Procedures for multiplication and division in DNA computing
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Abstract: In this paper, we propose two procedures for multiplication and division using DNA strands. We first
show a procedure for multiplication of a pair of two binary numbers. The procedure executes multiplication for two
binary numbers of m bits in O(log m) steps using O(m?*) DNA strands. The procedure mainly consists of bit-shift
and addition operations. We next show a procedure for division of a pair of two binary numbers. The procedure
executes division for two binary numbers of m bits in O(logm) steps using O(m?) DNA strands. The procedure
first computes a reciprocal of a number using Newton’s method, and then, computes a quotient of the division using
multiplication and subtraction. The procedure also computes a remainder of the division using multiplication and
subtraction.
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1 Introduction

In recent works for high performance computing, computation with DNA molecules, that is, DNA computing,
has considerable attention as one of non-silicon based computing. DNA molecules have two important features,
which are Watson-Crick complementarity and massive parallelism. Using the features, we can solve some N P
optimization problems, which usually need exponential time on a silicon based computers, in a polynomial number
of steps with DNA molecules.

However, procedures for primitive operations, such as logic or arithmetic operations, are needed to apply DNA
computing on a wide range of problems. A number of procedures have been proposed for the primitive operations
with DNA molecules [2, 3, 4, 5, 6, 10]. Guarnieri et.al. [4] proposed an algorithm for an addition of two binary
numbers of m bits. The procedure works in O(m) steps using O(m) different DNA strands. Hug et al. [6]
proposed a model for representing and manipulating binary numbers on the DNA chip, which allows parallel
execution of primitive operations. Their procedure computes an addition of two binary numbers of m bits in O(1)
steps using O(m) different DNA molecules. Fujiwara et al. [3] proposed addressable procedures for the primitive
operation. They first showed a DNA representation of n binary numbers of m bits, and they proposed procedures
which compute logic operations and additions of pairs of two binary numbers. The procedures run in O(1) steps
using O(mn) DNA strands. Kamio et al. [7] proposed a procedure which computes the maximum of n binary
numbers of m bits. The procedure runs in O(1) steps using O(mn?) DNA strands.

In this paper, we propose two procedures for multiplication and division with DNA strands. We first show
a procedure for multiplication of a pair of two binary numbers. The procedure executes multiplication for two
binary numbers of m bits in O (log m) steps using O(m?) DNA strands. The procedure mainly consists of bit-shift
and addition operations. We next show a procedure for division of a pair of two binary numbers. The procedure
executes division for two binary numbers of m bits in O(logm) steps using O(m?) DNA strands. The procedure
first computes a reciprocal of a number using Newton’s method, and then, computes a quotient of the division using
multiplication and subtraction. The procedure also computes a remainder of the division using multiplication and
subtraction.



2 Preliminaries

2.1 Computational model for DNA computing

A number of theoretical or practical computational models have been proposed for DNA computing[1, 5, 6, 8, 10,
11, 12]. A computational model used in this paper is the same model as [3]. We briefly introduce the model in this
subsection.

A single strand of DNA is defined as a string of symbols over a finite alphabet . We define the alphabet
¥ ={00,01,.--,0m—1,00,01,.-.,0m—1}, where the symbols ¢;,7; (0 < i < m — 1) are complements. Two
single strands form a double strand if and only if the single strands are complements of each other. A double strand
with o, 7; is denoted by { gi

?
The single or double strands are stored in a test fube. For example, T = {0901,7100 } denotes a test tube in

which two single strands 090, 010 are stored.

Using the DNA strands, the following eight DNA manipulations are allowed on the computational model.
Since these eight manipulations are implemented with a constant number of biological steps for DNA strands [9],
we assume that the complexity of each manipulation is O(1). (See [3] for details of the manipulations.)

(1) Merge: Given two test tubes T, T, Merge(T1,T») stores the union 7y U T in 77.
(2) Copy: Given a test tube T, Copy(T1, T>) produces a test tube T» with the same contents as 7.

(3) Detect: Given a test tube T', Detect(T') outputs “yes” if T' contains at least one strand, otherwise, Detect(T')
outputs “no”.

(4) Separation: Given a test tube T3 and a set of strings X, Separation(T1, X, T) removes all single strands
containing a string in X from 77, and produces a test tube 7% with the removed strands.

