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Abstract

In this paper, we apply the high order WENO schemes to
uniform cylindrical and spherical grid. Many 2-D and 3-D
problems can be solved in 1-D equations if they have angu-
lar and radial symmetry. The reduced equations will typ-
ically involve geometric source terms. Therefore, conven-
tional numerical schemes for Cartesian grid may not work
well. We propose several approaches to apply the high or-
der weighted essentially non-oscillatory (WENQO) scheme
to the 1D cylindrical and spherical grid. We have tested
these schemes with Sedov explosion problem, and have
found that the conservation in multi-dimensional sense
is essential to generate physical solutions. The numerical
results show that the global flux-splitting may fail to work
even for high order WENO finite-difference schemes. We
have also shown that only high order WENO finite-volume
schemes can achieve both the high order accuracy and the
conservation.
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1 Introduction

WENO schemes become popular in numerical simula-
tions involved discontinuities and sharp fronts. Most
of WENO applications in literatures are for Cartesian
grid. In this paper, we test WENO schemes for other
types of orthogonal curvilinear uniform grid.
We consider a hyperbolic conservation law
u + V- f(u) =0, (1)
with an initial condition ug. If we know the solution
is radially symmetric, we can rewrite the equations
in polar or spherical coordinates, obtaining a system
that reduces to a problem in a single space variable
r. In this paper, we are particularly interested in the
Euler equations. Normally the radially symmetry can
be used to reduce the Euler equations into

1
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(pu)t + T_,,(Typ u2)r +pr = 0,
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B, + T—V(TV(E +pu), = 0,

where v is a constant that depends only on the di-
mension, and v = 1 for 2-D cylindrical grid and v = 2
for 3-D spherical grid. This system can be rewritten
as

()t + (pu)r —v(pu)/r,
(pu)e + (pu® +p)r = —v(pu®)/r, (3)
E,+(F+pu), = —v({(E+pu)/r

which has exactly the same form as the one-
dimensional system of equations in Cartesian grid
with the addition of a geometric source term on the
right-hand side.

Even if the real problems of interest must be
studied multi-dimensionally, radially symmetric solu-
tions are valuable in testing and validating numerical
codes. A highly accurate solution to the 1-D prob-
lem can be computed on a fine grid and used to test
solutions computed with the multidimensional solver.
This is useful not only in checking that the code gives
essentially the correct answer in at least some special
cases, but also in determining whether the numerical
method is isotropic or suffer from grid-orientation ef-
fects that lead to the results being better resolved in
some directions than in others.

Many numerical solvers solve the reduced problem
as a 1-D problem with a geometric source term (see
[6]). This approach has a advantage that the existing
numerical solver for the Cartesian grid can be used
directly without modification. For the fully discrete
methods for conservation law, a Strang splitting [11]
strategy is often used to handle the geometric source
term separately. For semi-discrete method, where an
ODE system is obtained by only space discretization
(e.g., high order WENO schemes), the source term
can be incorporated into the ODE system directly.

However there is a severe drawback to solve (3)
directly. The original multidimensional conservation
law is not preserved, i.e., the numerical schemes may
not be conservative in multidimensional sense. Con-
servation is a very important requirement in many



numerical schemes to produce physical solution, es-
pecially for problems involving shock waves. Lax and
Wendroff [5] has proved that the numerical solution of
a conservative and consistent numerical scheme con-
verges to the weak solution if it converges as mesh is
refined. Many numerical examples have shown that
a nonconservative method can fail to converge to a
weak solution even if it has high order accuracy. Later
in our numerical tests, we will show that applying the
high order WENO finite-difference schemes directly
to the reduced system with the geometric source term
yields wrong shock location and strength.

To preserve the conservation law, especially to pre-
serve the total mass and total energy, we must adapt
the numerical schemes to the cylindrical and spheri-
cal geometry. For a second order scheme, this adap-
tation is easy to implement. However for a higher
order (> 214 scheme, this is not trivial.

