integer sequence by the re-
cursion

x31+j = x28+j + xj mod 231.

The initial values x0, x1, . . . , x30 were given from
initial seed x0 by the linear congruential method

x1+j = 1103515245xj + 12345 mod 232

in early versions of random(). This initialization
scheme is replaced with

x1+j = 16807xj mod (231 − 1)

in glibc2. In the following simulation, this current
version of random() is used. We also tested the
older version and found it to be more erroneous.

Another standard PRNG in gcc is the drand48()
family, which is a linear congruential generator with
48 bit integers. lrand48() is one of the functions in
the family which returns a non-negative long inte-
ger. The recurrence is

x1+j = 25214903917xj + 11 mod 248

and the most significant 31 bits are used. Discard-
ing the lower significant bits improves the lower-
bits problem mentioned above. This generator is
now rather obsolete, but it is still widely used.

5. Experimental Results

Here we evaluate random() and lrand48() by the
cluster test both in sequential and parallel situa-
tions.

Each of these two generators is used for a 2D
Ising-Model simulation with L×L lattice and peri-
odic boundary condition, in the following two ways.
Select an integer m as the initial seed for the entire
simulation, and then the state of the atom at (i, j)
(0 ≤ i, j < L) is determined to be

(A) sequential: the k-th bit (k = 0:LSB, k =
30:MSB) of the (i+ jL+nL2)-th output of
a single PRNG with initial seed m

(B) parallel: the k-th bit of n-th output of the
PRNG with initial seed (i+ jL+m).

By moving n = 0, 1, . . . , N − 1, we obtain N dis-
tinct random states. We enumerate the number of
the clusters of size s for s = 1, 2, . . . , 17 and ob-
tain the average cluster size C̄n for each n, i.e. for
an arbitrary atom a, as expected for a cluster size
that contains a. (If the size is greater than 17, it is
treated as zero.) Then we compute the mean C̄ and
the standard deviation σ of C̄n amongN iterations.
CT , the theoretical value of C̄, is about 2.51. We
obtain ∆ = CT − C̄.

The result of (A) is listed in Table 1. The initial
seed m is 1, L = 100 and the number of iterations
is N = 100. Both random() and lrand48() con-
form well to the theoretical expectations derived
from [11], while old BSD rand() shows abnormal
behaviour at lower bits in Table 2, as is already
known.

If L is too small, the finiteness of the system
will produce errors. Table 3 shows the values for
L = 10, 20, 50, 200, 500 for the most significant
bit (i.e. k = 30) of random(). To uniformize the
average sample sizes, we selected the number of
iterations N to be 106/L2. As L incleases, both ∆
and σ decrease. L = 100 is shown to be adequate.

Next, the parallel simulation (B) is executed.
Table 4 shows its results. The 25th-29th bits in



Table 1: Sequential cluster test
random() lrand48()

k ∆ σ ∆ σ

0 -2.50e–3 1.83e–1 -8.93e–3 1.78e–1
1 2.77e–2 1.99e–1 -3.77e–2 1.74e–1
2 1.46e–3 1.92e–1 2.73e–2 2.04e–1
3 -3.83e–2 1.85e–1 1.74e–2 1.88e–1
4 -1.55e–3 1.70e–1 1.13e–2 1.91e–1
5 3.77e–2 2.02e–1 1.82e–2 1.91e–1
6 9.27e–3 1.85e–1 -2.59e–2 1.86e–1
7 3.96e–2 1.53e–1 -1.77e–2 1.72e–1
8 1.41e–2 1.82e–1 6.02e–3 1.76e–1
9 1.74e–2 1.66e–1 2.15e–2 1.75e–1

10 -1.42e–2 1.81e–1 8.88e–3 2.01e–1
11 -1.44e–2 1.72e–1 1.89e–2 1.57e–1
12 6.20e–2 1.87e–1 1.74e–2 1.88e–1
13 1.49e–2 1.61e–1 -4.10e–3 1.77e–1
14 3.77e–3 1.95e–1 3.39e–2 1.81e–1
15 2.70e–3 1.80e–1 2.46e–2 2.13e–1
16 -8.70e–3 1.94e–1 1.05e–2 1.70e–1
17 -1.43e–2 1.74e–1 -2.60e–2 1.67e–1
18 -3.30e–3 1.93e–1 -8.94e–3 1.98e–1
19 5.68e–3 1.72e–1 3.42e–2 1.58e–1
20 -4.71e–3 1.67e–1 3.22e–2 1.81e–1
21 -1.04e–2 1.54e–1 -2.00e–2 1.80e–1
22 1.09e–2 1.96e–1 -1.61e–2 1.78e–1
23 3.86e–3 1.85e–1 2.34e–2 1.71e–1
24 7.12e–3 2.04e–1 2.64e–2 1.55e–1
25 3.13e–2 1.81e–1 1.23e–2 1.77e–1
26 -9.90e–4 1.93e–1 -1.66e–3 1.67e–1
27 3.41e–3 1.75e–1 2.07e–2 1.79e–1
28 -1.25e–3 1.71e–1 7.26e–3 1.89e–1
29 4.11e–2 1.76e–1 3.36e–2 1.55e–1
30 3.52e–2 1.77e–1 -3.69e–4 1.59e–1

