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Abstract— When the Inverse Additive Singular Value
Problem (IASVP) involves Toeplitz–type matrices it is possible
to exploit this special structure to reduce the execution time.
In this paper, we present two iterative local and global
convergent algorithms (MIIIT and LPT) to solve efficiently the
IASVP when the matrix is Toeplitz (IASVPT). As it will be
shown, it can be achieved an asymptotic complexity one order
of magnitude less than those algorithms that do not exploit the
Toeplitz–like structure. Furthermore, we have implemented a
parallel version of these both algorithms, called PMIIIT and
PLPT, respectively, that highly reduce the execution time of
the sequential algorithm at sight of the experiments.

Keywords– Parallel programming, Inverse Singular Value
Problem, Toeplitz matrices, Newton type methods, Least
squares problem

1. Introduction
Inverse problems appear in different applications such

as the determination of mass distributions, orbital me-
chanics, irrigation theory, computed tomography, circuit
theory, among others [1, 2, 3]. In particular, the Inverse
Additive Singular Value Problem (IASVP) is a problem
of parameter identification. IASVP consists of the re-
construction of a matrix with prescribed singular values
and with certain structure.

Given a set of matrices A0, A1, ..., An ∈ <m×n (m ≥
n) and a set of real numbers S∗ = {S∗

1 , S∗

2 , ..., S∗

n},
where S∗

1 ≥ S∗

2 ≥ ... ≥ S∗

n, we search for a vector
c = [c1, c2, ..., cn]T ∈ <n, such that S∗ are the singular
values of matrix

A(c) = A0 + c1A1 + ... + cnAn. (1)

There exist Newton–type algorithms to solve the
IASVP [4, 5] like BF, MI and MIII; or the LP algorithm
which is a distance minimization method. All of these
iterative algorithms compute a succession of vectors
c(0), c(1), ..., c(k) that approximates c∗, that is, the solu-
tion of the IAVSP. The MI, MIII and LP algorithms have
been parallelized under the distributed memory model [6,
7].

In this paper we consider the particular case of the
IASVP when matrices Ai (i = 0, 1, ..., n) are Toeplitz.
Although this case could be solved by using the men-
tioned general algorithms, it is possible to improve the
performance if specific algorithms which exploit the
matrix structure are designed. We present both sequential
and parallel algorithms to solve the IASVPT efficiently
following this idea, specially to tackle large size prob-
lems.

In the following section the IASVPT is introduced.
The sequential algorithms are shown in Section 3. Sec-
tion 4 shows the parallelization of these sequential al-
gorithms. The space and time complexities of the algo-
rithms are analyzed, both theoretically and experimen-
tally, making a comparison with existing algorithms to
solve the IASVP. The paper concludes with a conclusion
section.

All algorithms have been implemented using serial
(BLAS [8], LAPACK [9]), and parallel (PBLAS [10]
and ScaLAPACK [11]) portable standard packages of
linear algebra and using BLACS [12] and MPI [13]
as communication libraries. The numerical experiments
have been executed on a cluster of sixteen PCs, each one
with two–processors Intel Xeon, working at 2 GHz, with
1 GByte of RAM, and connected through a SCI network.

2. The IASVPT
In the IASVPT, given S∗, the problem is to build a

Toeplitz matrix T ∈ <n×n,

T = [ti−j ]i,j=1,n
=

=















t0 t−1 t−2 ... t−(n−1)

t1 t0 t−1 ... t−(n−2)

t2 t1 t0 ... t−(n−3)

...
...

...
. . .

...
t(n−1) t(n−2) t(n−3) ... t0















,

with singular values S∗, what means to find the values
of 2n−1 unknowns, the components of T , such that the



singular value decomposition of T is UΣ∗V T , where
Σ∗ = diag(S∗).