WENO schemes are based on ENO scheme, which
were first introduced by Harten, Osher, Engquist, and
Chakravarthy [1] in the form of cell averages. The key
idea of ENO schemes is to use the smoothest stencil
among several candidates to approximate the fluxes
at the cell boundaries to a high order accuracy, and
at the same time to avoid spurious oscillations near
shocks. The cell-averages (finite-volume) version of
ENO schemes involves a procedure of reconstruct-
ing point values from cell-averages and could become
complicated and costly for multi-dimensional prob-
lems. Later, Shu and Osher [8] developed a flux ver-
sion (finite-difference) of ENO schemes which do not
require such a reconstruction procedure.

The finite-volume schemes and the finite-difference
schemes are equivalent, both in numerical solu-
tion and accuracy and in complexity of coding and
CPU time, for 1-D problem. However, for multi-
dimensions, the finite-volume code becomes much
more complicated and costly. Shu [10] pointed that
the finite-volume WENO scheme is about four times
more expensive than the finite difference WENO
scheme in 2-D, and is about nine times more ex-
pensive in 3D. However a main restriction on the
finite-difference WENO schemes is that the third and
higher order of accuracy can only be used on uniform
rectangular or smooth curvilinear grid. Even for the
smooth curvilinear grid, the finite-difference WENO
schemes have a risk to lose the conservation. We will
show it in the next section and in numerical tests.

The reconstruction of the point value from cell-
average values is the key for both the finite-difference
and the finite-volume WENO schemes. The finite-
volume WENO scheme reconstructs the conservative
variables at cell-interface, given the cell-average val-
ues of them. The finite-difference WENO scheme

does not have cell-average values explicitly and hence
it takes the point value of the flux at each grid point
as a cell-average value of some flux function. Shu
[10] have given an excellent review and comparison
between these two types of schemes.

The outline of the paper is as follows. In section 2,
we propose and compare several approaches to extend
the WENO finite-difference scheme to cylindrical and
spherical grids. The high order WENO finite-volume
schemes are constructed in section 3. Finally, the
numerical schemes are tested and compared by using
the Sedov explosion problem.

2 High Order WENO Finite-
Difference Schemes

Consider 1-D scalar hyperbolic conservation law,
U + f(u)r =0. (4)

The WENO schemes for a uniform Cartesian grid can
be written as

de 5
! R S e R 5
dt + h (5)

where f; 41 is the numerical flux at cell interface, and
h is local grld spacing.

We first consider the finite-difference WENO
schemes, since it is easily extended to multi-
dimensions.

2.1 Extension to and

spherical grid

cylindrical

In the first approach, we can solve the equations with
geometric source term, such as (3). Since the convec-
tion term is exactly the same as that in Cartesian
grid, the WENO schemes can be plugged in imme-
diately. If we denote the geometric source term to
be g(r,u), then the WENO finite-difference scheme
yields,

du; fiy1 —fi-1
d_t]+ L h Lz :g(rjvuj)7 (6)
where g(r;,u;) = —(f;)/r}. This scheme has a severe

drawback. It does not preserve the original multi-
dimensional conservation law, which is

R R
/ u(t,r)r’dr = / u(0, r)rdr,
0 0

Applying the midpoint rule to (7) yields
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V+1
Tird T -t



N 1
— 1
E T (r;’_t% ™)

where @ is the volume average value of w at cell
[rjfé,rj +%]. In a conservative numerical scheme, we
can replace u; with point value u;. It is clear that
the WENO discretization (6) is not conservative in
the sense of (8).

The second approach is to do coordinate transfor-

mation x = V%_lr”“. Then we obtain
O(f(w)r”) _ o(f(w)r”) (9)
rvor oxr

We can extend the high order WENO scheme to (9)
since the grid in « is a smooth curvilinear grid. De-
note

Fla,u) = flu)r” = f(u) (v + 1)) 7.

Then as suggested by Shu [10], the WENO scheme
for (9) will have form

r¥dr ’

O(f (u)r”)

rvor

where fj 41 is the numerical flux at the interface for
uniform grid r. Although (10) does not satisfy con-
servative form (8), it satisfies an approximate con-
servation law, Z;V:O u;ridr = const, which is also
important to have the solution converge to the weak
solution. Unfortunately, this approach does not work
well near the origin (r = 0). It might be because that
the flux f(u) is flattened by the scaling factor r”, and
it has large error near the origin » = 0. In numerical
experiments, we found the pressure became negative
after a short time near the origin.

