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ABSTRACT

Integer programming algorithms based on the ordered enumeration method are described. Combining
dynamic programming and branch and bound ideas in one efficient computational process, S. S. Lebedev
implemented his method for solving integer linear programming problemsin 1968. A number of ordered
enumeration algorithms were devel oped since the 1970's. The author has been actively involved in this research and
the paper presents several such algorithms, extended application and parallelization of the method.

Most papers on this highly competitive combinatorial method of discrete optimizationare writtenin
Russian and little known to researchers and educators not familiar with the language.
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ORDERED ENUMERATION METHOD
GENERAL CONCEPT

Let f(x) and F(x) be two functions defined on finite sets Sand T respectively. Given S| T| R"andf(x) £ F(x) for
x| S, consider aproblem

max f(x)

x|l S (D)
Assume an algorithm, generating T inan order of nonincreasing val ues of F(x), has already produced a sequence of
X8, ., X, t3 lelementsfromT and S =S C {x, ¥, ... X}.
Lemma
If S* isnot empty and for someindex h,1 £ h £ t, F(¥) £ f(X'), where

f(X") = max f(x)
x| S

then X" isan optimal solution of (1).

Proof
If1£p£tandx | Sthenf(X) 3 (), while for any other generated element ¥ | T,p>t, suchthat X1 S,
f00) £ FO®) £ F(X) £ f(X"). Therefore, f(X") 3 () for any »°| S.

ORDERED ENUMERATION METHOD FOR A MULTIDIMENSIONAL 0/1 KNAPSACK
PROBLEM [15]

Consider an mdimensional Knapsack problem represented in form
n
o]
Zpr=max g . 1cj>q (2
x|l S | =
where

n -
S={X=(X1, X2, «er %) é_ . 1a-j>q £bi% 1 {0,2},i=1,m;j=1,n} and a;, b; are nonnegative, ¢; are positive integers.
J =

Consider also avector

— o M — o M
| :(l l!l 21---1' m);l i3 O,izl,mand Iet ai:a 1a|]| iyj::l-,n; b:a 1b|| ¥
| =



] n a— o n
T={X=(X%,-.%) | . j = lq>q £b,x1 {01}, j=1,n}; F=f(x)= j X.

= 1Cj
The choice of vector | in producing a so-called surrogate knapsack constraint, defining set T, is an important issue
and is addressed later.

n
Assuming an existence of an agorithm generating T in nonincreasing order of é ) lcm, the ordered

enumeration method is applied for solving an mdimensional Knapsack problem. Noticethat S| T and

z 3" 3)
Z = max Ci% 3
x| T a j=1 s
isaunidimensional Knapsack problem with z3 Zopt.
n _
To solve the mdimensional Knapsack problem, all solutions from T with F(x) = é . lcpq = Z are generated

n -
first, then all solutions from T with F(x)= é . 1c,->q = Z-1 and so on. The process is terminated when a

generated solution from T belongs also to S, in other words, satisfies all mconstraints. According to lemma above

n

this solution is optimal. 601 Cj% may assume integer values only from theset{E, E-l, 2-2, ..., 0} since each

¢j isapositiveinteger.
ALGORITHM FOR GENERATING T

A dynamic programming algorithm (see, for example, [18], p. 699) determines optimal solution(s) of (3). An
extension of it, introduced under the name Ordered Enumeration Algorithm for a Knapsack Problem by S. S.
Lebedev in 1968 [15], generates all solutions (X, %, ..., %) from T inan order of nonincreasing values of

o N

The recurrence relations for this algorithm are obtained in the following way [ €]. Let {gx(w)} be the set of values

o K o k _
z= Q __1c,-x,- onaset{(x, %, ... %) | A | 1a,—>q £w,% | {0,1},j=1,k},w £ b, and

G

{0W)} ={- ¥}, k=0, n, for w<0; go(w) = {0} forw 3 0.

Then {gk(W)} = {g1(W)} E {gka(w-ad +cd, k=1,n. (4)

It may be noticed that if z | {gx(w1)} thenz | {gi(w)},i>k,w3 wy.

A family of sets{gk(w)}, k=1, 2, ..., n, can be represented by triples[z, j, wi], ] £ k, where w; is determined from
conditionsz | {g(w)} ifw>wiandz | {gj(w)} if w<w.

It issaid that [Z]_,jl,Wl] dominates [Zz,jz,Wz] if jl£j2,W1£W2,Zl 3 7.

