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Abstract

In this article, we study a class of
biorthogonal sampling functions in the con-
text of bandlimited wavelets, Meyer type
wavelets. Originally raised in the construc-
tion of bandlimited wavelets, these sampling
functions also possess a similar structure to
the scaling functions of wavelets with ad-
justable bandwidth parameters. In addition,
these sampling functions are infinite impulse
response (IIR) filters and share all the prin-
cipal advantage that the IIR type has such
as computational efficiency. They are easy
to compute with fast decreasing property in
time domain and suitable for representing
bandlimited signals with sharp cut-off.

Numerical examples are given to illus-
trate the construction of sampling functions
and properties of associated sampling series.

Keyword: Sampling functions, bandlimited
functions, Meyer wavelets.

1. Introduction

Sampling is a process of converting a
signal (e.g., a function of continuous time)
into a numeric sequence (a function of dis-
crete time). The process is also called
analog-to-digital conversion, or simply digi-
tizing. More precisely, analog-to-digital con-
version actually consists of the combination

of two processes: sampling, which involves
converting the domain of the signal from
continuous-time to discrete-time, and quan-
tization, which involves converting the signal
samples to analog signal. The Whittaker-
Shannon-Kotel’nikov sampling theorem is a
fundamental theorem in this field, which is
known in communication and electrical engi-
neering literature as the Shannon Sampling
Theorem [7],

Whittaker-Shannon-Kotel’nikov Sam-

pling Theorem. If f(t) is a signal band-
limited to [−σ, σ], i. e.,

f(t) =
1

2π

∫ σ

−σ
F (w)dw

for some function F ∈ L2(−σ, σ), then f(t)
has the series expansion

f(t) =
∞∑

n=−∞

f(
nπ

σ
)
sin(σt− nπ)

σt− nπ
.

The classic Shannon sampling theorem
plays a very important role in modern com-
munication theory, by which a band-limited
signal is fully recovered from its (infinitely
many) discrete samples. It is also close re-
lated to the modern wavelet theory. Un-
fortunately, the Shannon sampling sequence
surfers from its slow convergence and the
truncation error analysis is critical. This
problem is usually handled by introducing



convergence acceleration factors/regularizer
(similar to the regularization ideas used to
the treatment of slow convergence or non
convergence series). Many extensions of
Shannon’s sampling theorem can be found
in literature (say for example, [4], [9]). With
the rapidly development of wavelet theory
and its applications in signal and image
processing, sampling theory has been dis-
cussed in context of wavelet analysis ([1], [6],
and [10].

In this article, we study a class of
biorthogonal sampling functions (see defin-
ition below) in connection to bandlimited
wavelets, Meyer type wavelets. Raised orig-
inally in the construction of bandlimited
wavelets, these sampling functions also pos-
sess a similar structure to the scaling func-
tions of wavelets with adjustable bandwidth
parameters. These sampling functions are
infinite impulse response (IIR) filters and
share all the principal advantage that the IIR
type has such as computational efficiency,
the IIR uses much fewer terms than a finite
Impulse Response (FIR) filters. This is par-
ticularly imporportant to realize a filter with
a sharp cut-off.

We assume that readers have fundamen-
tal knowledge in wavelet analysis. More de-
tails about wavelet theory can be find in [3]
and [11]. To make the article self-contained,
we present here a few elements of orthogo-
nal wavelet theory, in which an orthonormal
basis {ψmn} of L2(R) is constructed having
the form

ψmn(t) = 2
m/2ψmn(2

mt− n), n,m ∈ R,

where ψ(t) is the “mother wavelet”. Usually
it is not constructed directly but rather from
another function called the “scaling func-
tion” φ(t) ∈ L2(R). The scaling function
φ, is chosen in such a way that,
(i)
∫∞
−∞ φ(t)φ(t− n)dt = δ0,n, n ∈ Z,

(ii) φ(t) =
∑∞
k=−∞

√
2ckφ(2t− k),

where {ck}k∈Z ∈ l2,
(iii) For each f ∈ L2(R), ε > 0, there
is a function fm(t) =

∑
n amnφ(2

mt −

n) such that ‖fm − f‖ < ε,where amn =∫∞
−∞ f(t)φ(2mt− n)dt.

