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Abstract— An addition sequence problem is given
a set of numbersX = {n1, n2, · · · , nm}, what is
the minimal number of additions needed to compute
all m numbers starting from 1? Downey et al. [9]
showed that the addition sequence problem is NP-
complete. This problem has application in evaluating
the monomials yn1 , yn2 , · · · , ynm . In this paper,
we present an algorithm to generate an addition
sequence with minimal number of elements. We
generalize some results on addition chain(m = 1) to
addition sequence to speed up the computation.

keywords: addition chain, addition sequence, vec-
torial addition chain, monomials evaluation, branch
and bound algorithm.

I. I NTRODUCTION

An addition chain [11][13] for a natural number
n is a strictly increasing sequence of natural numbers
1 = a0, a1, . . . , ar = n such that for each0 < i ≤ r,
ai = aj + ak with some0 ≤ k ≤ j < i.

Clear that, to ensure that an addition chain forn
does not contain superfluous elements,aj (0 ≤ j < r)
should be used to construct someai with j < i ≤ r.

The integerr is called thelength of the addition
chain forn. The shortest length of an addition chain
for n is denoted bỳ (n).

Let λ(n) = blog2 nc and ν(n) be the number of
1’s in the binary representation ofn. The ith step
ai = aj + ak (0 ≤ k ≤ j < i) is called doubling
if j = k = i − 1; star if j = i − 1; small if
λ(ai) = λ(ai−1); andbig if λ(ai) = λ(ai−1) + 1.

The length of an addition chain can be expressed
as

r = λ(n) + S(a0, a1, . . . , ar = n),

whereS(a0, a1, . . . , ai) denotes the number of small
steps in the chain up toai.

The problem of computingyn with a minimal
number of multiplications is equivalent to find a
shortest addition chain forn. Computingyn is widely
used in cryptography, such as [17].

Addition chain is also defined for nonempty finite
set of numbers. Without loss of generality, we assume
that X = {n1, n2, · · · , nm} be a set ofm-numbers
such that2 ≤ ni < ni+1, for 1 ≤ i < m. An
addition chain for the setX (in this case it is called
an addition sequence for X) is an addition chain
for the maximum element ofX containing every
element ofX. We will denote the length of addition
sequence ofX by `(X). Note that every element,
ai 6= nj (1 ≤ j ≤ m), in the addition sequence
of X should be used to construct someak, i < k ≤ r.

The problem of generating a shortest addition
sequence forX = {n1, n2, · · · , nm} is equiva-
lent to compute simultaneouslym power monomials
yn1 , yn2 , · · · , ynm with minimum number of multipli-
cations [13]. This problem is NP-complete [9].

In case of we have differenty’s: (y1, y2, · · · , ym),
the monomial can be evaluated by constructing
a sequence of monomials where each monomial
is a product of two previous ones. Since the
exponent of a monomial can be represented by
a m−dimension vector, therefore the exponents
of the monomial sequence can be considered as
sequence of vectors, where each vector is sum of
two previous vectors. This sequence of vectors is
called vector addition chain [13][16]. Olivos [16]
proved that the problem of generating a shortest
addition sequence for{n1, n2, · · · , nm} is equivalent
to generating a shortest vector addition chain for the
vector (n1, n2, · · · , nm).



Speeding up generation of a shortest addition
sequence is important in cryptography and number
theory. For examples, the efficiency of some
cryptosystems and protocols [10][14][15] is based on
developing a fast algorithm to compute a monomial
with large integers.

Many papers studied generating (short or shortest)
addition chains (see [12] and [20] for examples), while
a few papers studied generating addition sequences.
Most of the papers which studied generating addition
sequences concentrate on generating a short addition
sequence, see for examples [3], [4], [8] and [21].
For generating a shortest addition sequence, Chen
et al. [6] generated a shortest addition sequence for
some special sets. Bleichenbacher and Flammenkamp
[5] proposed a subroutine to search for a shortest
addition sequence forX with length k provided
that we have`(α) for all numbersα less than the
maximum ofX and `(α) < k.

In this paper, we develop an algorithm to generate
a shortest addition sequence by

1) extending Thurber’s method [20] to shortest
addition sequence, taking into consideration the
differences between addition chains and addition
sequences.

2) generalizing some results on addition chains [1]
to addition sequence. We use the new results to
speed up the generation.

3) using a subroutine from [5] to compute a lower
bound ofX.

The paper is organized as follows. Section II in-
cludes some prior results. In Section III, we present
a depth-first search algorithm to generate a shortest
addition sequence. The algorithm is a generalization
of Thurber algorithm [7][20]. In Section IV, we gen-
eralize some results on a shortest addition chain to
improve the algorithm. Section V summarize the dif-
ferences between shortest addition chains and addition
sequences. The implementation of the proposed algo-
rithm and the ordinary one is presented in Section VI.
Finally, Section VII includes the conclusion.