Triples with the same z can be grouped in a family. Only a triple which is not dominated by any already existing
triple in the family joins it while computations are performed according with formula (4). By comparison, only a
triple which is not dominated by any existing triple from any family joins the corresponding family in the dynamic
programming algorithm. The ordered enumeration algorithm is comprised of PART 1 and PART 2. PART 1
generates a table of not dominated triplesrepresenting sets{ go(wW)}, {g1(W)}, ..., {gn(W)}, w £ b.

PART 2 of the algorithm generates solutions from T (i.e., solutions satisfying the Knapsack constraint) inan order

n

of nonincreasing val ues of é 1c,->q, starting with the value E followed by E-I, 2-2, ..,0. A solution (x, %,



..., %) for avalue z, is constructed in n sequential steps by testing whether 0 or 1 can be assigned to x,,k=n,n-1,...,1.

n n _ _
Let z(k-)=20- 8 = . c%andw(k-1)=b- g 3% When testing x;= X, where X is ither 0r 1, the
| I=

=k
algorithm investigates whether z(k-1) | {gk-1(w(k-1))}. If itistrue, the assignment is possible. First the O-
assignment istested. If it isnot possible, then x = I. If O-assignment is possible, then %, =0 and 1-assignment is
tested. If it isalso possible, it is remembered by storing index k in alist (stack) L, and the processis repeated for
j=k-1>0.
ORDERED ENUMERATION ALGORITHM FOR UNIDIMENSIONAL 0/1 KNAPSACK
PROBLEM ([15])
PART |
1 k:=0. Store [0,0,0].
2. k:=k + 1. For each z locate a stored triple [z,j,w] ,j<k,with
the smallest w and compute atriple [z+cy, k, W + &]; storeit, if (w+a, £ b)and (thereisno stored triple
[ZjW]withZ =z+c,j<k W £ w+a).
3. If k=nthen go to PART 2 elsegoto 2.
PART 2

LetfV=7,@=7-1,®=7-2 .., 49=0(s= z +1). LetL bealist of indices where a branching for a
current solution isrecorded and removed in a prescribed way.

1 p:=l, L:=/E.

2. j:==n, 2:=2" wo:=b.

3. If thereis atriple [zo,k,w] with k<j,w<wg then x;:=0else
goto5.

4, If there is atriple [z-¢j,k,w] with k<j,w<w,-g then record
jinL. Goto6.

5. % :=l,2:= - G, Wo:=Wop - §.

o n

6. If j=I then a solution (X,%p,...,%,) With z(p):a . 1cj>§ is
generated elsej:=j-1 and goto 3.

7. If LT /E then (removej-the last recorded index from

o N o N

Lx:=l,:=2"- K= | C%oWo:=b- g K= | ax) and go to 6.

8. If (p1 s)and (L= /E) then p:=p+l and go to 2.

9. Stop.

NUMERICAL EXAMPLE
Consider a Knapsack Problem
max z=4x + 5% +x + 3% + %
subject to
X+ 3 +x+4x +26 £5% | {0]},j=15.
PART 1
Triples [k,w,z] with the same z are presented as tuples [k,w] in column z:

z | O 1 2 3 4 5 6 7 9 10
[k, W [[O0,0][3,1][5,3][4,4]1[1,1][2,3][3,4][4,5][2,4][3, 3]

| [3,2]

PART 2

Assume T(10), the set of solutionswith z=10, isto be determined. Assignment =1 isimpossible: z(4) =10-cs= 9,
w(4) =5 - a5 = 3, whilethe only tuplein column 9 hasw = 4 > 3. Therefore, x; = 0. Similarly, assignment x, = 1is
alsoimpossible and x4 = 0. Assignment x3= 1 is possible (z(2)=10-1=9, w(2) = 5- 1 = 4 and column 9 has atuple
withw < w(2) = 4). Assignment x3= 0 isimpossible. The assignments x, = X = 1 are only possible ones and T(10)
={(1,1,1,0,0)}.




ORDERED ENUMERATION ALGORITHM FOR MULTIDIMENSIONAL 0/1 KNAPSACK
PROBLEM ([15], [7])

A multidimensional 0/1 knapsack problem may be solved by finding a special solution of a set of unidimensional

knapsack problems each having one different constraint and the same objective function of the initial problem. This

special solution satisfieseach constraint and delivers avalue of the objective function which is not less than any

other solution of the set.