(5) Selection: Given a test tube T3 and an integer L, Selection(T}, L, T») removes all single strands, whose length
is L, from 77, and produces a test tube 7% with the removed strands. (The length of a strand is the number
of symbols in the strand.)

(6) Cleavage: Given a test tube T" and a string of two symbols oo, Cleavage(T, ogo) cuts each double strand
.. |: 0001
containing

} in 7" into two double strands as follows.
0001

o901 5o Q000 o150
s = L2
1090151 Q109 o151
(We assume that Cleavage can only be applied to some specified symbols over the alphabet ¥.)

(7) Annealing: Given a test tube T', Annealing(T") produces all feasible double strands from single strands in T'.
(The produced double strands are still stored in T" after Annealing.)

(8) Denaturation: Given a test tube T', Denaturation(T') dissociates each double strand in 7" into two single
strands.

2.2 Representation of binary numbers with DNA strands

In this subsection, we explain a data structure for storing a set of n binary numbers using DNA strands. Let us
consider a number x such that x = Z;n:_ol Tj * 27, where Z,;,—1,Tm—2,. - ., To are binary bits. We assume that
the most significant bit z,,,_; is a sign bit, and a negative number is denoted using two’s complement notation. A
representation of each bit is the same as that in [3], and is briefly described in the following.

We first define the alphabet X as follows.

¥ = {A07A17'"7An—17307B17"'7Bm—17007017D07D171707ﬁ7
Ay, Ay,...,A, 1,Bo,By,...,B,, 1,01,C3,D1,D5,1,0,1}



In the above alphabet, Ag, Ay,..., A,_1 denote addresses of numbers, and By, By, ..., By,—1 denote bit
positions. Cy,C1 and Dy, D are specified symbols cut by Cleavage. Symbols “0” and “1” are used to denote
values of bits, and “” is a special symbol for Separation.

Using the above alphabet, a value of a bit, whose address and bit position are ¢ and 7, is represented by a single
strand S; ; such that

Si,j = D14iB;CoC1 Vi 3 Do,

where V; ; = 0 if a value of the bit is 0, otherwise, V; ; = 1. We call each S; ; a memory strand, and use
a set of O(mn) different memory strands to denote n binary numbers of m bits, that is, a number x stored
in address ¢ is represented by a set of memory strands {S; ,—1,Si,m—2,-.-,S5:,0}, which denote binary bits
Tm—1,Tm—2, - - - , Lo, respectively. We assume that V; denotes a value stored in address ¢, that is,

m—1
Vi=> Vigx2l.
j=0

2.3 Input and output
An input of two procedures are following two test tubes T, put_z and Tippui_y-
Tinput_z = {Sz,] | 0 S ,7 S m — ]-}7 Tinput_y = {S?h] | 0 S .7 S m — ]-}

In the procedure for multiplication, memory strands in Tj,put_o and Tinput_y denote a multiplicand and a
multiplier, respectively. Similarly, in the procedure for division, memory strands in Ty,py¢_p and Tjppy:_y denote
a dividend and a divisor, respectively.

Output test tubes are different between two procedures. In the procedure for multiplication, an output value of
the multiplication is stored in memory strands in the following test tube T puz.

Toutput = {Sz,j = | 0<j5<2m— 1}

On the other hand, in the procedure for division, values of a quotient and a remainder of the division are stored
in memory strands in the following test tubes T\, otient and Tremainder, respectively.

Tquotient = {Sq,j | 0 S .7 S m — 1}7 Tremainder = {Sr,j | 0 S .] S m— 1}

2.4 Primitive operations

In this paper, five operations ValueAssignment, Logic, Addition, Subtraction and Minimum are used
as primitive operations. The ValueAssignment_V (Tinput, Toutput) 1S an operation which executes as-
signments of the same value V' to O(mn) memory strands in Tj,,,:, and stores the results in Touzpyz.
The Logic(Tinput, L, Toutput) is an operation which executes logic operations, which are defined by single
strands in a test tube L, for pairs of memory strands in Tj,,.:, and stores the results in Tfyu¢pue. The
Addition(Tinput, R, Toutput) and Subtraction(Tipput, R, Toutput) are operations which execute additions and
subtractions, which are defined by single strands in a test tube I2, for pairs of memory strands in 15, and stores
the results in T, ytpye. The Minimum(Tinput, Toutput) 1S an operation which computes the minimum for memory
strands in T’,,p,¢, and stores the results in 1oy puz-
For these five primitive operations, the following lemmas are obtained [3, 7].

