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Abstract: In the complete graph Koz for m > 2, we study some structures of simple non-isomorphic
Hamiltonian sub-graphs of the form H ( 2n+3 , 6m+3) for m > 2 . The various structures of the form
H(2m+3, 6m+3) for m > 2 are found and some of them are observed to give some forms of metal atom cluster
compound of chemistry . Finally, we establish an algorithm to solve the traveling salesman problem when the
weights of edges of the complete graph K ,,.3 for m> 2 are non-repeated in the case of symmetrical problems. The
applications of the sub-graphs H (2m+3,6m+ 3) for m > 2 are shown in the solution of traveling salesman problem.
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Tsp .

1. Introduction

The traveling salesman problem is an NP-Complete prolleis a problem, where one has to
study the Hamiltonian circuit with minimum expenditure (lesit route) from the weighted graph which
is obtained from the cost matrix of the traveler. This [@wobis not yet completely solved till date. Some
heuristic methods /algorithms have been considered besidel®sgleeinsertion and two optimal methods.
Further, the Hungarian method is also used to solve tbidgm. But, it is laborious and tedious. Kruskal
[1] has forwarded the application of spanning sub-tree of a dorghe solution of traveling salesman
problem. Some works have been done in various parts of tHd, welating to Hamiltonian graphs and
traveling salesman problem by Camion [2], Ore [3] , 4ih,Peo & Hakim [5] , Bellmore & Nemhauser
[6] and Grinberg [7] . The edge-disjoint Hamiltonian citswf the complete graphak..for m> 2 has
been discussed by Kalita [8]. Again Burkand. et al [9] dissdi$se traveling salesman problem with the
help of permuted Monge matrices. Recently, Kalita [1@] mat forward a Heuristic method of traveling
salesman problem under different conditions for the comgetph K., for m > 2. An up-to date
algorithm /method has been forwarded by Kalita [11] and byrtigghod, the minimum cost route of a
traveler for complete weighted graph, when the weights araepmated has been determined. This
method was comparatively an efficient method than the ettisting methods.

The very interesting non-isomorphic Hamiltonian sub-graphseofdrm H (2m+2,6m) for & 2,
obtained from the complete graphn for m > 2 have been studied by Kalita [12], where nice
application of such type of non-isomorphic Hamiltonian sub-gragplesfound in case of traveling
salesman problem . It was found that some structuresetd! atom cluster compounds of chemistry
have been found from the structures of non-isomorphic Hamitigiraple sub-graphs of the complete
graph Kni2form> 2.

The paper is organized as follows:

The section 1 includes the introduction partaioing the works of other researchers of the
world. Section 2 includes notations and terminologies theeretical investigations and discussions of
non-isomorphic Hamiltonian simple Sub-graphs of the compleiphgkom:s for m> 2 is included in
section 3 .In section 4 of the paper, we have focused some restiati about the structures of metal
atom cluster compounds of chemistry and they are found ftmenstructures of non-isomorphic
Hamiltonian simple sub-graphs of the complete graph#for m> 2.



In section 5, an algorithm has been developed to studgologon of traveling salesman problem
with the help of some non-isomorphic Hamiltonian sub-graphs afahwplete graph ¥.sfor m>2 . We
have studied the traveling salesman problem, consideringthglete graph K,.sfor m> 2 as weighted
graph. In section 6, conclusion is included.

2. Notation and Terminology

The notations and terminologies are consideoed the standard references [ 1-9] .The
complete graph k.3 for m> 2 is considered to find out the non- isomorphic Hamiltorsah-graphs of
the form H (2m+3 , 6m+3) for m 2 .The maximum and minimum degree of a vertex is denotacdamy
o0 respectively . The cost matrix of a traveler is glsvaonsidered for odd number of cities.

3. Theoretical investigation and structur e of sub-graph

Let us consider the complete graph.)for m> 2 .It is known that there are 2m5m+3
edges for e 2 in the complete graph,K.s Now deleting 2m+2 edges for m2 from the complete
graph K3, keeping in mind that the sub-graph thus obtained afteriatelet the edges must have
minimum degree at least = 2 and maximum degree= 2m+ 2 for e 2. It is found that the structure of
this type of sub-graph of the complete graph.Ktakes the form H (2m+3 ,6m+3) fora2 . Obviously,
this sub-graph is a Hamiltonian graph as there existeast lone Hamiltonian circuit connecting all
vertices of the graph .This graph has at least one vertexmnimum degre@ = 2 and maximum degree
A =2m+2 for m> 2 and the degrees of all other vertices lie between 2@r@ for m> 2 . Now our
point is to find out how many sub-graphs there are in the @egraph K,.s which are of the forms
H(2m+3, 6m+3) for n> 2 subject to the condition that the degrees of the veriiedsetween 2 and
2m+2 for m> 2 .But, some structures of metal atom cluster compound®and in these sub-graphs
(later it will be discussed ) .The following theoremves the number of non-isomorphic Hamiltonian
sub-graphs of the form H ( 2m+3 ,6m+3) foer2 of the complete graphykis.

