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Abstract
Partitions of a plane, based on two or three of its points, areintroduced. The study of these partitionsis applied to finding
the minimal enclosing circle (MEC) for a set Sof n planar points. MEC(S), the MEC of n points of S, is defined by either a
pair of Spointswith the largest distance (tight two-tuple€) or by a triplet of Spoints spread on more than half of its
circumference (tight three-tuple) with the largest radius. An extension for an existing MEC by an outside point Pl S isa
MEC for point P and the points of the tight tuple for the existing MEC. It hasa larger radiusthan existing MEC. The
MEC problemis dual to a problem of finding an optimal partition of S-plane by two or three points of Sdefined with the
largest circular region. A two point partition dividesthe S-planein 4 regions, a three point—in 7 regions, oneregionisa
circlein either partition. The MEC algorithmis based on this duality. It beginswith a MEC of two arbitrary points of S
and corresponding two point partition of S-plane. Next, each point P of Sis examined in a separate step of the algorithm.
If it is outside of the current MEC, its extension by this point is obtained. Thetight tuple for the extension is formed by
replacing either none or one or two points of current MEC' stight tuple by point P. Which points of the tuple areto be
replaced by point P depends on the region to which P belongsin a plane partition by the points of current tight tuple. The
next circle hasalarger diameter and it retains at least one set of the defining points of a previouscircle, thuslimiting a
possible loss of its S- points during an extension. A n-step iteration is completed once each point of Sisexamined. Itis
repeated until no point of Sisfound outside of a current MEC during an entire iteration. Observed number of stepsin the
algorithm has rarely reached 5n and never exceeded 6nin an experiment over several point distributionswith ninrange
from 10 to 28,000,000 . Commonly considered as the fastest, Cértner' s modification of Welzl’salgorithm[18], [6] hasa
proved expected performance of O(n). In the experiment MEC algorithm outperformed itin morethan 7timesin
average. At this point no satisfying theoretical bound, matching this remarkable performance of MEC algorithm, has been
found. Thisincremental algorithmisanon-linealgorithm: if set Sgets new points during its execution, the current and
following iterations continue with an updated set Swithout a |oss of the progress achieved before the update. The
algorithm has been already extended to R® and thiswill be reported elsewhere.
This paper is also about the two and three point partitions. They provide the basis for the MEC algorithm
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Introduction
The MEC problem has along history. In 1857 Sylvester stated it for aset S of n planar points[15] and in [16] he

was discussing efficient solutions for the problem. The MEC problem is an optimization problem and in Operations
Research is stated as the minimax facilities location problem:

min- mex  ((%-%0)*+(Yiyo))

Po 1<=i<=n
where po(X%,Yo) isthe center of the circle to be determined and S={ (% vyi)}. The solution of the problem isthe point py with
the minimal greatest distance to any point of S. This criterion is used inemergency facilities, such as police stations and
hospitals, to minimize worst-case response time [17], [14].
Animproved efficiency for the solution of the MEC problem is achieved with the use of Voronoi partition by Shamos and
Hoey [12], [13]. Their algorithm makes use of Voronoi partition of a plane into regions with each region made up by
points with the largest distance to a respective one point of S. Once the partition is completed inW(n log n) time, it takes
O(n log n) time to find the center and radius of the MEC. Megiddo developed a method for finding MEC(S) with optimal
linear time based on convex programming and then extended his method to any fixed dimension [7]. 1n 1991 Emo Welzl
developed a randomized method for determining MEC in expected linear time [18]. Algorithmsimplementing
maodification of Welzl’ s method and experimental results are presented in 1997 Cértner publication [6].
1. Two Points and a Space Partition
Theorem 1
Let A and B be two pointsin n-dimensional space and O isthe middle point of the line segment AB. Let P be an arbitrary

point in the space, T, :&’,ﬁ :%ﬁ . Then points A and B induce a unique partition of the space into four regions, the

union of which isthe space and intersection of each pair of these regionsistheir boundary. The four regions are defined as
follows
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point of the spaceisin (2) or in (3). In case of atwo- ey

dimensional space, region (1) hasthe circumference asan
intersection with region (4) and adifferent common single
point with region (2) and region (3), while intersection of
each with region (4) is a different straight line and
intersection of regions (2) and (3) is empty. Vectors AB and BA define (1) and (4) identically, while regions (2) and (3)
for AB become regions (3) and (2) for BA . This means that the partition is uniquely defined by points A and B, while the
regions (2) and (3) identifications depend on the tuple choice (A ,B) or (B,A) to represent the two-point set { A,B}.

