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Abstract

In this paper, we consider the probability density function (pdf) of a non-centralχ2 distribution with
odd number of degrees of freedomν. This pdf is represented in the literature as an infinite sum. Conse-
quently, we present three alternative expressions to this pdf. The first expression is in terms of a partial
derivative of the hyperbolic cosine function. The second expression, on the other hand, is a finite sum
representation of(ν + 1)/2 terms only instead of the infinite sum. Finally, we present a general recur-
rence relation for such pdf. These results have applications in approximation of the pdf of non-central
χ2 distributed random variables.

1 Introduction

A non-centralχ2 distribution withν degrees of freedom is the distribution of the sum of the squares
of ν random variables that are normally distributed with unit variance and nonzero means. In other
words, letxi ∼ N(µi, 1), andy =

∑ν
i=1 x2

i . Then the distribution ofy is a non-centralχ2 with ν degrees
of freedom and non-centrality parameterλ =

∑ν
i=1 µ2

i . The probability density function (pdf) of such
distribution is expressed as

fλ
ν (y) = 2−

ν
2 exp[−1

2
(y + λ)]

∞∑

i=0

y(ν/2)+i−1λi

Γ(ν
2

+ i)22ii!
, (1)

whereΓ(·) is the Gamma function.
Whenλ = 0, (equivalently, the meansµi are zero), then this distribution is reduced to the centralχ2

or simplyχ2. The pdf of this distribution is given by

f 0
ν (y) =

y(ν/2)−1 exp(−y/2)

2ν/2Γ(ν/2)
·

Thus, the pdf of the non-centralχ2 distribution can be expressed as an infinite weighted sum of central
χ2 pdf as follows:

fλ
ν (y) =

∞∑

i=0

pλ/2(i)f 0
ν+2i(y),



wherepθ(i) = e−θθi/i! is the Poisson pdf with parameterθ (see [3]).
Another expression for the pdf of the non-centralχ2 that does not explicitly involve an infinite sum is

given by

fλ
ν (y) = exp[−1

2
(λ + y)]

1

2

(
y

λ

)(ν−2)/4

I(ν−2)/2(
√

λy) (2)

whereIα(·) is the modified Bessel function of the first kind of degreeα and nonetheless is given by the
following infinite sum

Iα(y) = (y/2)α
∞∑

i=0

(y/2)2i

i!Γ(α + i + 1)
· (3)

We note here though, that the functionIα(y) is built in scientific computing programs such as MAT-
LAB. We refer the reader to [2, pp. 900 – 932] for more information on various kinds of Bessel functions
and some of the identities and approximations associated with them. The reader is also referred to Chap-
ter 29 of [3] for detailed discussion on non-centralχ2 distribution.

Because of its close association with the normal distribution, non-centralχ2 distribution arises fre-
quently in various applications including finance, estimation theory, decision theory, and time series
analysis (see [4] for examples and details). In addition, and for numerical evaluation purpose, the infi-
nite sum in the pdf of non-centralχ2 distribution tends to be approximated by a finite sum.

In this paper, we consider the case when the degree of freedomν is odd, and present three different
representations of the pdf. The first is in terms of the partial derivative of the hyperbolic cosine func-
tion, the second is a finite sum representation instead of the infinite sum in (1) and the third is a general
recurrence. These results are presented in Section 2. Concluding remarks and further research direc-
tion is presented in Section 3. An index of notations is presented at the end of this paper to facilitate
understanding and look up of notations used in this paper.

2 Alternative Expressions

In this section, we present and prove several new theorems that set forth alternative expressions to
the pdf of a non-centralχ2 distribution when the number of degrees of freedom is odd. Accordingly,
Theorem 2.1 expresses the pdf in terms of thenth partial derivative of the hyperbolic cosine function.
Theorem 2.2 presents a finite sum representation of the modified Bessel function instead of the infinite
sum in (3). This result is needed to prove Theorem 2.3 which presents a finite sum representation of
the pdf that consists of(ν + 1)/2 terms only instead of the infinite sum in (1). This section ends with
Theorems 2.4 and 2.5 that present general recurrence relations for the pdf.

2.1 Theorem

For ν = 2n + 1, n ∈ IN, the pdf of a non-centralχ2 distribution is given by

f(y) = (2y/λ)n exp[−1
2
(y + λ)]√
2πy

∂n cosh(
√

λy)

∂yn
· (4)

Proof: We first write

f(y) = exp[−1

2
(y + λ)]g(y),



where,

g(y) = 2−
ν
2

∞∑

j=0

y(ν/2)+j−1λj

Γ(ν
2

+ j)22jj!
·

We next substituteν = 2n + 1 and get

g(y) = 2−n− 1
2

∞∑

j=0

yn+j− 1
2 λj

Γ(n + j + 1
2
)22jj!