Lemma 1 [3] The ValueAssignment V (Tinput, Toutput ), which is for O(n) pairs of m bit binary numbers, can
be executed in O(1) steps using O(1) kinds of O(mn) DNA strands. i

Lemma 2 [3] The Logic(Tinput, Ly Toutput), Which is for O(n) pairs of m bit binary numbers, can be executed
in O(1) steps using O(mn) kinds of different DNA strands. m|

Lemma 3 [3] The Addition(Tinput, R, Toutput) and Subtraction(Tinput, R, Toutput), which are for O(n) pairs
of m bit binary numbers, can be executed in O(1) steps using O(mn) kinds of different DNA strands. a

Lemma 4 (7] The Minimum(Tinput, Toutput), Which computes the minimum of n numbers of m bits, can be
executed in O(1) steps using O(mn?) different DNA strands. O



3 Procedure for multiplication

In this section, we show a procedure for multiplication of a pair of two binary numbers. This procedure executes
multiplication of two binary numbers of m bits in O(logm) steps using O(m?) DNA strands. In the following,
we assume that m = 2P, where p is an positive integer, and X and Y denote a multiplicand and a multiplier,
respectively.

3.1 An overview of the procedure

The procedure for multiplication mainly consists of bit-shift and addition operations. A basic idea of the procedure
is as follows. We first execute the following operation for each bit of Y.

o If the value of the j-th bit of Y is 1, we store the j left-shifted value of X in an address z + j.
o If the value of the j-th bit of Y is 0, we store the value O in an address z + j.

In both cases, a value stored in an address z + 7 is a binary number of 2m bits. Then, we can obtain an output
of the multiplication by adding m binary numbers in addresses z,z + 1,---,2 +m — 1.

We show an example of the multiplication. Let input binary numbers be (1011), and (1010),. Figure 1 shows
execution of the multiplication. Since the values of the first and third bits of Y are 1, the shifted values of X are
stored in addresses z + 1 and z + 3. On the other hand, values in addresses z and z + 2 are 0 because the second
and fourth bits of ¥ are 0. The result of the multiplication is obtained by adding four binary numbers in addresses
z,z+1,z+2and z + 3.

1 0 1 1 address x
x ) 1 0 1 0 address y
O 0 0 0 0 0 0 O address z
0O 0 0 1 0 1 1 0 address z+1
o 0 0 0 0 0 0 O address z+2
+ ) 0 1 0 1 1 O O O address z+3
o 1 1 o0 1 1 1 0

Figure 1: Multiplication of two binary numbers

To realiaze the above idea, we propose the following procedure.

Step 1: Prepare m binary numbers of 2m bits such that the k-th number denotes a & left-shifted value of X. This
step consisits of a manipulation Logic, which is described in 2.4, and some basic manipulations.

Step 2: For each j-th bitof Y (0 < j < m — 1), copy the j-th prepared number to a value in an address z + j
if a value of j-th bit is 1, otherwize, copy value O to a value in an address z + j. This step consists of the
following two substeps.

(2-1) In all bits of Y, the bits, whose values are 1, are selected using a manipulation Separation. Then, copy the
left-shifted values, which are prepared in Step 1, for the selected bits according to the bit position.

(2-2) In all bits of Y, the other bits, whose values are 0, are selected using a manipulation Separation. Then,
copy value O for the selected bits.

Step 3: Repeat the following operation from! = 0to [ = logm — 1.

Forall k (0 < k < 57— ), add two values in addresses z + k and z + &k + # and store the result in address
z + k, in parallel.

Step 4: Output a value stored in address z.