Given an mdimensional Knapsack problem (2), Sisthe set of itsfeasible solutionsand T is a set of feasible

solutions of aKnapsack problem (3). Toinsurethat T E S, the Knapsack constraint is computed using a vector

[ = ,| 5., w1 i>0i=1 .. m. Different choicesof | affecttheoptimal value of the resulting

Knapsack problem Z, which is used as an upper bound for Zy. in (2) [16]. Straightforward implementation of the
ordered enumeration method is achieved by employing the ordered enumeration algorithm for a Knapsack problem

to generate its solutions starting with solutions yielding Z and continuing with solutions yielding decreasing values

n n
for é j= 1cj>q. Since f(x)=F(x)= é J 1cj>q thefirst solution generated in this process which satisfiesall m

constraints of (2) is an optimal solution of (2). A more efficient implementation of the ordered enumeration
algorithm is achieved by considering more than one Knapsack problem of type (3) when solving (2). Let afeasible

n
solution of (3) for some z = é

1cj>q, Zopt. £z £ E is being constructed and n-k-1 > 0 components have

been already fixed: x, = ;<n,><n-1 = ;<n,1, vy Xt = ;(k+2;k £ n-1and )Q<+|:;<k+| is being tested.

aij;(j,i:l,_m.

k+1

Let 2022 3
z( )_Zo-aj:k+l

_ o N

¢ Xjwi(K)=bi- j=
_ o Kk

The assignment X=X+ ispossibleif existence of (,%,...,.%), such that q . 1cj>q:z(k) and

J =
o K —
a . 1aj>q £wi(k),% 1 {0,1} j=1,K , isestablished for each i independently.
J =

Noticethat(;<1, ;<2, ;<k) is not necessarily the same for different valuesof i since é . 1a-j>q5wi(k) and

- . cix = z(k) could be satisfied by more than one such vector.
-1 i%

If such (X, %, ..., %) does not exist for i=i, the other assignment of X, istried. If either assignment (Oor 1) is
impossible a solution with X, = Xy, X1 = Xpo, - %+2= Xz iSNot feasible for (2).

In this case we name ( Xy, Xp1, ..., Xk2) @ incomplete variant. This discussion leads to an implementation with

several unidimensional Knapsack problems with the same objective function solved simultaneously. Constraints
n

é . 1a— i% £ bj from (2) may be used as a source of Knapsack constraints for these problems. The algorithm

below solves the problem (2) with additional commonly encountered (in applications) "ladder-like" constraints

h

a _(p) x £1,p=12 .4 (5)

j=r(p)
wherer(1)=1,r(p) £ h(p),p=1,2....;h(N £h(2) £...., £ h(g)=n.
The constraints (5) are represented by avector (s(1),5(2),...,5(n)), where s(j) is the maximal index k from a segment
of successiveintegers|[0,...,j-I] such that both x, and x are not in the same constraint from (5). The recurrence
relations for thisalgorithm may be received by modifying the respective relations to
g(W)= { ¥ },w<0, k=0,1,2, ..., mgoW)={ O}, w * 0; {gk(W)} ={gk1(W)} E {gspo(W-ax)+ck),k=1,2,...,n.



Constraints (5) allow to reduce the linear integer programming problem to an equivalent problem with boolean
variables, thus, making the method more general.

The problem (2) can be considered as a special case of the one under discussion with s(j) =j-1, j=I, ...,n. The
following algorithm for the problem utilized my first Knapsack constraints of (1). The PART 1 generates my tables
of triples, one for each unidimensional Knapsack problem

n n —
max 9 j = 1% (a = la,-j>q£ b, %! {01}, j=1,n),i=1, .., m.

The value of my may vary from 1 to m, increasing my results usually inasmaller Z and shorter incomplete variants
thus reducing the solution time. In the original implementation [ 15] the subset of triples{ [z, k, w]} is computed after
the subset of triples{[z',j,w"] | j<k} isaready computed. If a part of the second subset is stored in secondary
memory (which isavalid assumption for large n), then the frequent transfer of triplesto main memory (which could
not be avoided in this case) increases the solution time considerably. The implementation [ 7] makes the use of
secondary memory (when it is necessary) more efficient. Notice that triples with fixed z, are generated from triples

with z=z-¢;, j=1,N, only. The new implementation [7] creates triples for z=0,1,2,..., Z successively which allows
to keep triples with z<z - max ¢; in secondary memory while generating triples with z.