Defining
t̃i =

ti

t0
,

for i = −(n− 1),−(n− 2), ..., 1, 2, ..., n− 2, n− 1; and

S̃∗

i =
S∗

i

t0
,

for i = 1, 2, ..., n, the IASVPT can be expressed as
finding T̃ = U Σ̃∗V T , where

T̃ij =

{

t̃i−j i 6= j

1 i = j
i, j = 1, 2, ..., n;

and T̃ can be written as

T̃ = I + t̃1G + t̃2G
2 + ... + t̃n−1G

n−1+

+ t̃−1G
T + t̃−2

(

GT
)2

+ ... + t̃−(n−1)

(

GT
)n−1

, (2)
where G is the following one position down shift matrix

G =



















0 0 0 ... 0 0
1 0 0 ... 0 0
0 1 0 ... 0 0
...

...
...

. . .
...

...
0 0 0 ... 0 0
0 0 0 ... 1 0



















.

In (2) there are 2n − 2 parameters t̃i (i = −(n −
1),−(n − 2), ..., 1, 2, ..., n − 2, n − 1) to be computed
and 2n−1 (n×n)–Toeplitz matrices. In order to express
the IASVPT as an IASVP with possibly unique solution,
we can take arbitrary values for n − 2 parameters, thus
achieving an IASVP with n unknowns to be computed
to assign n prescribed singular values.

Assigning the values ai (i = 1, 2, ..., n−2) to the n−2
parameters t̃i, equation (2) can be expressed as

T̃ = T̃0 + t̃1G + t̃2G
2 + ... + t̃pG

p+

+ t̃−1G
T + t̃−2

(

GT
)2

+ ... + t̃−q

(

GT
)q

, (3)
where p + q = n and

T̃0 = I + a1G
p+1 + ... + an−p−1G

n−1+

+ an−p

(

GT
)q+1

+ ... + an−2

(

GT
)n−1

.

Now, in (3) there are n parameters t̃i and n + 1
data (n × n)–Toeplitz matrices represented through G.
Therefore, equation (3) represents an IASVP with

c = [c1, c2, ..., cp, cp+1, ..., cn]T =

= [t̃1, t̃2, ..., t̃p, t̃−1, ..., t̃−q]
T ,

and

A0 = T̃0, A1 = G, ..., Ap = Gp,

Ap+1 = GT , Ap+2 =
(

GT
)2

, ..., An =
(

GT
)q

.

In this way MIII and LP algorithms to solve the IASVP
can also be used to solve the IASVPT.

3. Efficient Sequential Solution for
the IASVPT

This section begins with a brief introduction of MIII
and LP algorithms to solve the IASVP.

Let us define Γ(S∗), the set of matrices in <m×n,
(m ≥ n), which can be written in the form UΣ∗V T ,
where U ∈ <m×n and V ∈ <n×n are orthogonal
matrices; and let Λ(c) be the set of matrices that can
be expressed as in (1).

MIII is a method developed by Chu [4], which finds
the intersection of Γ(S∗) and Λ(c), using an iterative
Newton–type method (Algorithm 1). In iteration k, given
X(k) ∈ Γ(S∗), there exist matrices U (k) and V (k) such
that X(k) = U (k)Σ∗V (k)T . The tangent vector to Γ(S∗)
which starts from the point X (k) and crosses A(c(k+1)),
can be expressed as

X(k) + X(k)L(k) − H(k)X(k) = A(c(k+1)), (4)

where L(k) ∈ <n×n and H(k) ∈ <m×m are skew-
symmetric matrices. Because X (k) = U (k)Σ∗V (k)T ,
equation (4) can be expressed as

Σ∗ + Σ∗L̃(k) − H̃(k)Σ∗ = W (k), (5)

where L̃(k) = V (k)T L(k)V (k), H̃(k) = U (k)T H(k)U (k),
W (k) = U (k)T A(c(k+1))V (k). Equating the diagonal
elements of (5), we obtain the linear system J (k)c(k+1) =
b(k) that allows to compute c(k+1) (A(c(k+1)) and W (k)),
where

J (k) =
[

u
(k)T
i Ajv

(k)
i

]

i,j=1,2,...,n
, (6)

and
b(k) = S∗ −

[

u
(k)T
i A0v

(k)
i

]

i=1,2,...,n
. (7)