Procedure Multiplication(Tinput_z, Tinput_y, Toutput){

Step 1:
Copy(Tau_o; Tsnift_«); 2-2) '
Separation(Tshift ) {A:}, Timp); Separation(Linput_y,0,To);
MGT‘g@(Tth’ Tin;m;_z); Merge(To, Tjudge_o);

) _ . Annealing(To);
Logic(Temp, Lassign, Ttmp); i gpe—
gic(Timp g Timp) Separation(To, {DoD1}, Tirash);
for (=0;1< logm—1;1++){ %wgel@o’%)f
Logic(Tsnift_x, Lsnift, Tsnift_o); C;Z;ZC;;Z%E Ol))’ Dy):
0, DoD1);
Denaturation(T(i

Step 2: Separation(To, { D1}, Tan_o);

1) Annealing(Tan_o);
Separation(Tinput_y,1,T1); Separation(Tau_o, {D1}, Tirash);
Merge(Ts, Tjuage_1); Denaturation(Tou_o);

Annealing(Th), Separation(Tau_o,{CoCr}, Tpre_answer);
Separation(T1,{DoD1}, Tirash);

Merge(T1, Dy); Step 3:

Annealing(Ty); for (=0;1<logm—1;1++) {
Cleavage(TI;DODl); Addition(Tpre answev‘yR; Tpre answer);
Denaturation(Th); } - B

Separation(T1, {D1}, Tsnife);
Annealing(Tsnift o)
Separation(Tsnife o, {D1}, Tirash);:
Denaturation(Tsnift_x);
Separation(Tshift_m, {CoCl}, Tpre_answer); }

Step 4: Separation(Tpre answer, {Az}, Toutput):

Figure 2: A procedure for multiplication.

Figure 2 shows details of the procedure. (We omit explanation of the procedure due to space limitation.) In
addition, the following test tubes are prepared before beginning of the procedure.

L input_x = {SL] | 0 S .7 S m — ]-}s Tinput_y = {Sy,J | 0 S ,7 S m — ]-}

® Tat 0={S:4ij10<i<m—-1,0< j<m—1}

® Tjuige 1 = {B;jCoC11DoD1A; |0 < j<m—1}, Tjugge 0 ={B;jCoC10DeD1A; |0 < j<m—1}

Each step of the procedure in Figure 2 can be executed in O(1) steps, and number of DNA strands requrired in
the procedure is O(m?). Therefore, we obtain following theorem.

Theorem 1 A procedure Multiplication executes multiplication of two binary numbers of m bits in O(log m)
steps using O(m?) kinds of DNA strands. m|

4 Procedure for division

In this section, we show a procedure Division for division of a pair of two binary numbers. A basic idea of the
procedure is as follows. Let X and Y denote a dividend and a divisor of division, respectively.

(1) Compute % using the Newton method.

(2) Compute X x % using the procedure for multiplication in Section 3, and obtain a quotient of the division by
rounding the result of the multiplication.

(3) Compute a remainder by subtracting a product of the quotient and Y from X.



In the above steps, we can execute (2) and (3) using a primitive operation Subtraction and the procedure
Multiplication in Section 3. Thus, we explain an outline of (1) in the following.

In (1), we compute % using the Newton method. The newton method is a kind of root finding algorithms such
that f(z) = 0. In this case, we define f(z) as follows.

fle)=v -

We now explain the Newton method briefly. Let z be an initial value of a candidate for a root . Then, it is
known that repetition of the following iterative calculation converges to a root.

f(zi)

Tiv1 =T — ()
(2

Incase of f(z) =Y — %, the above calculation becomes as follows.

Tit1r = Ti—

= 2x;—Ya?
The above calculation implies that we can compute % using multiplication, subtraction and a value of Y. In
the procedure, we compute % by repeating the calculation 3 times. (Each calculation consists of M ultiplication,
Subtraction and some primitive operations. ) In addition, we choose the initial value o = 27" if Y consists of
m bits.

Although we omit details of the procedure Division, we obtain the following theorem for the procedure.

Theorem 2 A procedure Division executes division of two binary numbers of m bits in O(logm) steps using
O(m?) kinds of DNA strands. O

5 Conclusions

In this paper, we proposed two procedures for multiplication and division. The first procedure executes multipli-
cation for two binary numbers of m bits in O(logm) steps using O(m?) DNA strands, and the second procedure
division for the same input in O(log m) steps using O(m?) DNA strands. We are now considering a procedure for
factorization using the procedure for division.
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