The third approach is to use the flux generated
from the Cartesian grid directly and modify it for
use of cylindrical and spherical geometry as

du Toealrd LiodbTE g
dt dv;
where dV;(v) = H_%(lejr'g - r;fg) is the local control

volume. For the discretization of momentum equa-
tion, there is additional source term vp/r on the right
side of the equation. To be consistent with the con-
servation law in multi-dimensions, this term must be
discretized as p; - dV;(v)/dV;(v —1).

We will show that the numerical scheme (11) is
of only second order even if the numerical flux f; 41
calculated as in (5) is of higher order. Taking the

spherical geometry as an example, at a fixed r = r;,
we have

2 .2 _
T e O (fﬁ% “ iy 2fj>
3 _ 23 .
rj+%/3 e /3 h T

Therefore, (11) is only of second order.

2.2 Flux-splitting for finite-difference
schemes

For achieving numerical stability and for avoiding en-
tropy violation solutions, upwind and flux-splitting
approaches are used in constructing the WENO flux.
The flux is written as a sum of the positive and neg-
ative fluxes, f*(u),

flu) = f1(w) + f~ (w),

where fT has positive eigenvalues and f~ has nega-
tive eigenvalues. There are several choices in defin-
ing the splitting. A simple choice is given by the
Lax-Friedrichs splitting, which produces very smooth

fluxes,
1

FEw) = 5 () % au),

where « is taken as max, | f/(u)| over the relevant of
u. If the range is locally defined, it is called the local
Lax-Friedrichs (LLF) splitting; if the range is global,
it is called the global Lax-Friedrichs splitting (LF).
For lower order schemes the quality of the solution is
usually very sensitive to the choice of the splitting,
and the Lax-Friedrichs flux is very diffusive. But it is
claimed in [3] that this sensitivity is much less impor-
tant for a higher-order method. It is recommended in
[4] that the global LF be used for fifth order WENO
scheme. In numerous examples of Cartesian grid, we
have not encountered the fifth order WENO scheme
failed with the global LF. We have pointed out in [2]
that LLF is required to achieve the conservation law
strictly in adaptive mesh method and parallel com-
putation via domain decomposition. Even in those
cases, we found that a global LF can give reasonable
results. Later we will find that this may no longer be
true for spherical and cylindrical grid.

We remark that the LF may fail in other cases
where the global « is far more larger than the local
« near the shock and other discontinuities.

We have investigated the possibility of develop-
ing conservative high order finite-difference WENO
schemes of form (11). As indicated in Shu [10], the
high order WENO finite-difference schemes can be
constructed only for smooth non-uniform mesh.Our



mesh in z = 1r” satisfies this condition. How-

ever, the high order WENO scheme is constructed for
% only. The numerical example showed that
the scheme (10) is no better than other discretiza-
tions.

3 High Order WENO Finite-
Volume Scheme

3.1 Finite-Volume discretization

The high order WENO finite-volume scheme of form
(11) can be developed following the way of Liu et al.
[7]. For finite-volume scheme, we have cell-average
values at each cell, defined by

1 Ti+%
uj(-,t) = W_/ o u(r, t)rdr.

i-3
Integrate the hyperbolic system

a v
L0 (G
rvOr
over each cell, we obtain

W= (Y gy 1)) — 72y falr g 1),

To achieve the high order accuracy, we need to eval-
uate u(r;, 1,t) at interface 7 = r;, 1 to high order.
First, from the given cell average @ = {u,}, we can
reconstruct a piecewise high order interpolation poly-
nomial R(r). Next the u(r;, 1) can be evaluated to
high order by R(z) locally. The flux at the interface
then is evaluated by a numerical flux (approximate
or exact Riemann solvers). For example, one could
use the simple Lax-Friedrichs flux, which is given by

Flulry ), 0) = S0+ fm 1) - a(u® —u),

where « is taken as the upper bound for the eigen-
values of the Jacobian at Tipls and v and u~ are
the values of u(r;; 1) from the right and left side of
interface.