These conditions lead to a “multireso-
lution approximation” {Vm}m∈Z , consisting
of closed subspaces of L2(R). The space
Vm is taken to be the closed linear span of
{φ(2mt − n)}n∈Z . Because of (ii), the Vm
are nested, i.e. Vm ⊆ Vm+1, m = −∞, ...,∞
and because of (iii), ∪∞m=−∞Vm is dense in
L2(R).

2. Biorthogonal Sampling Functions

and Their Properties

In this section, we begin with a couple
of definitions in sampling theory, and give a
brief reviewing of Meyer wavelets and their
sampling properties.

There many wavelet bases have con-
structed and employed for different pur-
poses. In this work, the scaling function
of the Meyer wavelet is used to construct
a wavelet basis. Recall the construction of
Meyer wavelets. Let h be a probability den-
sity function with support in [-π3 ,

π
3 ] and de-

fine φ(t) as the function whose Fourier trans-
form is the non negative square root of the
integral

φ̂(w) =

(∫ w+π

w−π
h(u)du

)1

2

, (1)

then φ̂ has support in [-4π3 ,
4π
3 ], and φ̂ = 1,

for w ∈ [-2π3 , 2π3 ]. The mth scaling space Vm
is composed of 2m+2π/3 band limited func-
tions. It has good frequency localization but
relatively poor time localization. In addi-
tion, the Fourier transform of the mother
wavelet vanishes in a neighborhood of the
origin. We summarize some related proper-
ties,
P1. If φ(t) is a scaling function of Meyer
wavelet, then

(i) φ is bandlimited function with

support {|φ̂(w)|2}

= [−π − ε, π + ε] ⊆ [−4π
3
,
4π

3
],



(ii) |φ̂(w)| = 1, for |w| ≤ 2π
3 ,

(iii) The orthogonality condition is equiva-
lent to,

∞∑

k=−∞

|φ̂(w + 2kπ)|2 =
∫ ∞

−∞
h(u)du = 1.

Unfortunately, the scaling function of a
Meyer type wavelet is not a sampling func-
tion. However, we have
P2. Let φ be a real, symmetric scaling func-
tion satisfying (1) with h ∈ Cr, r > 1, such
that

φ̂
∗
(w) :=

∞∑

n=−∞

φ(n)e−iwn �= 0, w ∈ R. (2)

If we define function S(t) by its Fourier
transform,

Ŝ(w) =
φ̂(w)

φ̂
∗
(w)

, (3)

then {S(t−n)}∞n=−∞ is a biorthogonal Riesz
basis of V0.
P3. Let S be as in Property 2 and h ∈
Cr(R), then Ŝ(w) is an even function and
satisfies the following properties:

(i) Ŝ(w) = φ̂(w)

φ̂(w−2π)+φ̂(w)+φ̂(w+2π)
.

(ii) S(n) = δ(n), where δ(n) is the Kro-
necker Delta, δ(n) = 1,when n = 0,
δ(n) = 0, when n �= 0.

(iii) Ŝ(2nπ) = δ(n), n is any integer,
Ŝ(n)(0) = 0, 1 ≤ n ≤ r.

Now we recall definition for sampling
functions.

Definition 1 (Sampling function) f ∈
C(R) is a sampling function if

f(k) = δ(k), k ∈ Z.

Notice that, for f ∈ V0, S defined by (3),
then

f(t) =
∞∑

n=−∞

f(n)S(t− n).