J
Thetriple[0,0,0] is stored first. Assuming all tripleswithz £ z - 1 are already stored, thetriplesfor z are
generated in following way. Sequentially, for each k=1,2,...,n a subset of triples Qx={[z-cx,j,w]|j<k} is considered
and atriple [z;-ck,j’ ,w'] islocated with minimal w', atriple [z,k,w|], where wy=w’+ay is stored if w; <b and no triple
[z,j,w] with w<w;, is stored earlier. In the backtracking part (PART 2 of the algorithm) main memory must keep

n —
triples with z=z(k)=2- é ) Cj% When the assignment %.1= X1 istested. If they are not there, they are
J

=k+1
transferred from secondary memory. To avoid frequent transfers, triples with z=z(k-1),z(k-2), ..., z(k-jx) are
transferred also. The size of the integer jx is chosen as large as the size of main memory will permit. Triples can be

stored in atable with Z + columns, corresponding to z=0,1,2,..., Z. A triple [z,j,w] is stored in column z of the table
asatuple[j,w]. A separate table is maintained for each of my unidimensional Knapsack problems.
ALGORIHM 1 ([7])
PART 1

1 Store tuple [0,0] in column O of each of my tables, 7:=0,z:=0.
2. z:=z+l. If z- Z > max ¢; then goto PART 2.
i

3. i:=0,j:=0.

4, j:=j+l. Ifj>nthengoto 2.

5. 71:=z-;. If no tuplesin column z then go to 4.

6. i:=i+l. If i>m then goto 10 elser:=p, where p isthe position in the column z of tablei (p=1,2,3....) of the
tuple stored most recently. Thefirst stored tuplein column z; gets the position 1, second gets position 2 and
so on.

7. Let [kr(i)(zl),wr(i)(zl)] be atuplefor z stored in positionr in tablei. If w.:wr(i)(z.)+a” <bijthengoto 8else
goto 4.

8. If k(z1) £ s(j) then keep wi(z)=w; in memory and go to 6 else go to 9.

9. r=r-1. If r=0thengoto4elsegoto7.

10. Consider the last tuple for zintablei, i=1,2,...m. If tuple [kK"(z) W(z)] issuchthat  w;(z2)<w’(2) or if
thez - column is empty then record tuple [j,wi(z)] for zin tablei. If z did not have any tuples before then

Z:=z.Goto 4.

PART 2
z=7+4, L=/
ji=n,

wi:=h;,i=1,2,...m; z:=z-1. If z>0 goto 4 elserecord X =X%=...=%,=0 and stop.
j:=j-1. If j>0 then go to 5 else an optimal solutionis received. Display it and goto 9.

El I o



5. Establish whether z has atuple [k"(2) w(2)] in table i, such that k")(z)<j and w(z) < wi. If such tuple
existsfor eachi from{l,...,m} then ch) =0 else ch) =,

6. 21:=2-Gj, W :=Wi-&},i=L1,...m. If any of m+l numbers  z;,w; i@, wi(m) is negative go to 8.
7. Establish whether z; has atuple [k”(z,),w")(z,)] in table i, such that k(z;) £ s(j) and w(zy)<wx(i). If such

tuple existsfor each i from{1,2,...,m} then xl_ =l elsexl_ =l

J J
0_.1 0 ) 0 1 . S
8. Ifx =x" =-1thengoto9. If x  =0thenx:=0. Ifx  =0andx” =1, recordindexjinlistL. If x"
J J J J J J
=1and x(_) =-1thenx:=1,w:=w;"i=1,2 ..m Goto4.
]
9. If L= ZE and an optimal solution is not yet received then goto 2. If L= /E and an optlmal solutionis
received then stop. If L* /E and J isthe last recorded index in L then remove J from L,

ji=s( j )+1’XT ::1,XT 1:=0,...,%:=0;

n _
. CkaaWi:bi'é K= axX,i=1,m; and go to 4.
= = |

MODIFIED ALGORITHM ([8], [7])