3.1.Theorem: The number of non-isomorphic Hamiltonian simple subJgsapf the form
H(2m+3,6m+3) for n® 2 of the complete graphyk.s is 5n+8 for =1 with simultaneous changes
of m>2 .

Proof :It is clear that the existence of the sub-graph H(2m+3+3%hor m> 2 from the complete graph
Kom+s for m> 2 is possible athe 6m+3edges for n» 2 together with the deleted edges (2m+ 2)of the
complete graph K..sfor m> 2 gives 8m+5 edges. There is one-one correspondence between the edge
8m+5 and the edges 2m5m+3 of the complete graphus for m> 2 . Again it is found that all the
sub-graphs of the form H (2m+3, 6m+3 ) forr@ are of different degrees of the vertices .( only two
graphs are given below by the figure —1& 2. for m=2)
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Hence, they ( all the sub-graphs of the form HH{2Bm+3) for m= 2) are non- isomorphic as it
is found that the incidence relationship between thecesrof the graphs are not equal ( that is the sub-
graphs have same number of vertices and same numeeéges but not have the same number of vertices
with given degrees ). Now , we shall show that these syihgrél (2m+3 , 6m+3 ) for i 2 are
Hamiltonian .1t is known that the complete grapk.Kis Hamiltonian and it is regular of degree 2m+2
for m> 2.The sub-graph H( 2m+3, 6m+3) for>n? of the complete graph,k.s has at least one vertex
of degree d =2) and all the degrees of the other vertices lie bet®emnd 2m+2 for me 2 . It can be
shown that there are thirteen graphs of the form H ( 7 fdt5n=2 and all of them are Hamiltonian
( Figure 2 above is one of them ) as it has at least omgltbiaian circuit . Since the degrees of all other
vertices of the sub-graphs H (2m+3, 6m+3 ) for 18 lie between 2 and 2m+2 for m2 and each of
them contains at least one Hamiltonian circuit and thezdfuey are Hamiltonian .Again the sub-graphs
do not contain any self loop or parallel edges and sodtessimple .

Finally, we show that there are actually 5n+8 nusilmérHamiltonian simple sub-graphs for
n> 1 with simultaneous changes ofn2 of the complete graphyK.s

We prove it by induction method. It can be provethfthe construction process of the sub-graph
H (2m+3, 6m+3) for m= 2, deleting 2m+2 = 6 edges from the caet@mgraph Kthat there are 5.1+8 =13
sub-graphs for n=1. These 13 sub-graphs are Hamiltonian sanglenon-isomorphic .Therefore, the
result is true for n=1 with simultaneous changes of m E2t the result be true for n= k-1 with the
simultaneous changes of m=k .Hence there are 5( k-1 ) 518+3 non-isomorphic Hamiltonian simple
sub-graphs .Now we shall show that the theorem is trug=tomwith simultaneous changes of m=k+1.

The number of non-isomorphic Hamiltonian simple sub-graphgk) +8 when we consider the
value m=k+1. Since according to the statement of the threame need to consider the value ot 4, so
we must take n=k 1 on m=k+1> 2 i.e. m=k= 1, which shows that the theorem is true for any value of
n =1 with simultaneous changes of the values &f Pn This is the proof of the theorem.

4. New direction:

It is found from the construction process of the non-isomorpinpls Hamiltonian graphs
H(2m+3,6m+3 ) for n» 2 out of the complete .3for m> 2 gives some new idea about the structures
of metal atom cluster compound of chemistry. The stractirOs (CO),; already observed by the
chemists and the structure thus found is shown in figure -3 .

Figure -3 .

The structure shown above is one of the Simple non-ipbimddamiltonian sub-graphs out of
5n + 8 =13 for n=1 with simultaneous changes of m=2. The tire8tk above gives thiaumber of
non-isomorphic simple Hamiltonian sub-graphs of the compjeteh K.3 for m> 2. This theorem may
give some structures of metal atom cluster compounds (claimed)=3 also. The following structure
(figure-4) is found for m =3.



Figure —4

Chemists accepted it (the above structure of figure-4) busttiieture till date is not tested
[16-19]. We have the figure-3 (already known) and figure-4 (notdeste the structures of the graph of
the form H (7, 15) for m=2 and H (9, 21) for m =3 which areainld from the theorem 3.1 above.
Hence we intend to claim that these types of structfrearious kinds of metal atom cluster compound
can be found from the theorem for the values of 4iT he various properties of these types of metal atom
cluster compounds relating to the total electron countoétarbon atom would be found .

In this context | would like to invite the chemists to obseaxad examine the existence of such
structures found by the theorem 3.1.