3.2 Reconstruction procedure

Following the reconstruction procedure of Liu et al.
[7], given cell averages {u, }, we can immediately eval-
uate the point values of the solution’s primitive func-
tion W(r) at interfaces W (r; +1 ), where the primitive
function is defined as

(g, t)€" dg. (12)

Note that there is a difference between Cartesian and
other orthogonal grids to define the primitive func-
tion. However, if we set = 1/vr” then

W)= [ ) | ul&.0E

JT—

(13)

which is more like the primitive function defined by
Liu et al. [7]. Differentiating (13) with respect to
z yields, u(z,t) = LW (z). Discretizing (13) gives
W(x;,1) = 3;_; dV;. Unlike the conservation law
in 1-D uniform grid, the local control volume dV; is
no longer constant. It depends on the location of the
cell.

To reconstruct the solution, we interpolation W (x)
on each stencil S; = (z;_; 1 1,....,2;,,,1) to obtain
a polynomial p;(x), i.e.,

pj($l+§) = W(‘Tl-i-%)a l=j—=J1,-]+J2

Obviously the corresponding polynomial p(z) ap-
proximate the solution wu(x,t) to high order. The
difference between our reconstructions and those in
Liu et al. [7] is that the grid in z is non-uniform in
cylindrical and spherical grid.

The ENO schemes choose the least oscillation one
among all possible stencils. The WENO scheme in-
stead is a convex combination of all possible sten-
cils. Unlike in the uniform mesh, the optimal weights
for the WENO scheme now depend on the local grid
spacing in z. For x = r”, we have

ri+h : _
Gr3n ifvr=2
Co =4 (3r2+1h)(3r2+6rih+13h?) fy—3
6(3r2—3r;h+Zh2)(3r2+3h?)
2ri—h . _
o if v =2,
C1 =19 (6r2—3rih+Ih)(3r2+1h?) fy—3
(67';"-{—%7'¢h+%h2)(97?+%h2)’ -

The actual weight of the stencil in the convex com-
bination can be evaluated by smoothness indicator
in each stencil. Here we use the measure taken from
Jiang and Shu 1997 [4], which amounts to a measure
on the L2-norms of the derivatives. Again, when we
evaluate the smoothness measure, the non-uniformity
of the grid should be considered. For the third-order
WENO scheme, it yields the same measure as for the
uniform grid. However for the fifth-order, the mea-
sures are different.

We remark that for system of equations, the
WENO reconstruction should be performed in local
characteristic fields.

4 Numerical Results

In this section, we show some numerical results for
Sedov problems. We focus ourselves to the results of



WENO scheme. The reference solutions were calcu-
lated with second order TVD methods with very fine
grid.

4.1 Sedov Explosion Problem

The Sedov explosion problem (Sedov 1959) involves
the self-similar evolution of a cylindrical or spherical
blast wave from a delta-function initial pressure per-
turbation in an otherwise homogeneous medium. To
initialize the code, we deposit a quantity of dimen-
sionless energy € = 1 into a small region of radius ér
at the center of the grid. The dimensionless pressure
inside this volume, Py, is given by

/I 3(7 _ 1)6
07 (v 4 2)morv+L’

where v = 1 for cylindrical geometry and v = 2
for spherical geometry. In running this problem, we
choose 0r to be as large as the width of the ghost
cells in order to minimize the effects of the reflection
boundary conditions. The density is set to p = 1
throughout the grid and the pressure is set to a small
value Py = 10~° except in the explosion region. The
fluid is initially at rest. Although there is an ana-
lytical solution for the reduced 1-D problem. It is
defined implicitly and not readily available. There-
fore, we calculated the reference solutions with very
fine grid and a conservative second order method.

4.2 Results for cylindrical grid

The WENO scheme of (10) failed at ¢ = 0.002424 due
to the negative pressure. At ¢t = 0.002, the solution
seems OK but has large difference from the reference
solutions, especially near the origin.

The fifth order WENO finite-difference scheme
with a global LF splitting failed to produce steep
shock front (see Fig.l) for both conservative (11)
and nonconservative version (6). We initially thought
that it was due to the steep initial conditions for pres-
sure. So we calculated the solution with our conser-
vative second order method to time ¢ = 0.04 and
then we advance the solution from ¢ = 0.04 using the
WENO with LF flux-splitting. However, we obtained
almost the same results.