Equating the off–diagonal elements of (5), we calculate
H̃(k) and L̃(k) as

H̃
(k)
ij = −H̃

(k)
ji = −

W
(k)
ij

S∗

j

,

i = n + 1, ..., m; j = 1, ..., n; (8)

H̃
(k)
ij = −H̃

(k)
ji =

S∗

i W
(k)
ji + S∗

j W
(k)
ij

S∗2
i − S∗2

j

,

i = 1, .., n; j = i + 1, ..., n; (9)

L̃
(k)
ij = −L̃

(k)
ji =

S∗

i W
(k)
ij + S∗

j W
(k)
ji

S∗2
i − S∗2

j

,

i = 1, ..., n; j = i + 1, ..., n. (10)

Using c(k+1) to compute X(k+1), e.g. U (k+1) and
V (k+1), A(c(k+1)) ∈ Λ(c) must be lifted to a point in
Γ(S∗). Then X(k+1) is defined as

X(k+1) = U (k+1)Σ∗V (k+1)T ,



where U (k+1) and V (k+1) are orthogonal matrices which
can be approximated by

U (k+1) ≈ U (k)R,

and
V (k+1) ≈ V (k)T,

being R and T the Cayley transforms:

R =

(

I +
1

2
H(k)

) (

I − 1

2
H(k)

)

−1

,

and
T =

(

I +
1

2
L(k)

) (

I − 1

2
L(k)

)

−1

.

Therefore, U (k+1) and V (k+1) are approximated by
solving the linear systems

(

I +
H(k)

2

)

U (k+1) =

(

I − H(k)

2

)

U (k), (11)

and
(

I +
L(k)

2

)

V (k+1) =

(

I − L(k)

2

)

V (k). (12)

MIII converges quadratically to the solution if c(0) is
close enough to c∗ [14]. See [4] for details.

Algorithm 1 MIII
1. Compute A in accordance with (1)
2. Compute [U, Σ, V ] = svd(A)
3. For k = 0, 1, ..., While ‖UT AV − Σ∗‖F > tol

3.1. Compute J , b in accordance with (6), (7)
3.2. Solve Jc = b

3.3. Compute A in accordance with (1)
3.4. Compute H̃ , L̃ in accordance with

(8)–(10)
3.5. Approximate U , V solving (11), (12)
End For

The goal of LP [7] is to find the intersection of Γ(S∗)
and Λ(c) sets, using distance minimization techniques
(Algorithm 2). The distance between two matrices P and
Q is defined as d(P, Q) = ‖P−Q‖F . LP is an adaptation
of the Lift&Project algorithm proposed by Chu in [15].

In iteration k, given c(k) (given A(c(k)) ∈ Λ(c)) the
problem is to find X(k) ∈ Γ(S∗) such that

d(A(c(k)), X(k)) = d(A(c(k)), Γ(S∗)).

This is achieved by computing the singular value de-
composition of A(c(k)), U (k)Σ(k)V (k)T , and computing
X(k) as [16, 17]

X(k) = U (k)Σ∗V (k)T .

To compute c(k+1) from X(k), such that

d(X(k), A(c(k+1))) = d(X(k), Λ(c)),

the nonlinear least squares problem

min
c(k+1)

‖A(c(k+1)) − U (k)Σ∗V (k)T ‖2
F = min

c(k+1)
F (k+1)

is solved by equating the gradient of F (k+1) to zero and
solving the resulting linear system Atrc

(k+1) = b
(k)
tr ,

where

Atr =
[

tr
(

AT
i Ar

)]

r,i=1,2,...,n
, (13)

and

b
(k)
tr =

[

tr
(

AT
r

(

X(k) − AT
0

))]

r=1,2,...,n
. (14)

LP algorithm converges (analog to [15]) to a stationary
point in the sense that

‖A(c(k+1)) − X(k+1)‖F ≤ ‖A(c(k)) − X(k)‖F .