Figure 1. Two-Point Partition of aplane
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Two-Point Partition of R®
Definition 1
B, A, A and B arereferred to asthe basis of the region (2), (3), (4) respectively.
Definition 2

A MEC defined by atight tuple (A,B,C) or atight tuple (A,B) isreferred to as (A,B,C)-MEC or (A,B)-MEC respectively.
Property of a two-point partition
For apoint P outside of (A,B) — MEC, the MEC encircling the three points P,A,B isone of (B,P) -MEC, (A,P)-
MEC, (A,B,P)-MEC, depending on P belonging to (2), (3) or (4) respectively. ThisMEC has aradius larger than OA.

* |t follows from thefirst inequality in definition of thisregion



Proof
Figure 1 shows the regions and corresponding MEC
tuples. If P belongsto region (2) or (3) the MEC with AP
or BP asadiameter contains the third point as a vertex of
an obtuse triangleinscribed in it and this diameter is
larger than AB. If P belongsto region (4) than (A,B,P)-
MEC contains these points and its center lieson a @
perpendicular to AB at its middle point, making the radius basis: C
of (A,B,P)-MEC larger than the (A,B)-MEC radius.
2. Three Points and Plane Partition
Theorem 1

Given acircle by itstight three-tuple (A,B,C),
there exists a unique partition of its planein seven
regions, the union of which isthe plane and an
intersection of any pair of the regionsis either empty or is
their one-dimensional border.
Proof

(")

(aP)

basis: A

The partitionin Figure 2 shows the circle and the
other six regions. This partition is produced by straight
lines perpendicular to each side of triangle ABC at their
two verticesand thecircle. Let {P, P>, P3)={A,B,C}
and P be an arbitrary point on the plane. Thecircleis
defined by the three-tuple (A,B,C). Each of the three
regions between parallel lines and the circles border is
identified by the fact that angles D PP;P, and B PP,P; are acute for a point P from the region corresponding to P; P, and
extending only from the side of the circle which isfurther from P,;P,. Each of the remaining three regionsis adjacent to
corresponding two regions, considered above, sharing a common linear border with each of them and just one common
point with the circle’ sboundary. A point P belongsto one of theseregionsif and only if B PP,P, and b PP,P; are both
obtuse and P1P, and P, P; correspond to the adjacent regions. Each of these regionsis defined by a different set of
requirements and a non-border point of the plane satisfies one and only one of them.

Figure 2. Three- point partition of aplane
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vectorsAC,BA,BC, Ryc =2AC, Rga =1BA, Rgc =1BC, and middle points Oac,

Oga ,Ogc Of AC, BA, BC correspondingly. Let 1 = OP, Tac =OncP, Tgn = Oga P, Tac =OgP for an arbitrary point P,

and R betheradius of (A,B,C) — MEC. Theregions, specified in Theorem 1, may be also defined asfollows:
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(1¢r) specifiesthecircle.Thefirst inequality in ( 2¢),( 3¢),( 4®) specifiesregions (4) of the partitions produced by pairs
(B,A), (A,C), (B,C) correspondingly and with the second and third inequality in them the regions are reduced to
subregions beyond the circle (O,R) further away from corresponding side of triangle ABC. Regions (5¢), (64), (74) are
intersections of corresponding regions (2) and (3) in the partitions produced by the pairs (A,C), (B,A), (B,C).

Note

Given points A,B,C, parameters defining the regions (1”)-(7") may be obtained as described below.
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OgaO = OgaQ +QO=a xAC + b xBC .