Example 2 (Shannon sampling function)
The Shannon sampling function φ is the fa-
mous sinc function defined as

sinc(t) =
sinπt

πt
, (4)

and the associated mother wavelet is given by

ψ(t) =
sinπ(t− 1

2)− sin 2π(t− 1
2)

π(t− 1
2)

The scaling function of the Shannon
wavelet (4) is the only one among all
the standard orthogonal scaling functions
that satisfies translation invariant proper-
ties. Figure 1 shows the scaling function
and the mother wavelet for Shannon sys-
tem. A plot indicating how sinc functions
sum together to reconstruct a discrete signals
is shown in Figure 2. The figure shows a
superposition of five sinc functions, each at
unit amplitude, and displaced by one-sample
intervals.

x = {..., 0, 1, 1, 1, 1, 1, 0, ...} , (5)

or equivalently,

x(t) =
2∑

k=−2

δ(t− k).

3. Examples

In this section, we give two interesting
examples. In first example, we consider the
Raised-cosine sampling functions which re-
lated to the Raised-cosine wavelet [13]. In
the second example, we consider a group of
sampling function, constructed by using the
generate function h of the scaling function
(1) and (3).



Figure 1: The Shannon wavelet system.
The scaling function (Left of top row) and
the associated mother wavelet (Right of top
row). The scaling function (Left bottom
row) and the mother wavelet (Right bottom
row) at level m = −1 and m = 1, respec-
tively.

3.1 The Raised-cosine Sampling

function

In this example, we construct the
Raised-cosine sampling function which is re-
lated to the Raised cosine wavelet. The scal-
ing function for the Raised-cosine wavelet
is the square root of raised cosine function
which is given by

φ(t) =
1

πt[1− (4βt)2] [sinπ(1− β)t−

4βt cosπ(1 + β)t] (6)

The associated mother wavelet is defined as

ψ(t+
1

2
) =

1

πt[(4βt)2 − 1] [sinπ(1 + β)t−

4βt cosπ(1− β)t]

− 1

πt[(8βt)2 − 1] [sin 2π(1− β)t

+8βt cos 2π(1 + β)t], (7)

Figure 2: Shannon sampling function and
its shiftings (top) and the discrete sequence
recovered by using 5 terms of the Shannon
sampling series.

where 0 ≤ β ≤ 1
3 . Notice that, φ(t) is the

sinc function when β = 0.
The raised cosine wavelets are bandlim-

ited, their Fourier transforms are given by

φ̂(w) =





1
0 ≤ |w| ≤ π(1− β),

cos[ |w|4β −
π(1−β)
4β ],

π(1− β) ≤ |w| ≤ π(1 + β),

0, otherwise.
(8)

and

ψ̂(w) = e−i
w

2 [φ̂(w + 2π) + φ̂(w − 2π)]φ̂(w
2
)



= e−i
w

2





0 0 ≤ |w|
≤ π(1− β),

cos[π−|w|4β + π
4 ], π(1− β) ≤ |w|

≤ π(1 + β),

1, π(1 + β) ≤ |w|

≤ 2π(1− β),

cos[ |w|/2−π(1−β)4β ], 2π(1− β) ≤ |w|

≤ 2π(1 + β),

0 otherwise.
(9)

Figure 3 shows scaling function and as-
sociated mother wavelet in time and fre-
quency domain. The Raised-cosine sampling

Figure 3: The scaling function (top row)
and mother wavelet of raised cosine wavelets
(bottom row) in time and frequency domain.
β = 1/4.

function S corresponding with the scaling
function φ belongs to the scaling space V0.
It can be constructed by using (3) which is

given by its Fourier transform:

Ŝ(w) =





1, 0 ≤ |w| ≤ 3π
4 ,

1
2(1− tan |w|), 3π

4 ≤ |w| ≤ 5π
4 ,

0, else.
(10)

A plot indicating how the sampling func-
tions sum together to reconstruct the dis-
crete signal (5) is shown in Figure 4. The
figure shows a superposition of five raised co-
sine sampling functions, each at unit ampli-
tude, and displaced by one-sample intervals.