II. PRELIMINARIES

In this section, we mention some prior results.
Theorem 1:[18]

`(n) ≥ dlog2 n + log2(ν(n))− 2.13e.
In case ofν(n) ≤ 16, Thurber [19] proved that

`(n) ≥ λ(n) + dlog2 ν(n)e.

Lemma 1: [6]

`({n1, n2, · · · , nm}) ≥ max{`(n1), · · · , `(nm)}
+m− 1.

Theorem 2:[20] Let n be a natural number. Then
the partial chaina0, a1, . . . , ai cannot lead to a chain
of length lb for n, if ai < bi, where the bounding
sequence{bi}lb

i=1 is defined as follows:

bi = dn/2lb−ie, i = 0, . . . , lb. (1)

Theorem 3:[20] Let n be a natural number. Then
the partial chaina0, a1, . . . , ai cannot lead to a chain
of length lb for n, if ai + ai−1 < bi+1, wherebi is
defined in Eq(1).

III. G ENERATING A SHORTESTADDITION

SEQUENCE

In this section, we present a depth-first search
algorithm to generate a shortest addition sequence.
The algorithm is a generalization of generating an
addition chain (m = 1) which is given in [20][1].

A. Outline of the algorithm

Let X = {n1, n2, · · · , nm} be a set ofm-numbers
such thatni < ni+1, for 1 ≤ i < m. Our algorithm
for generating a shortest addition sequence uses a
stack to hold the possible children ofai at each
stage. The algorithm starts by finding a short addition
sequence forX using good heuristic methods (see
Section III-B). Then it computes the lower boundlb
of `({n1, · · · , nm}) (see Section III-C). The algorithm
tries to find an addition sequence forX with lengthlb
by taking the path from 1 down to levellb for the ap-
propriate occurrence ofnm including the occurrence
of n1, · · · , nm−1. While no addition sequence is found
with length, lb, less than the length of the generated
short addition sequenceub, the following steps will
be repeated:

1) Determining a lower bound,bi, of eachai in
any addition sequence ofX with length lb.
The set {bi}lb

i=1 is called the bounding se-
quence. Thurber [20] proposed three bounding
sequences and two types of pruning bounds
when X = {n}. If for some stepi, ai can be
pruned (formallyai < bi or ai+1 + ai < bi+2),
then the partial sequencea0, a1, · · · , ai cannot
lead to addition sequence forX with length lb.
In other words, no need to go down in the search
tree.

2) The stack holds initially the number 1 and
its level 0. Then the algorithm is looking for
a sequencea0, a1, · · · , alb = nm containing
n1, · · · , nm−1. At each stage, the possible chil-
dren ai+1 of ai (and their leveli + 1) are put



in the stack. The values ofai+1 are all sums
ai+1 = ak1 + ak2 for k1 ≤ k2 ≤ i, such that:

a) ai < ai+1 ≤ nj ; and
b) ai+1 ≥ bi+1, andai+1 +ai ≥ bi+2, where

{bi}lb
i=1 is the bounding sequence.

3) If there is no children ofai, then the partial se-
quencea0, a1, · · · , ai cannot lead to an addition
sequence forX with length lb. Therefore, the
stack is popped. Since there is a possibility that
the element at the top of stack is not brother of
ai, i.e., not children ofai−1, it follows that we
should first seti to the level of the element at
the top of the stack, and then setai to the top
of the stack.

4) If ai has a children, then the stack is popped
and the childrenai+1 is added to the partial
sequencea0, a1, · · · , ai. In case ofi = lb−1, ai

has either no children ornm. If alb = nm, then
the algorithm finds a shortest addition sequence
if the path containsn1, · · · , nm−1. If the path
does not contain allnj , then the stack is popped.

5) If no addition sequence of lengthlb is found,
then the algorithm setslb to lb + 1, and repeats
the process. In case oflb = ub−1 and no addi-
tion sequence is found, then the algorithm sets
the shortest addition sequence to the generated
short sequence with lengthub.