Vectors 0,0, 0,0, OzO may be computed by noticing:

a) Each is perpendicular to an appropriate side of the triangle ABC at its middle point and points to the inside of this
triangle since it isacute. Hence, each of these vectors allows to be represented as a linear combination of two vectors with
not zero coefficients (positioned on the other two sides of triangle ABC).

b) The magnitude of each (for defining regions (2¢), (34), (4&), only directions of these vectors matter) may be

f PP?
computed as,[R? - % , where R isthe (A,B,C) — MEC radius, PP, represent an appropriate side of the triangle ABC and

BA xACxBC
R= BTN Spagc representsthe area of triangle ABC and may be computed as Jé(f - BA)(¢/ - AQ)(/ - BC)
DABC
. AB+AC+BC — . . .
with /= — Let OF?P;O represent one of the three vectors under consideration. Accordingtoa) and b) :

*) OPIPjO:aijF’i R +Db;;P,P , where P, isthe remaining vertex of triangle ABC,

(**)OF}F’JC))F’l_PJ =0,

* |t follows from the other two inequalities in definition of thisregion
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Let T;; bethevaluefor a;* defined by thelast equation: T; ©
Notice that the coefficient of a ”-2 in (****) ispositive, sinceit isreceived as a square of areal value not equal to zero. The
selection of thesign of + JT-- in defining a ; hasto be done according to the directions of the vectors on the sides of

triangle ABC. For RP ° BA thea; >0, since O,50 has an acute angle with AC; for ﬁo AC the a; <0,since

O O has an obtuse angle with BA ,and for P,P ° BC the a; >OsmceO <O has an acute angle with BA .

PP PP —
The b is, then, computed by applying theformula b, =- a; XE—)) . To compute each of the vectors Og, O,

0ncO,0gc0, oneassumes RP =BA or RP =BC or RP, =BC or RP, =AC accordingly, definesT;j, &, b

For the purpose of specifying regions (2¢) - ( 74) the equations (*) and (**) are sufficient. Together they provide the
direction from the middle point of aside of triangle ABC to the (A,B,C) — MEC center. Taking the appropriate signfor a;

ijr Mij.

and arbitrary its magnitude, the bij is computed and resulting expression represent a vector of the same direction as

Opipj O . However, assuming the radius-vectors for points of S are given with respect to afixed point on the plane, in order

to define r = OP at least one of the vectors 05,0, 0,0, OgcO may be computed—only then the regions (14) —

(7€) are defined. To defineregions (1¢)-( 7€) in terms of vectors T = OP,BA,AC,BC only, the second equation in ( 2¢),
(30), (4) may be replaced by (1 ¥AC)2 0, (r%8C)£0 (r*BA )2 0, and the third equationin (57), ( 6¢), (7€) by
(T@) 30, @) 30, (T%) £ 0 respectively. Thevalue of R depends onthe values of BA, AC, BC only.

Propertiesof a Three-Point Partition

Definition

Givena(A,B,C)-MEC, A andB, A and C, B and C, A, B, C arereferred to as the basis of the respective region
(29),(30), (40),(5"),(6"), (74) (see Figure 2).
Property 1

A point P of aregion with aP; and P; basis i,j = 1,2,3, i<j, in athree-tuple partition, produced by atight tuple
(P1,P2,Ps), generates atight three-tuple (P,P;,B) and the (P,P;,B)- MEC encircles all four points (P,P.,P,,Ps), (making the
radius of the MEC larger than the radius of the (Py,P,,P3)-MEC).
Proof

It follows from the definition of such regions that triangle PR,P, is acute. The fact, that D P.PP, islessthanb PPR
(since P is outside of the (P;,P,,P) circle) and the center of the new circle is on the same perpendicular to R P as the center
of (P1,P,,Ps)-circle, means that to have P, and P; on its boundary aswell as P it hasto shift further from PP, on this
perpendicular- resulting in larger radius of the new circle and decreased distance between Py and the center of the (P,PP)-
MEC.
Property 2

Let P be a point in the region with asingle point basis F;, i=1,2,3, then (P,R)-MEC (or (P,R)-MEC)
correspondingly contains all 4 points P,P,,P,,P; with alarger than the (P;,P,,P3)-MEC radius.
Proof

Inthis region the triangle PPP; and triangle PPP, are obtuse and the obtuse angles are at vertices P;,P, {i,j,k} =
{1,2,3}. Thediameter P,Pof the (P1,P2,Ps)-MEC isinside of (P,R)-MEC since the later contains the triangle PP,P, and

point P;,



3. Extensions
Definition

A MEC isreferred to as a P-point extension of QMEC, where Qisatight tuple ,if itisaMEC for points of Q
and point P.

Note. An extension operation is essentially an operation on atight tuple resulting in another tight tuple.The operation is
defined by a special transformation of acircle and is determined by an outside point P and two or three points representing
thecircle. If instead of Q ,atuple U is chosen to represent the circle Q-MEC, it may result in not the same circle-extension
of U-MEC (although U-MEC and Q-MEC coincide geometrically, their extensions may not).