(Algorithm 2)
Some incomplete variants have atendency to be generated in PART 2 of the algorithm again and again while

solutionsfor z= 7 , Z- , z -2,... are being constructed. Repeated variants (;< fy X Nedy <oy X k) are due to the fact that

z= 7, 7, -2....could be received with % = ;(J- j 2k, and variousassignments of x;,j<k, none of which satisfies all
Knapsack constraintsin (2)- this becomes known after the assignment of %= X. Let T(z) be the set of varlants
generated in PART 2 of algorithm 1 when constructing solutions for z. PART 2 generates sets T( Z) T( Z -1),T( Z -
2),... successively. This process stops with generating T( z -p) when thefirst time a set T(z) gets a completed variant

which is afeasible solution and, therefore, an optimal solution of (2). This defines zyp, = z -p. When avariant from
T(2) isunder construction 0 and 1 values of % aretested. If % can be equal to 0 then it is checked whether X, can be
1. If two values of x are possible then 0 is assigned to x, for the current variant and k isrecorded in alist L to be
able to continue the current variant with x =1 later. In the algorithms above, indices, where a variant has another
branch, are remembered for current z; only. In anew approach [8] a current variant is checked whether it belongs to
A A~ n
T(2) for z=29-1,%-2,..., Z ,where Z isavalue of é . lc,->q corresponding to some feasibl e solution found by
an approximation method. Branches from the current variant are remembered for all z, 2 £ z£ 7z, and when coming
to anew z the algorithm starts from incompl ete variants remembered for thisz. Let M p.y={ 2, 2+1,..., Z} and

(%, X1),k<n, be the current variant from T(zo), Z £2£ 7 and
o3
w;=h;-
=M a J — k +1 = k +

z for which (%,,...,%+ ) isavariant also is generated. If =0 is possible then M for the variant (X,,...,%=i,%=0) can
be found by excluding those z from M., for which =0 impossible. If % =0 isthe only possible assignment for

7=z, then the largest z, is considered among those z for which %=1 isa possible assignment and variant (%,,%,-

- n
&% ,i= 1,m, z=z,- é . 1c,—>q are already computed. Assume also that aset My of such
J

1%+, X%=1) isrecorded in a special table P(ztO ). Thisvariant does not have to be remembered for Z<z, & | My
sinceit isto be considered when generating variants for z, . If for z=2y, % =0 and x=1 are possible, then index k is

recorded in list L. Branchesfor z £ 75,z | M1, do not have to be remembered since they will be considered when a
corresponding branch is constructed for T(zy). If for z=z the only possible assignment is %=1, then M isfound for
(Xns Xn-15--- %4+, X«=1) by excluding those z from M for which %=1 isimpossible. The incomplete variant (X,,%,-



1%+ ,0) isrecorded in atable P(zto ) where zy, isthe largest among z| My,,, for which =0 isimpossible. At
last it can happen that neither x=0 nor %=1 is possible for z=z;. It meansthat the current variant can not be
continued for z=z,. It might be continued for other zI My. Therefore, the largest zZ,, | My+1 with apossible

assignment %.=0 and the largest z, | M1 with apossible assignment x.=I are found. Incomplete variants

(X Xn-1,- - %+1,0) @and (g, X1, %=1, 1) @rerecorded in tables P(ztl ) and P(zt2 ) respectively. (Itispossi bleztl =z,, ).
If Lisnotempty andsisthelastinL then sisremoved from L, avariant (%,,%,1,..-,%+1,%=1) IS created and
=7 . _ Scm,wi=bi-a :

a”)q,i:l,_m, are computed, Mgisdefined asaset{ 2, Z+1,...,z-1} and
S

construction of thisvariant is continued. If L isempty and Z £ z,< Z thenan incomplete variant isremoved from
P(2,) and processed in asimilar way. If (L isempty and Zy=2) or (L= A& and P(zo)= AE) then zy:=7,-1 and
incomplete variants from P(z,) are considered. Notice that the tables P(2) may be kept in secondary memory. If

Z0< Z then P(zo) istransferred to main memory.
NUMERICAL EXAMPLE

Maximize

2% + 3 + 20 + 4y + 4 + 3% + 3 + 4 < b5
Subject to
2% + 2% + X3 + 2% + 2% + 2% + 2¢ + X < 5
X X X ot X X7 < 3
Xy + X + X% ot X% + x < 1
X2 + X + X% t+t X < 1
X+t X ot 00X < 1
X o ot X < 1
X T X% < 1
X t X < 1
¥ < 1
% I {01},j=18
z| o 1] 2| 3| 4| 5| 6] 7| 8] 9| 10 ] 11 ] i
[1,2][2,2][4,2][7,3][4,4][5 4][5,4][7,5][8,4][8, 5]
[0, 0] 1
[3,1] [8,1] [5,3][8,3][8, 3]
[1,1][2,1][4,1]1[7,1]1[4,2][5,2][5,2][7,2][8,1][8, 1]
[0, 0] [3,0][6,0][8, 0] [5,1][6,1][8, 1]
[8,0]
[1,1][2,0][4,0]1[7,1][4,2][5,2][5,2]1[7,1][8,1][8,1]
[0, 0] [7,0]1[7,0][8, 1] 3
[1,0][2,1][4,1][7,1]1[4,1][5,1][5,1][7,1][8,0][8, 1]
[0, 0] [5, 0] [5, 0] [ 8, 0] 4