The WENO finite-difference scheme with LLF flux-
splitting gives steep shock front (see 2). However,
Without the conservation, the shock front has wrong
location. It is interesting to see that the results for
the modified conservative WENO scheme (11) match
very well with the reference solution although it has
only second order accuracy.
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Figure 1: WENO finite-difference with LF flux-splitting at
t = 0.05
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Figure 2: WENO finite-difference with LLF flux-splitting at
t =0.05

4.3 Results for spherical grid

The 3-D case is very similar to the 2-D case, ex-
cept that now the finite-difference discretization and
finite-volume discretization of the source term are no
longer the same. Since for the conservative form, the
source term is added only to the momentum equa-
tion, the discretization of the source term will not
affect conservation of the mass and energy. How-
ever, we observed that the velocity and pressure is
totally wrong near the origin if the finite-difference
discretization of the source term is used. If r is large
enough, the difference between these two discretiza-
tion is O(h?). Near the origin (r = 0), the difference
between these two is as large as (O(1/h)).

We found that the local maximum sound speed
near the shock front is about 1.5, while it is about 310
near the origin. For the global LF flux-splitting, the
flux f*(u) deviated the local flux f(u) so much that
it cannot reflect the local characteristics any more.
That is why the global LF fails for this example. For
other examples we have tested so far, the location of
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Figure 3: WENO finite-difference with LF flux-splitting at
t =0.05
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Figure 4: WENO finite-difference with LLF flux-splitting at
t =0.05

the global maximum sound speed is always close to
the shock front. However, for this example, the den-
sity is extremely low (about O(107%) for 3-D case)
near the origin and pressure is relatively large (0.188),
the local sound speed calculated by ¢ = ~p/p near
the origin is much larger than that near the shock
front.

We also test the conservative WENO finite-
difference scheme (10). If we start from ¢ = 0, the
integration stops after a few time steps due to the
negative pressure. We started the simulation from
t = 0.01 (scheme Eq.(11) is used before ¢ = 0.01),
the results are in good agreement with the reference
solutions except at the origin. Fig. 7 shows that the
high order scheme (10) has almost the same results as
the second order scheme (11). Fig. 8 shows that the
scheme (10) has large error near the origin. The pres-
sure should be constant near the origin. However, the
result from scheme (10) has an incorrect large jump
near the origin.

45 T T
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finite-difference discretization of source term ---x---

40—"\‘
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5 1
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1
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0 0.005

Figure 5: Results of the different discretizations for the
source term near the origin.
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Figure 6: Results of the third-order WENO scheme for Sedov
problem.

5 Conclusion

We tested WENO scheme for radially symmetric
cylindrical and spherical grid. Numerical results show
that preserving conservation law in the numerical
schemes is crucial to have accurate shock location
and strength. Traditional implementation to solve
the cylindrical and spherical problem with the geo-
metric source terms does not preserve the mass and
energy, although it can achieve higher than second
order accuracy. Treating the cylindrical or spherical
grid as smooth nonuniform grid, as WENO finite-
difference scheme applied to general curvilinear grid,
has large error near the origin so that it failed for
some initial conditions. There is also a risk with this
approach that the discontinuity will be spread out be-
cause the weight in WENO scheme will be smoothed
out by the geometric factor (r for 2-D and r? for 3-D).

The modified conservative WENO finite-difference
scheme produces good results. However, it is only
of second order accuracy in theory. This leads to a
question that the complexity and effort of the WENO
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Figure 7: WENO finite-difference with LLF flux-splitting at
t = 0.05.
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Figure 8: WENO finite-difference with LLF flux-splitting at
t = 0.05 near the origin.

may not be worthy for such low order of accuracy. Ac-
tually, a second-order TVD scheme may work much
efficient in this case.

We should mention that the global flux-splitting
may not work even for high order method. The spu-
rious solution is generated if the global maximum
characteristics speed is far more larger than the local
speed near the shock or contact. For robustness, we
suggest the local flux-splitting method be used.

The WENO finite-volume scheme can achieve both
the conservation law and the high order accuracy.
However, it might be too much costly for multi-
dimensional problem. Since we have an orthogonal
uniform grid, a low order method with fine grid may
work more efficient than the high order WENO finite-
volume scheme.
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