Extension Theorem

Givena Q- MEC, thereisone and only oneits exension by an outside point P. The radius of the extensionis
greater than the radius of the Q-MEC.
Proof

If the given MEC isrepresented by atwo point tuple (A,B) then the point P belongs to one of of the three regions
of the (A,B)-MEC partition and the tight tuple for the extended MEC is either (A,P) or (B, P) or (A, B, P) depending from
which region the point Pisdrawn. If the given MEC is represented by athree point tuple (A, B, C) then the point P
belongsto one of the six regions of this three point partition and the extended MEC is represented by one of six tuples,
depending on the region where point P is, (A, B, P), (A, C, P), (B, C, P), (A, P), (B, P), (C,P). The extension has alarger
radius, it contains all the points of the MEC tuple and point P outside of it as proved earlier.

The next theorem pointsto a close relation between aregion on a plane and the unique way producing an
extension by any point of thisregion. It allows for an equivalent definition of regions as subsets of plane points, each
requiring the same basisfor producing an extension. It immediately follows from partition and extension properties above.
Equivalency Theorem

For points of aplaneto belong to the same region of an induced by a Q- tuple partition , it is necessary and
sufficient that any extension of Q-MEC by one of these points may be defined by atuple differing in this point only (made
up from this point and the same basis).

Duality Theorem

Minimal enclosing circle problem is dual to a problem of finding two (three) pointsin Sthat induce a partition of
the S-plane with the largest region 1 (region 14).

Proof

If MEC(S) isfound and (A,B) or (A,B,C) isitstight tuple of points of Sthen a(A,B)-partition or (A,B,C)-partition
of the plane is defined with the largest possible radius for the circlein region 1 or region 1&. If a partition of the plane with
the largest region 1 or region 1€ is defined by 2 or 3 points of S the points are easily identified (see Figure 1, Figure 2) and,
since they constitute atight tuple for the largest circle in atwo point or athree point partition of the plane produced by
points of S, the circle does not have a point of S outsideit.

4. MEC Algorithm
Initialization:

Let T bethearray containing all n planar points of Sand P, P? be the two arbitrary points of it. Assume NP=2,

MEC=(P® P?)-MEC

Iterative part:
do
AMEC=MEC;
for (i=0; i<n; i++)
{

if (NP==2)
compute which of the 4 regionsfT holds point T[i] and if it is not the region(1), compute the
extension of the MEC by point T[i] and update NP to 3 if theregioniis (4);

else
compute which of the 7 regions” holds point T[i] and if it is not the region ( 1¢), compute the
extension of the MEC by point T[i] and update NP to 2 if the above region is either ( 5@)or ( 64)
or (74);

end if

MEC=extension

while (MEC is not coinciding with AMEC).

" See Figure 1
™ See Figure 2



Convergence of MEC Algorithm
Theorem
Generated by the algorithm sequence of extensionsE = E;,E,Eg,... convergesto MEC(S).
Proof
An extension E.; hasalarger radius than extension E; t=1,2,..., and is defined by atight tuple and consequently
the same tuple does not occur twicein E. The algorithm generates extensions until no point of Sis outside of a current
extension. The fixed amount of tuples ensures that this process isfinite and delivers MEC(S).
5. Experimental Results
Points for 48 setsfor adistribution were generated by arandom number generator with n in range between 10 and
28,000,000. Several different point distributions were used and the observed number of steps hasrarely reached 5n and
never exceeded 6n. Gértner's modification of Welzl’ salgorithmwas used as abenchmark in this experiment. Inaverage
MEC algorithmsolved the same problem in more than 7 times faster. For example ,it took 3.45 seconds for the MEC
algorithm as opposed to 28.64 seconds for Gértner' s modification to comp ute the same optimal solution for a 28,000,000
point instance . A 1999 Géartner’'s C++ program, available on hiswebsite ,and my C++ program were used in the
experiment, delivering the same optimal solutions for each instance.
6. Conclusion

A new method for solving the MEC problem and a new method for a plane partitioning are introduced. The latter is

incorporated in the MEC algorithm. Experimental resultsshow more than 7 timesfaster performance of MEC

algorithm when compared to the commonly considered fastest method .
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