Thetablesdefine z=Il. Thisislargest value of z marked by tuplesin the tables above. Applying PART 2 of the
Algorithm 2, the optimal solution(s) can be found. Notice, that X =% =x3=0,%=X=1,%=X%=xg=0 isafeasible
solution and delivers 8 to the objective function. Assuming 2 =8 we may invoke the PART 2 and receive two
optimal solutionsx ;=X ,=X3=X5=Xg=X7=0, X4=Xg=1 and X 1=X,=X3=Xg=X7=Xg=0, X4=X5=1.



EXTENDED APPLICATIONS (5], [11])

Algorithms 1 and 2 are presented as algorithms for linear problems with boolean variables and ladder-like additional
constraints. However, they have alarger scope of applications. Following are examples of them.
(a) A linear integer programming problem

(b)

(©
(d)

(e

o N o N . T
max{ 9 j = lcj>q|a j = laipqsbi,l:l,m;)ql {0,1,2,...d},j=1n}

a separable integer programming problem

n 0] | - —
max{ é j = 1f J O9)If J (%) Ebii=1,m;x% 1 {0,1,2,...d;},j=1,n} can be solved by substitution
89 &% Eis n-In
c= K %k, i 1,. % {0, 1},j = 1,n and representation
k=1 G
i o O i i _
f J x=a K= 1f J (K)%k, i=0,m;j=1,n; functions f J (%), i=0, M, are assumed nonnegative and

i -
f j (0=0i=1m,=1,n.
The commonly encountered multiple-choice Knapsack problem
(see, for example, [ 19]) isaspecia case of a Knapsack problem with additional ladder-like constraints.
Linear integer programming problems with additional special
constraints and logical conditions. The following problem is an example:

3™ g7 1s PP s max
i=14 p=0Q p<te T it it

subject to

- 2 £1,s=1, .., T;i=1

ate‘saO£p<int ST R RS

o 1-1, T p c
a p:Oat> paitxit

and logical conditions

0 p o) g
ifforpl {1...,T-1}andi |l {1,2, .., m} X . =1then x. =1.

Qs p it "R g<pip
Parameters ¢, ait, b are assumed positive. It isa problem of an economico-based system in which a
number of limited resources are to be allocated with an optimal strategy over several different projectsin a
multistage development. This approach may be applied to an application with stagewise build-up or down-
scaling.
An ordered enumeration algorithm was devel oped to solve this problem [9]. The logical conditions are
satisfied by adjusting the logic of the algorithm.
Special nonlinear integer programming problem

o N o N o P
max{ & j= 1Cj)§'h(>q,X2,---,Xw)|a j= 1% £bii=1,m;x | {0,1},j=1,n},
¢>0,a;° 0;° 0, j:ﬁ; i=1m and h(X,%....,%) isanonnegative function defined on S| R". If
n
[}

a . _ 1c,->q is considerably larger than h(x, %, ..., X,) then the optimal solution can be foundina
reasonable amount of time by applying the general concept of the ordered enumeration method for
solutions generated by algorithm 1 or algorithm 2.



A SMALLER UPPER BOUND ([17], [1],[2])
Problems (2) and (3) belong to the class NP-Hard problems. An efficiency study of algorithms 1 and 2 [10] showed
that the amount of computation in PART 2 isoften in many times larger than in PART 1. The processing time of
PART 1 isincreasing when my isincreasing. Although the amount of triplesin a separate table is decreasing the
total amount grows considerably. The decrease of solution time observed for my > 1 in comparison withny = 1is
due tosmaller Z and the amount and average length of incomplete variants (generated in PART 2 of the algorithms)
being smaller for my > 1, although it is true also that the amount of computation related to an incomplete variant
grows with my since tuples from all m tables are under consideration when atest is performed. It was observed that
the solution time increases with increase of the amount of incomplete variants generated. The amount of incomplete
variants depends on properties of the matrix || j[m, When m,n,b;, i =1, ..., m, are fixed. When

(co/ai)>(Col8in)>...>(C/ain), i= 1, M., the algorithms are most efficient. The observed amount of tuplesin a separate

table for such problems did not exceed 2 Z. Therelatively small amount of tuplesin this class of problems does not
lead to alarge amount of incomplete variants (which is the case when matrix ||ajj||mn has alarge amount of 0's).