·

Next we use the identity (see [2, p.888])

Γ(n +
1

2
) =

(2n)!
√

π

22nn!
,

and get

g(y) = (1/
√

π)(2y)n− 1
2

∞∑

j=0

(yλ)j(n + j)!

[2(n + j)]!j!
·

We then make the following change of variablesk = n + j, and get

g(y) = (1/
√

π)(2y)n− 1
2

∞∑

k=n

(yλ)k−nk!

(2k)!(k − n)!
·

Note now that the Maclaurin series expansion of the hyperbolic cosine function is given by (see [2, p.41])

cosh(y) =
∞∑

j=0

y2j

(2j)!
·

Thus, it can be shown by induction that

∂n cosh(
√

λy)

∂yn
=

∞∑

k=n

k!λkyk−n

(2k)!(k − n)!
·

Therefore,

g(y) =
(2y/λ)n

√
2πy

∂n cosh(
√

λy)

∂yn
,

and this concludes the proof.
In the next theorem, we present a new expression for the modified Bessel function of the first kind

when the degreeα = (−1)j(n + 1
2
).

2.2 Theorem

Let α = (−1)j(n + 1
2
), wheren is a non-negative integer. Then the modified Bessel function of the

first kind is given by

I(−1)j(n+ 1
2
)(z) =

√
2

πz

n∑

i=0

(−1)i(2i− 1)!!Cn+i
n−iz

−i coshn−i+j+1(z). (5)



Proof: A finite sum representation of the modified Bessel function of the first kind is presented in [2] as
follows:

I±(n+ 1
2
)(z) =

1√
2πz

(
ez

n∑

i=0

(−1)i(n + i)!

i!(n− i)!(2z)i
± (−1)n+1e−z

n∑

i=0

(n + i)!

i!(n− i)!(2z)i

)
.

Now by substituting(−1)j for ± and rearranging the terms, we get

I(−1)j(n+ 1
2
)(z) =

1√
2πz

n∑

i=0

(−1)i(n + i)!

i!(n− i)!(2z)i
(ez + (−1)n−i+j+1e−z)

=

√
2

πz

n∑

i=0

(−1)i(2i− 1)!!Cn+i
n−iz

−i coshn−i+j+1 z.

The next theorem presents a finite sum expression of the non-centralχ2 distribution when the number
of degrees of freedom is odd.

2.3 Theorem

For ν = 2n + 1, n ∈ IN, the non-centralχ2 distribution is given by

fλ
2n+1(y) =





exp[− 1
2
(y+λ)]√

2πy
cosh(

√
λy) if n = 0;

exp[− 1
2
(y+λ)]√

2πy

(
y
λ

)n
2 ∑n−1

i=0 (−1)i(λy)−
i
2 (2i− 1)!!Cn−1+i

n−1−i coshn−i

√
λy if n ≥ 1.

Proof: The casen = 0 follows from Theorem 2.1. Whenn ≥ 1, we substituteν = 2n + 1 in (2) and
get

fλ
2n+1(y) = exp[−1

2
(λ + y)]

1

2

(
y

λ

)(2n−1)/4

In− 1
2
(
√

λy).

Thus, the result follows from Theorem 2.2, and this concludes the proof.
The next two theorems present a general recurrence relation for the pdf of the non-centralχ2 distri-

bution with odd number of degrees of freedom. Writingν = 2n + 1, The first theorem presents such
recurrence in the case whenn is even (n = 2p), while the second theorem presents such recurrence in
the case whenn is odd (n = 2p + 1). We note here that [1] pointed out the existence of such recurrence
but failed to provide its general expression.

2.4 Theorem

For ν = 4p + 1, p is an integer withp ≥ 1, the following recurrence holds true for the non-centralχ2

distribution
fλ

4p+1(y) = gλ
1,p(y)fλ

1 (y)− gλ
3,p(y)fλ

3 (y)

where

gλ
1,2p(y) =

p−1∑

i=0

λ−p−iyp−i(4i− 1)!!C
2(p+i)−1
2(p−i)−1



and

gλ
3,2p(y) =

p−1∑

i=0

pλ−p−iyp−i−1(4i + 1)!!C
2(p+i)
2(p−i−1).

Proof: First note from Theorem 2.3 that

fλ
1 (y) =

exp[−1
2
(y + λ)]√
2πy

cosh(
√

λy),

and

fλ
3 (y) =

exp[−1
2
(y + λ)]√
2πλ

sinh(
√

λy).

Next, forn = 2p with p ≥ 1, we have from Theorem 2.3

fλ
4p+1(y) =

exp[−1
2
(y + λ)]√
2πy

(
y

λ

)p

h(y),

where

h(y) =
2p−1∑

i=0

(−1)i(λy)−
i
2 (2i− 1)!!C2p−1+i

2p−1−i cosh2p−i

√
λy

=
2p−1∑

i=0
i even

(λy)−
i
2 (2i− 1)!!C2p−1+i

2p−1−i cosh2p−i

√
λy −

2p−1∑

i=0

i odd

(λy)−
i
2 (2i− 1)!!C2p−1+i

2p−1−i cosh2p−i

√
λy.