Some of the structures included in the sub-graphs given by theébfiemay also be explained
through traveling salesman problem described in the #igari

5. Algorithm for symmetrical problems:
The distance between every pair of vertices/citiesis independent of direction of the journey

The complete graph Kn.sfor m > 2 considered here, is a complete weighted graph where the
weights are non repeated .Different cases are condidere

Case 1: In case of 2m+2 number of consecutive greatest weights$ 2 forming a covering or incident
with a vertex of the complete graphkis for m> 2 formed from the cost matrix of the traveler,
we consider the following steps.

Step 1: Delete the greatest 2m weights foer from the vertex(v) where the other two greatest weights
are incident with v.

Step 2: Construct the graph H (2m+3 , 6m+3 ) for>n2 with minimum degree of the vertex v €2 ).
(This graph is one of the sub-graphs gflfor m>2).

Step 3: Form the n x n reduced matrix from the graph obtained frorgrdgeh discussed in step 2.

Step 4: Select any row from the matrix obtained from the step 3 ansid®mnthe assignment in the cell
where the least weight ( least cost) is given. The stacity/vertex will be the city/vertex of this
row .

Step 5. Select the city/vertex which lies in the column wherdéhast cost lies in the row found in step 4.



Step 6: Go to the other rows where the city already considered thencolumn of step 5 lies, and select
the least cost of the row and simultaneously select thei€such a way that no city is over
lapped, as discussed in steps 4 and step 5.

Step 7: Continue the selection procedure of the row / column tillstiagting city/vertex considered in
step 4 is reached.

Step 8: Stop.

5.1. Experimental result of case 1

The following cost matrix (table-1) is considered for agter for seven cities ( that is form=2) .

Table-1

A B C D E F G
A - 37 | 38| 40| 60| 55 42
B 37 - 24| 25| 10 7 36
C 38 | 24 - 29| 30.%5 26 12
D 40 | 25| 29 - 5 15 35
E 60 | 10| 305§ 5 - 4.7 22
F 55 7 26| 15| 4.7 - 20
G 42 | 36| 12| 35 22| 20 -

Solution:  After canceling the four consecutive greatest weightd th 60 ,55, 42 and 40
(as discussed in step 1 of the algorithm) and obtaining theeed matrix of the graph obtained
after step 1, we first consider the first row and sdoccolumn with assignment 37 . That is, we
can start journey from city A to city B and this githe step 4 and step 5.

Now, continuing other steps from step 6 to step 8 ohtherithm one after another we
have the least cost route with cost 137 and the roilltbenas shown below.

A-> B2>E->D->F>G->C->A.( that is the traveler will start his journey frotretcity A
and he will end his journey at A covering all citieshwat minimum cost).

Case 2: When the covering contains all the consecutive greatest 2m+23@ but it is not incident with
a vertex .Then the following steps are considered.

Stepl: Delete all the greatest 2m+2 consecutive weighted edges 2 from thecompletegraph
Komssfor m>2 .

The other steps are same as discussed in the caselbbtresalgorithm.

Here, the graph found from the step 2 of casel may not be the graph of the type having one vertex
of minimum degree J=2..

Case 3: If the covering contains minimum consecutive 2m+2 sraalleeights with a vertex for
m> 2 ,then the following steps are considered.

Step 1. Delete the 2m consecutive smallest weights for &1keeping the smallest two weights out of
2m+2 for m> 2 incident with the vertex.



Step 2: Construct the graph H(2m+3, 6m +3) for>n2 after deletion of 2m edges of Stepl .This graph
will be a graph of minimum degrée= 2 incident with the vertex v.

Step 3: Find the Hamiltonian circuit of the graph obtained froep&t considering two edges of smallest
weight of the graph with other four edges of smallest wsigh

Step 4: The Hamiltonian circuit of step 3 is the least Hamiltoraaouit.

Step 5: stop

5.2. Experimental result of case 3

The following cost matrix ( table-2) is considered for seéres.

Table-2

A B C D E F G
A - 1 2 3 4 5 6
B 1 - 21 7 10| 12 8
C 2 21 - 20| 14 9 15
D 3 7 20 - 11| 13 19
E 4 10| 14| 11 - 18 16
F 5 12 9 13| 18 - 17
G 6 8 15| 19| 16| 17 -

Solution: Applying the algorithm of case3 we have the least cost rauB2-aA- C-E-G- F-D-
B with total least cost 70 for the journey.

6. Conclusion

The algorithm discussed above gives some applications of thésnorerphic Hamiltonian sub-
graphs of the complete graphKsfor m > 2 for the solution of the traveling salesman problem for
certain cases . The structures of the sub-graphs discustedtheorem 3.1 may lead to new direction as
claimed above in the study of the structures of metal aliosber compound of chemistry in near future.
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