It was also observed that algorithm 2 is far more efficient than algorithm 1 for problems where the amount of
enumeration is large (sparse matrices ||a;;|lmn are often responsible for this).

To find the upper bound Z T algorithm 1 and algorithm 2 employ knapsack relaxation by using a surrogate
constraint. Although thesurrogate constraint producing the minimal upper bound may be found [17], it requires to
solve alarge linear programming problem H. Pirkul had developed arelatively simpleiterative algorithm for
finding an approximation to the optimal surrogate constraint. This relaxation isimplemented in [1] and [2].
Lagrangian relaxation approach was successfully used by Held and Karp [ 13] , [14] and other authors [3], [4], [12]
for special classes of problems. In this approach the problem (2) may be viewed as problem (3) complicated by m
Knapsack constraints from (2). Moving the m constraints into Lagrangian function produces a L agrangian relaxation
of problem (2) in the form of problem (3).

IMPLEMENTATION OF LAGRANGIAN RELAXATION BY S.LEBEDEV ([16], [17])
L ebedev had combined knapsack and L agrangian relaxationsin one computational routine producing a bound better
or not worse than delivered by any of them separately. For a problem of linear integer programming

o N

L=a . _ 6% >max ®)
J=1

g " b, i=I 7
i <Dbj, 1 =1, ..., m;

a J — 13”)?— I m ( )

0<% <d,j=l, ... (8

X - integers, j=I,...,n 9

n
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feasible solutions of (6) - (9). Including knapsack constraints in (7) with nonnegative multipliers uy, uy,...,Un,
components of vector u, in Lagrangian function we receive

maxLx)= max  mn[Lx)+ a _m_ HOOU].
XIS x1T(1) u =1

n
wherer;(x)=b;- é . aj% i =1,....m. Inwhat followsuand| remain vectors of nonnegative components.
J =
Exchanging the order of max and min operationsresultsin

max L(X) <min max L(x,u)

xS u xI ()



m
where L(x,u)=L(x) + é . lri(x)ui (the difference between the right and left sides of the inequality is the so-
| =

called duality gap). Since L(x) < L(x,u) for any x| Sthe problem
max  L(x,u)
x| T(l )
produces an upper bound which may be used instead of Z in algorithm 1 and algorithm 2. It is desirable to decrease
this upper bound by minimizing
| (u,] )=max L(x,u).
xI T(l)
Thefunction | (u,| )isacontinuous convex piecewiselinear functionfor afixed | =I O thereforeit hasa
derivativein any direction. Vector u*, suchthat| (u*,| ®=min| (u,| ©°),isthevector of Generalized Lagrangian
u
Multipliers (GLM). Let ube an arbitrary point and X(u) be the set of optimal solutions of the Knapsack problem
] (ul 9= max  L(xu) andthederivativeof | (u,| °)indirectionw®, (W°| =1), is being computed at point
x| T(1 9
ul. Letu' =u® + hw®, where hisasmall positive number, and w° > 0, if u;° = 0. For small enough h
m
. o ty,,0 _: 700
Xuh) I X0 sincefor X I X% the L (4, u®) © LEH+ g (X u, <] (u,l
i=

) and, astheresult of

j (U,1°) and L(xU) bothbeing continuouswith respecttou (L (x,u)° L(x)+ & I (X)u,) . suchanh
i=1

may be chosen that L(x",u") <j (u*,1°).