Now, substitutei = 2k, andi = 2k + 1 wheni is even and odd, respectively, and get

h(y) = cosh
√

λy
p−1∑

k=0

(λy)−k(4k − 1)!!C
2(p+k)−1
2(p−k)−1 − sinh

√
λy

p−1∑

k=0

(λy)−k− 1
2 (4k + 1)!!C

2(p+k)
2(p−k−1).

Thus,
fλ

4p+1(y) = gλ
1,2p(y)fλ

1 (y)− gλ
3,2p(y)fλ

3 (y),

where,gλ
1,2p(y) andgλ

3,2p(y) as in the theorem.

2.5 Theorem

For ν = 4p + 3, p is an integer withp ≥ 1, the following recurrence holds true for the non-centralχ2

distribution
fλ

4p+3(y) = gλ
3,2p+1(y)fλ

3 (y)− gλ
1,2p+1(y)fλ

1 (y),

where

gλ
1,2p+1(y) =

p−1∑

i=0

λ−p−i−1yp−i(4i− 1)!!C
2(p+i)+1
2(p−i)−1



and

gλ
3,2p+1(y) =

p∑

i=0

λ−p−iyp−i(4i + 1)!!C
2(p+i)
2(p−i) .

Proof: First note from Theorem 2.3 that

fλ
1 (y) =

exp[−1
2
(y + λ)]√
2πy

cosh(
√

λy),

and

fλ
3 (y) =

exp[−1
2
(y + λ)]√
2πλ

sinh(
√

λy).

Next, forn = 2p + 1 with p ≥ 1, we have from Theorem 2.3

fλ
4p+3(y) =

exp[−1
2
(y + λ)]√
2πy

(
y

λ

)p+ 1
2

h(y),

where

h(y) =
2p∑

i=0

(−1)i(λy)−
i
2 (2i− 1)!!C2p+i

2p−i cosh2p+1−i

√
λy

=
2p∑

i=0
i even

(λy)−
i
2 (2i− 1)!!C2p+i

2p−i cosh2p+1−i

√
λy −

2p∑

i=0

i odd

(λy)−
i
2 (2i− 1)!!C2p+i

2p−i cosh2p+1−i

√
λy.

Now, substitutei = 2k, andi = 2k + 1 wheni is even and odd, respectively, and get

h(y) = sinh
√

λy
p∑

k=0

(λy)−k(4k − 1)!!C
2(p+k)
2(p−k) − cosh

√
λy

p−1∑

k=0

(λy)−k− 1
2 (4k + 1)!!C

2(p+k)+1
2(p−k)−1 .

Thus,
fλ

4p+3(y) = gλ
3,2p+1(y)fλ

3 (y)− gλ
1,2p+1(y)fλ

1 (y),

where,gλ
1,2p+1(y) andgλ

3,2p+1(y) as in the theorem.

3 Conclusion

We presented three finite expressions for the probability density distribution (pdf) of a non-centralχ2

distribution in the case when the number of degrees of freedomν is odd: a finite partial derivative, a
finite sum, and general recurrence expressions. The result of this paper helps finding the exact value
of the distribution instead of appealing to various approximation algorithms known in the literature to
approximate the infinite sum representation. It would be of interest to extend this result to the case when
ν is even. So far no such expressions are known when the number of degrees of freedom is even.



Index of Notations

• n!! is the double factorial function defined as

n!! =





n(n− 2) . . . 3 · 1 if n > 0 is odd;
n(n− 2) . . . 4 · 2 if n > 0 is even,
1 if n = −1, 0.

• Cj
i wherei andj non-negative integers withj ≥ i denotes the binomial coefficient defined as

Cj
i =

j!

i!(j − i)!
·

• coshi(z) is the alternate hyperbolic cosine/sine function defined as

coshi(z) =

{
cosh(z) if i is even;
sinh(z) if i is odd,

=
ez + (−1)ie−z

2
·

Acknowledgment

This research was funded in part by the Department of Energy through the Oak Ridge Institute of
Science and Education (ORISE), Oak Ridge, Tennessee. The author thanks Dr. George Ostrouchov for
various constructive discussions.

References

[1] J. D. Cohen (1988),“Noncentral Chi-Square: Some Observations on Recurrence,”the American
Statictician,Volume 42, Number 2, May 1998.

[2] I. S. Gradshteyn and I. M. Ryzhik (2000),“Table of Integrals, Series, and Products,”Sixth Edition,
Academic Press.

[3] N. L. Johnson, S. Kotz, and N. Balakrishnan (1995),“Continuous Univariate Distributions,”Vol-
ume 2, Second Edition, Wiley Interscience.

[4] L. L. Scharf (1990).Statistical Signal Processing: Detection, Estimation, and Time Series Analysis.
Addison-Wesley Publishing Co.