Table 2: Cluster test for a defective PRNG
old rand()

k ∆ σ

0 2.51e+0 0.00e+0
1 2.51e+0 0.00e+0
2 -1.81e+0 1.77e–7
3 -5.37e+0 1.16e–7
4 2.39e+0 5.00e–9
5 1.70e+0 5.23e–3
6 1.55e+0 9.98e–3
7 -2.22e+0 1.19e–2
8 4.76e–1 2.46e–2
9 6.99e–1 3.77e–2

10 -3.42e–1 5.20e–2
11 -4.51e–1 6.94e–2
12 -3.12e–1 7.08e–2
13 8.89e–2 9.05e–2
14 -6.35e–2 1.01e–1
15 7.86e–2 1.59e–1
16 -1.30e–1 1.78e–1
17 -1.69e–2 1.68e–1
18 1.94e–2 1.67e–1
19 -1.06e–2 2.06e–1
20 2.21e–2 1.75e–1
21 1.49e–2 1.74e–1
22 -3.17e–3 1.62e–1
23 -3.23e–3 1.93e–1
24 -1.55e–3 2.00e–1
25 4.62e–3 1.73e–1
26 1.21e–2 2.01e–1
27 -8.23e–6 1.76e–1
28 -1.06e–3 1.81e–1
29 -4.32e–3 1.82e–1
30 1.55e–2 1.76e–1



Table 3: Finite-size effects
L ∆ σ

10 3.30e–1 1.71e+
20 7.08e–2 8.77e–1
50 2.89e–2 3.56e–1

100 3.52e–2 1.77e–1
200 -7.12e–3 7.10e–2
500 4.23e–3 1.92e–2

Table 4: Parallel cluster test
rand() lrand48()

k ∆ σ ∆ σ

0 -1.43e–2 1.82e–1 2.51e+0 0.00e+0
1 5.20e–3 1.65e–1 -2.68e–1 1.27e+0
2 3.25e–2 1.81e–1 -2.81e–1 3.34e+0
3 1.52e–2 1.79e–1 -1.44e+0 4.75e+0
4 2.58e–3 1.84e–1 1.15e+0 1.94e+0
5 -2.28e–3 1.75e–1 6.87e–1 2.63e+0
6 -2.41e–2 1.82e–1 8.17e–1 2.65e+0
7 7.52e–3 1.76e–1 3.62e–1 2.99e+0
8 1.27e–2 1.78e–1 9.60e–1 2.43e+0
9 1.55e–2 2.10e–1 4.35e–1 2.91e+0

10 2.11e–2 1.93e–1 -1.44e–1 3.42e+0
11 1.96e–2 1.69e–1 8.89e–1 2.62e+0
12 -2.38e–2 1.77e–1 7.09e–1 2.83e+0
13 1.15e–2 1.68e–1 4.58e–1 3.02e+0
14 -5.40e–3 1.74e–1 1.90e–1 3.32e+0
15 -7.92e–5 1.71e–1 -2.46e–2 3.23e+0
16 -1.51e–2 2.06e–1 4.43e–1 2.74e+0
17 2.24e–2 1.57e–1 -4.06e–1 3.66e+0
18 -3.51e–2 1.79e–1 3.87e–1 3.02e+0
19 -1.77e–2 2.04e–1 6.67e–1 2.53e+0
20 -1.14e–4 1.89e–1 4.68e–1 2.96e+0
21 -2.52e–2 1.78e–1 3.22e–1 2.87e+0
22 -4.52e–3 1.78e–1 6.18e–1 3.14e+0
23 -7.03e–4 1.75e–1 5.58e–1 2.42e+0
24 -2.41e–2 2.81e–1 3.34e–1 3.05e+0
25 -4.86e–2 7.53e–1 1.02e+0 2.25e+0
26 1.26e–1 1.01e+0 8.70e–1 2.71e+0
27 -1.51e–1 1.32e+0 5.97e–1 2.81e+0
28 1.65e–1 1.48e+0 6.00e–1 2.54e+0
29 -3.94e–2 2.07e+0 2.99e–1 3.01e+0
30 3.13e–3 1.85e–1 7.11e–1 2.69e+0

random() and all bits in lrand48() are obviously er-
roneous. Both ∆ and σ are far from the expected
values, and it turns out that for many (k, n) there
exist NO clusters of a size less than or equal to 17.
We conducted the same simulation for several dif-
ferent parameter values L, N and m, and obtained
similar results.

One may claim that the initialization in (B) is
too naive. However, the symptom is observed when-
ever the seeds are selected by some linear function.
Such a situation will often occur if programmers do
not have adequate knowledge and vigilance, which
is unnecessary if the PRNG is correct.

The problem is not limited to random() and
lrand48(). Many modern PRNGs which are widely
believed to be reliable, such as ran array [2, P.186],
RAN3[9, P.283] and ranlux[3][1] , have the same
defects.

6. Conclusion

We showed that the standard PRNG’s yield dra-
matically erroneous results in a parallel Monte-Carlo
simulation, if their initial seeds are selected in a
simple manner. This phenomenon can be avoided
by selecting the seeds more carefully, or by using
more sophisticated parallelizing techniques like pa-
rameterizing [4][6]. However, these burden pro-
grammers unnecessarily. Another simpler solution
might be to use more reliable PRNG’s, such as
Mersenne Twister [5].

We are now testing other PRNG’s using this
type of simulation, and analyzing the reason for
these dependencies theoretically.
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