Then | (u'] 9= max [L(xu)+h3Q m_
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forany X | XY and 1) %1 % fw’= g - 1I’;(Xt)WOi for X | X(u°+hw?) or (what isthe same)

HOOW] = LOEUO)+h é, -m 1ri(Xt)WOi
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T °,1°)/wmP= A1 (X)W . ot Ny .
| (U /Iw'= max arfli i . Noticethat X(u~) includes those and only those solutions from
i=1
t|X 1 X(u®

m
X(u®) for which the maximum value is é ) 1I’i(Xt)WOi. Although these considerations allow to produce a method

for decreasing ] (U, °) by selecting aw, — direction with a negative derivative and changing one coordinate of u

at atime, it doesn’t produce the GLM — components of the vector minimizingj (U,| °). Generalized Lagrangian

Multipliersu;t, i=1,2,. . ., m, may be found ascomponents of anoptimal solution of alinear programming problem.
Its constraints are received by utilizing solutions of X(u®). The number of such constraintsmay be very large but by
applying Dantzig-Wolfe decomposition they are generated only when needed. The Knapsack problem
m

n o) m
max L (x,u)= max( é_ _— G-a i 1aju1)>q +é_ =1

] = = | =
)r(nzl':ty-[){e Iso)lved by amodified version of algorithm 1 or algorithm 2 which allow for real positive coefficients for the
objective function and nonnegative integer componentsof vector x. Itistheinclusion of asurrogate Knapsack

n
bu')| A j _1a,->q5b,05>q5dj, % -integers, j=I,...,n)

n
constraint é -1 g% <b for improving the bound when solving ageneral integer linear problem constitutes the



main difference between approaches [3], [4],[12],[13], [14] and Lebedev’s approach. Starting with some | °© the
GLM vector u' is computed and used for finding vector | * by solving the minimization problem min J w1 ).

I
Thisisfollowed by solving the problem min| (u,| *) and obtaining next GLM vector u? and so on. To solve the

u
problem min | (u*,| ) another special problem of linear programming may be solved. This processis finite and

delivers | (fj ,\7)- a bound better or not worse than the bounds produced by knapsack and Lagrangian relaxations
] Ol ") or | (u",0) correspondingly. The process does not guarantee convergence to the optimal value for

| (u,| ) (thus not allowing to compute the size of the duality gap). The use of Generalized Lagrangian Multipliers
is especially suitable for linear programming problems of distributive type with integer coefficients.

PARALLELIZATION OF ORDERED ENUMERATION ALGORITHMS [11], [2], [1]

Ordered enumeration algorithms for a multidimensional 0/1 Knapsack problem have a high degree of parallelism
and exploiting it can very substantially reduce the solution time [11]. Computations of triplesin algorithm 1 and
algorithm 2 are performed for each of my, tables sequentially. Numerical experiments [7] show that increasing my
reduces the processing time considerably. It is due to the fact that many incomplete variants constructed in PART 2
either get shorter or disappear when my > 1. When constructing a solution in PART 2 the test for each %, k <n, is
performed also sequentially. Both computationsfor each tablei,i=1,2,...,m, and assignment test of x, for each
i,i=1,2,...,m, can be donein parallel. Even larger improvements of algorithm 1 can be expected by generated

solutionsfor eachz, Z<z<7Z,in parallel. This conclusion follows from numerical experiments with problems
where the amount of enumeration was large. Algorithm 2 was far more efficient than algorithm 1 for these
problems. It is explained by the fact that algorithm 2 does not repeat construction of the same incomplete variants

for z< Z. Generating solutionsfor eachz, Z< z< 7, in parallel produces an even stronger impact since no delays for
finding solutions for z< Z are needed. Further parallelization of algorithm 1 can be achieved by storing listsL(z) Z<

z< Z, of variantsto be continued with another assignment of the last variable. if both assignments (Oand 1) are
possible for %,k<n, variant (X, X%.,....%=1) , being constructed for z=z,, is stored in L (z). At any time available
processors remove variants from L(zy) and continue their construction. Each such construction makes use of m

processors. Thereis noneed in keeping list L if listsL(z), Z < z< 7, are maintained.

The my tables constructed in PART 1 contain many tuples which are not needed for producing the optimal solution.
Their presence makes the number of constructed incomplete variants large. It can be reduced by constructing
additional my tables for the same variables taken in reverse order. These additional my tables are used to purge the

n (iO)wl(iO)

original ones. Let 2 beavalue of é _ 1cj>q on afeasible solution of (2) and [k ] atuplein column

i) () .
7o of table ip from the first set of tables. If notuple[j ~~w ] from the second set of tablesfor z,z> -z, satisfies

conditions

0,480, 0,00,

0
then [k(l") , W(IO)] and any tuple [k, w,"] from column z in the first set of tables, such that k' =k ° i=1, 2, ..., m

can be discarded also. The 2 sets of tablesmay be constructed at the same time and a number of tuples can be tested
inparalel. Two parallel ordered enumeration algorithms and their implementation on a parallel system may be
foundin [1], [2].
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