Algorithm 2 LP
1. Compute Atr in accordance with (13)
2. For k = 1, 2, ...

2.1. Compute A in accordance with (1)
2.2. Compute [U, Σ, V ] = svd(A)
2.3. Compute btr in accordance with (14)
2.4. cOld = c

2.5. Solve Atr c = btr

Until ‖c − cOld‖2 < tol

The IASVP can be adapted to take advantage of
the structure of Toeplitz matrices of the IASVPT. The
IASVPT needs to storage only n − 2 double precision
scalars (T̃0), a requeriment drastically smaller than the
n2(n + 1) double precision scalars to storage Ai, for
i = 0, 1, ..., n, in the case of the IASVP.

Moreover, the operations of MIII and LP that can be
improved using the structures of the IASVPT matrices
are the computation of A(c), J , Atr matrices; btr vector;
and the solution of Atrc = btr. The computation of A(c)
(1) consists of assign ci to some component of A(c)
without floating point operations, then A(c) is expressed
as


















1 cp+1 ... cn an−p ... an−2

c1 1 ... cn−1 cn ... an−3

...
...

. . .
...

...
. . .

...
cp cp−1 ... 1 cp+1 ... cn

a1 cp ... c1 1 ... cn−1

...
...

. . .
...

...
. . .

...
an−p−1 an−p−2 ... cp cp−1 ... 1



















.

The product of some T̃i (i = 1, 2, ..., n) by any n–
vector consists of shifting the vector elements in accor-
dance with the position of value 1 into the T̃i, whereby
the computation of J (6) is reduced to dot products:

Jij = uT
i Ajvi =

= dot product
(

uT
i ,

shifts vector elements(Aj , vi)) .



The computation of Atr (13) does not involve floating
point operations because its definition only involves
matrix G, so Atr is the following diagonal matrix

Atrij =

{

n − i i = j

0 i 6= j
,

and the solution of Atrc = btr is reduced to n floating
point operations.

In order to compute btr (14), it is enought to select
certain elements of a vector, whereby:

btri = tr(AT
i X) =

n−i
∑

j=1

Xi+j,j ,

if Ai = Gi (i = 1 : p); or

btri = tr(AT
p+iX) =

n−i
∑

j=1

Xj,j+i,

if Ap+i = (GT )i (i = 1 : q).
With the new operations introduced to compute A(c),

J , Atr, btr and to solve Atrc = btr, MIII and LP can
be redesigned in the MIIIT (MIII for Toeplitz matrices)
and the LPT (LP for Toeplitz matrices) algorithms,
respectively. The time complexities of MIIIT and MIII
are

T (n) =

{

38n3

3
+ O(n2) + k

{

26n3 + O(n2)
}

}

tf ,

and

T (n) =

{

53n3

3
+ O(n2) + k

{

2n4 + O(n3)
}

}

tf ,

respectively; whereas the time complexities of LPT and
LPT are

T (n) = k

{

50n3

3
+ O(n2)

}

tf ,

and

T (n) =

{

n4 + k

{

56n3

3
+ O(n2)

}}

tf ,

respectively, being tf the execution time for a single
floating point operation. Both MIII and LP time comple-
xities decrease one order of magnitude when the structure
of Toeplitz matrices is used; some experimental results
in Fig. 1 and Fig. 2 show this behaviour. As it can be
seen the profit is more clear when n increases.

4. Design and implementation of a
Parallel Solution for the IASVPT

Assuming that most of the vectors and matrices of
the IASVPT are partitioned by blocks and cyclically
distributed among the processors of a logical mesh of
P = Pr × Pc processors, some operations of MIIIT and
LPT algorithms have been parallelized using routines of
ScaLAPACK, such as:
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♦ The singular value decomposition (step 2
of Algorithm 1 and step 2.2 of Algorithm 2).

♦ The resolution of a linear system of equa-
tions (steps 3.2 and 3.5 of Algorithm 1).