Figure 4: Raised-cosine sampling function
in time and frequency domain (top) and the
discrete sequence recovered by using 5 terms
of the Raised-cosine sampling series.

Both Shannon sampling function and
the Raised-cosnine sampling function have
slow decreasing rate in time domain, and
therefore, their corresponding sampling se-
ries convergence slowly.

3.2 Construct Sampling Functions

Using Generator h

In this example, we consider to construct
a group of sampling functions based on the
generating function h in (1). The derived



sampling functions are biorthogonal and sat-
isfy all properties in section 2. We define

h(t) =

{
cn(ε

2 − t2)n, |t| ≤ ε,
0, else,

in which c−1n =
∫ ε
−ε(ε

2 − x2)ndx is normal-

izing constants such that
∫∞
−∞ h(t) = 1. Ta-

ble 1 shows values cn for selected and n. ε
is a parameter, which controls the ability of
maximum flat of the sampling functions.

We have,

dkh

dtk

∣∣∣∣
x=±ε

= 0, k < n,

dnh

dxn

= cn

n∑

k=0

(−1)k(n!)3
[k!(n− k)!]2

(ε− x)k(ε+ x)n−k,

dnh

dxn

∣∣∣∣
x=±ε

= cnn!2
n(±ε)n.

Consequently, the associated sampling
function Ŝ(w) =

∫ w+π
w−π h(x)dx, satisfies Ŝ ∈

Cn−1and
∣∣∣∣
dkS

dtk

∣∣∣∣ ≤
Ck,n

(1 + |t|)n , k = 0, 1, ...n, (11)

where Ck,n is a constant independent of t.
Formula (11) shows the fast decreasing

properties of the sampling function. In the
case of n = 4, ε = π

3 , C4 =
6200145
256π9

, the
sampling function S4 is given by its Fourier
transform,

Ŝ4(w) =





1, |w| ≤ 2π
3 ,

1
256π9

(4π − 3|w|)5(368π4

−2400π3|w|+ 5940π2w2

−6615|w|3 + 2835w4),

2π
3 ≤ |w| ≤ 4π

3 ,

0, else.

(12)

S4 satisfies

|S4(t)| ≤
C0,4

(1 + |t|)4 ,

which is decreasing faster than both of the
Shannon sampling function and the Raised
cosine sampling funciton in the previous sec-
tion.

In the case of n = 5, ε = π
3 , C5 =

122762871
512π11

, the sampling function S5 is given
by its Fourier transform,

Ŝ5(w) =





1, |w| ≤ 2π
3 ,

122762871
262144π22

(−4π + 3|w|)5(−1328π5

+10656π4|w| − 34398π3w2+

55944π2w3 − 45927π|w|4

+15309|w|5),
2π
3 ≤ |w| ≤ 4π

3 ,
0, else.

(13)

Table 1. Coefficients cn, ε =
π
3

n cn n cn
4 1.23079854 10 1.42368215

5 1.22701967 11 1.49336209

6 1.24207166 12 1.36315457

7 1.27127839 13 1.66020000

8 1.31210613 14 1.75783327

9 1.36315457 15 1.86549666

4. Conclusion

In this article, we begin with review-
ing construction and properties of Meyer
type wavelets. We then discussed the sam-
pling functions constructed from the gener-
ators of scaling functions. Two interesting
examples are given, namely Raised-cosine
sampling function and the h-sampling func-
tions. These sampling functions are linear



Figure 5: The generator h (left up corner),
the associated sampling function S4(t) in fre-
quency domain (right up corner) and in time
domain (bottom), respectively.

phase IIR filters which are easy to implement
with adjustable parameters. The h-sampling
function has been used to recover discrete
bandlimited signals produced by musical in-
struments. Related results will be reported
in future.
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