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Abstract

In this paper, we consider the probability density function (pdf) of a non-cegtraistribution with
odd number of degrees of freedemThis pdf is represented in the literature as an infinite sum. Conse-
guently, we present three alternative expressions to this pdf. The first expression is in terms of a partial
derivative of the hyperbolic cosine function. The second expression, on the other hand, is a finite sum
representation ofv + 1)/2 terms only instead of the infinite sum. Finally, we present a general recur-
rence relation for such pdf. These results have applications in approximation of the pdf of non-central
x? distributed random variables.

1 Introduction

A non-centraly? distribution withv degrees of freedom is the distribution of the sum of the squares
of v random variables that are normally distributed with unit variance and nonzero means. In other
words, letr; ~ N(u;, 1), andy = 3%, 2. Then the distribution of is a non-centrak? with v degrees
of freedom and non-centrality paramefer= >°7_, u?. The probability density function (pdf) of such
distribution is expressed as
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wherel’(+) is the Gamma function.
When\ = 0, (equivalently, the means; are zero), then this distribution is reduced to the centtal
or simplyx2. The pdf of this distribution is given by
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Thus, the pdf of the non-centrgt distribution can be expressed as an infinite weighted sum of central
x? pdf as follows:
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wherep? (i) = e=90?/i! is the Poisson pdf with parameté(see [3]).
Another expression for the pdf of the non-centyakhat does not explicitly involve an infinite sum is
given by
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wherel, () is the modified Bessel function of the first kind of degreand nonetheless is given by the
following infinite sum )
o~ (W/2)"
Ia(y> - (y/2) ;)Z'F(a+l+1) (3)

We note here though, that the functidf(y) is built in scientific computing programs such as MAT-

LAB. We refer the reader to [2, pp. 900 — 932] for more information on various kinds of Bessel functions
and some of the identities and approximations associated with them. The reader is also referred to Chap-
ter 29 of [3] for detailed discussion on non-centyaldistribution.

Because of its close association with the normal distribution, non-ceyttraistribution arises fre-
guently in various applications including finance, estimation theory, decision theory, and time series
analysis (see [4] for examples and details). In addition, and for numerical evaluation purpose, the infi-
nite sum in the pdf of non-centraf distribution tends to be approximated by a finite sum.

In this paper, we consider the case when the degree of freederadd, and present three different
representations of the pdf. The first is in terms of the partial derivative of the hyperbolic cosine func-
tion, the second is a finite sum representation instead of the infinite sum in (1) and the third is a general
recurrence. These results are presented in Section 2. Concluding remarks and further research direc
tion is presented in Section 3. An index of notations is presented at the end of this paper to facilitate
understanding and look up of notations used in this paper.

2 Alternative Expressions

In this section, we present and prove several new theorems that set forth alternative expressions to
the pdf of a non-centra}? distribution when the number of degrees of freedom is odd. Accordingly,
Theorem 2.1 expresses the pdf in terms ofstHepartial derivative of the hyperbolic cosine function.
Theorem 2.2 presents a finite sum representation of the modified Bessel function instead of the infinite
sum in (3). This result is needed to prove Theorem 2.3 which presents a finite sum representation of
the pdf that consists div + 1)/2 terms only instead of the infinite sum in (1). This section ends with
Theorems 2.4 and 2.5 that present general recurrence relations for the pdf.

2.1 Theorem

For v = 2n + 1, n € IN, the pdf of a non-centra}? distribution is given by
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Proof: We first write .
fly) = eXp[—§(y + Mlg(v),



where,
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We next substitute = 2n + 1 and get
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Next we use the identity (see [2, p.888])
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We then make the following change of variabkes- n + j, and get
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Note now that the Maclaurin series expansion of the hyperbolic cosine function is given by (see [2, p.41])
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Thus, it can be shown by induction that
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and this concludes the proof.
In the next theorem, we present a new expression for the modified Bessel function of the first kind
when the degrea = (—1)7(n + 3).

2.2 Theorem

Leta = (—1)/(n + 1), wheren is a non-negative integer. Then the modified Bessel function of the
first kind is given by
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Proof: A finite sum representation of the modified Bessel function of the first kind is presented in [2] as
follows:
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Now by substituting —1)’ for + and rearranging the terms, we get
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The next theorem presents a finite sum expression of the non-cehttistribution when the number
of degrees of freedom is odd.

2.3 Theorem

For v = 2n + 1, n € N, the non-centrak? distribution is given by
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Proof: The case: = 0 follows from Theorem 2.1. When > 1, we substituter = 2n + 1 in (2) and
get
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Thus, the result follows from Theorem 2.2, and this concludes the proof.

The next two theorems present a general recurrence relation for the pdf of the non-génlisti-
bution with odd number of degrees of freedom. Writing= 2n + 1, The first theorem presents such
recurrence in the case whens even { = 2p), while the second theorem presents such recurrence in
the case when is odd (2 = 2p + 1). We note here that [1] pointed out the existence of such recurrence
but failed to provide its general expression.

2.4 Theorem

For v = 4p + 1, p is an integer withp > 1, the following recurrence holds true for the non-centyal

distribution
f4p+1( ) = ( )f1( ) — p(y)ff})\(y)
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Proof: First note from Theorem 2.3 that
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Next, forn = 2p with p > 1, we have from Theorem 2.3
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Now, substitute = 2k, andi = 2k + 1 whens is even and odd, respectively, and get
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where,gi,,(y) andgs,,(y) as in the theorem.
2.5 Theorem

For v = 4p + 3, pis an integer withp > 1, the following recurrence holds true for the non-centyal
distribution
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and
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Proof: First note from Theorem 2.3 that
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Next, forn = 2p + 1 with p > 1, we have from Theorem 2.3
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Now, substitute = 2k, andi = 2k + 1 wheni is even and odd, respectively, and get
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Thus,
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where g}, .1 (y) andgs,,., (y) as in the theorem.

3 Conclusion

We presented three finite expressions for the probability density distribution (pdf) of a non-géntral
distribution in the case when the number of degrees of freeddsnodd: a finite partial derivative, a
finite sum, and general recurrence expressions. The result of this paper helps finding the exact value
of the distribution instead of appealing to various approximation algorithms known in the literature to
approximate the infinite sum representation. It would be of interest to extend this result to the case when
v is even. So far no such expressions are known when the number of degrees of freedom is even.



Index of Notations

e nllis the double factorial function defined as

n(n—2)...4-2 if n>0 iseven,

n(n—2)...3-1 if n>0 isodd;
nll =
1 if n=—1,0.

e C/ wherei andj non-negative integers with> i denotes the binomial coefficient defined as

, 4!
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e cosh;(z) is the alternate hyperbolic cosine/sine function defined as

B cosh(z) if ¢ iseven;
cosh;(z) = {sinh(z) if 4 isodd,
2
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