Another parallel routines have been designed using rou-
tines of LAPACK, PBLAS and BLAS, implementing the
communications with MPI and BLACS routines; these
routines are:

♦ The parallel dot product to compute J (step
3.1. of Algorithm 1).

♦ The parallel copy of a vector to compute the
product of a Toeplitz matrix T̃i (i = 1, 2, ..., n)
by a vector, found in the computation of J

and btr (step 2.3 of Algorithm 2).

♦ The parallel matrix–matrix product to
compute b (step 3.1. of Algorithm 1), btr,
H̃ and L̃ (step 3.4. of Algorithm 1), also
to compute the stop criterion of MIIIT
‖UT A(c)V − Σ∗‖F .



♦ The parallel vector–vector sum to compute
b and the broadcast and reduce communication
routines to redistribute and replicate c, given
that c, S∗, S and T̃0 are replicated in each
processor to reduce the communications
in some other operations, for example the
computation of A (steps 1, 3.3 of Algorithm
1 and step 2.1 of Algorithm 2) and the LPT
stop criterion ‖c(k) − c(k−1)‖2.

♦ The Frobenius–norm and 2–norm to com-
pute the stop criterion of MIIIT and LPT.

The rest of MIIIT and LPT operations are scalar opera-
tions or they are limited to local data redistribution.

The time complexities of the resulting parallel algo-
rithms are

T (n, P ) =

{

O

(

n3

P

)

+ kO

(

n3

P

)}

tf+

+
{

O
(

nlog
√

P
)

+ kO
(√

Pn2
)}

tm+

+

{

O

(

n2logP√
P

)

+ kO

(

n3logP√
P

)}

tv ,

for parallel MIIIT (PMIIIT) and

T (n, P ) = O

(

n3

P

)

tf + kO
(

nlog
√

P
)

tm+

+ kO

(

n2logP√
P

)

tv ,

for parallel LPT (PLPT), where k is the number of
iterations, tm is the network latency and tv is the inverse
of the bandwidth. The time complexities of PMIIIT and
PLPT are also smaller than that of the PMIII and the
PLP algorithms:

T (n, P ) =

{

O

(

n3

P

)

+ kO

(

n4

P

)}

tf+

+
{

O
(

nlog
√

P
)

+ kO
(√

Pn2
)}

tm+

+

{

O

(

n2logP√
P

)

+ kO

(

n3logP√
P

)}

tv ,

and

T (n, P ) =

{

O

(

n4

P

)

+ kO

(

n3

P

)}

tf+

+
{

O
(

n2
√

P
)

+ kO
(√

Pn
)}

tm+

+

{

O
(√

Pn2
)

+ kO

(

n2logP√
P

)}

tv ,

respectively. Both PMIIIT and PLPT algorithms reduce
the sequential execution time significantly using more
than one processor (Fig. 3, Fig. 4).

In order to analyse the performance of PMIIIT and
PLPT, the speedup

(

S(n, P ) = T (n,1)
T (n,P )

)

parameter [18]
is experimentally measured. Fig. 5 shows how the

speedup of PMIIIT increases with the problem size
n. The speedup for n = 2000 is quite good with 2
processors and acceptable with 4 processors. However,
a better speedup is reached with PLPT (Fig. 6), in all
the experiments the performance is good using different
number of processors.
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5. Conclusions
Two efficient algorithms have been presented to solve

the Inverse Additive Singular Value Problem in the case
of Toeplitz matrices (IASVPT). These algorithms exploit
the special structure of Toeplitz matrices, drastically
reducing the storage requeriments. The time complexities
of the new algorithms are one order of magnitude less
than the algorithms that solve the IASVP without using
this feature. Experimental results show this improvement
in time being more significant with large matrices.

The parallel algorithms implemented to solve the
IASVPT make a considerable reduction of the sequential
execution time. The performance achieved regarding the
speedup is quite good under some conditions. PMIIIT
improves its performance as the problem size increases.
PLPT is a parallel algorithm that presents a good perfor-
mance in all cases. In addition, our parallel algorithms
take advantage of using efficient and portable linear
algebra and communications libraries.
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