The algorithm is as follows:

Algorithm: GSAS
Input: X = {n1, n2, · · · , nm}, where

2 ≤ ni < ni+1 for 1 ≤ i < m.
Output: a shortest addition sequence forX.
Begin

find a short addition chain forX (its length= ub).
compute the lower boundslb of `({n1, · · · , nm}).
while lb < ub loop

Determine the bounding sequenceB = {bi}lb
i=1.

i ←− 0.
ai ←− 1.
Push the numbera0 = 1 at level 0 in the stack.
repeat

if i < lb then
Push in the stack the possible childrenai+1

of ai and their levelsi + 1.
if there are childrenai+1 then

i ←− the level of the element at top
of the stack(= i + 1).

ai ←− the element on top of the stack.
if alb = nm then

if the path contains allnj then
return a0, a1, · · · , alb = nm.

end if
end if

else
i ←− the level of the element at top

of the stack.
ai ←− the element on top of the stack.

end if
else

i ←− the level of the element at top of
the stack.

ai ←− the element on top of the stack.
end if

until i = 0.
lb ←− lb + 1.

end while
return the generated short AS.

End.

B. Generating a short addition sequence

The advantage of generating a short addition se-
quence in our algorithm is that, if no addition sequence
for X is found with lengthlbm = ub − 1, then fast
generating a short addition sequence (where its length
is ub) is less time consuming than finding a shortest
addition sequence with lengthub = `(X). One of the
good methods to generate a short addition sequence
for a set of numbers is described in [3] using continued
fractions.

C. Lower bound of̀ ({n1, · · · , nm})
If we have a lower bound close to the shortest

length of addition sequence, then the search tree
can be pruned much and the running time will be
significantly improved. Unfortunately, except for
very special set of numbers [6], all lower bounds of
`({n1, n2, · · · , nm}) depends oǹ (ni) 1 ≤ i ≤ m.
We use a subroutine from [5] to compute the lower
bound of`({n1, · · · , nm}).

Algorithm: lower bounds
Input: X = {n1, n2, · · · , nm} where

ni < ni+1 for 1 ≤ i < m.
Output: lower boundslb of `({n1, · · · , nm}).
Begin

lb1 ←− lower bound ofn1 using Theorem 1;
(or computè (n1) using [20][1]).

for i from 2 to m loop
temp1←− lower bound ofni (Theorem 1);

(or computè (ni) using [20][1]).
temp2←− lbi−1 + dlog2(ni/ni−1)e+ 1.
if temp1≥ temp2then

lbi ←− temp1.
else

lbi ←− temp2.
end if

end for



return lb.
End.

D. Bounding Sequence

In this section we propose how to define the bound-
ing sequence for the setX = {n1, n2, · · · , nm}.

Thurber [20] proposed three bounding sequences
and two types of pruning bounds whenX = {n}.
Two of the proposed bounding sequences may not
applicable (directly) in addition sequence, because
their proofs depend on the fact “the last step in a
shortest addition chain must be star”. This fact is not
true in a shortest addition sequence (see Section V).
Therefore, we restrict our study to one bounding
sequence and two types of pruning bounds as in
Theorems 2 and 3.

We define the bounding sequence ofX =
{n1, n2, · · · , nm} to be the bounding sequence ofnm

with lengthlb, wherelb is the lower bound computed
by Section III-C. It is not difficult, from Eq(1) and
the construction of the lower boundlb to show that
the bounding sequence{bi}lb

i=1 will be a bound-
ing sequence for the partial sequencea0, a1, · · · , ni.
Therefore, we can cut some branches cannot lead to
a shortest addition sequence forX if one of (or both)
the conditions in Theorems 2 and 3 is satisfied.

IV. PROPERTIES OF STAR AND NONSTAR IN A

SHORTEST ADDITION SEQUENCE

Generating all childrenai+1 of ai requires(i +
1)(i + 2)/2 steps. It follows that if we have sufficient
conditions for a step to be star, then no need to search
for nonstar steps. Therefore, the sufficient conditions
for stars omiti(i+1)/2 steps to generateai+1. Also,
if we have a lower bound fork or j in a nonstar
step ai = aj + ak, (k ≤ j), then the generation of
nonstar steps can be restricted to the lower bound. We
define the lower bounds ofj and k to be the lower
bound of nonstar. In this section we present three
sufficient conditions for star steps and a lower bound
of nonstar steps. These results are generalization of
similar results in addition chains [1][2].

Theorem 4:Let a0, a1, . . . , ai, . . . , ar = nm be an
addition sequence for{n1, n2, · · · , nm}. If one of the
following conditions is true, thenai+1 is star.

1) ai is double.
2) ai−1 is star andai = ai−1 + ai−2.
3) S(a0, a1, · · · , ai−2) = 0, ai−1 = ai−2+ak, k ≤

i− 3 andai = 2ai−2.
Proof:

1) From the definition.
2) Note thatai+1 cannot beai−1 + ap; p ≤ i − 2

or ap + aq; p, q ≤ i − 2. Thus, the possibilities

for ai+1 are drawn from the set

{ai + aj , j ≤ i} ∪ {2ai−1}.
Let ai−1 = ai−2 + ak, k ≤ i − 2. If ai+1 =
2ai−1, then ai+1 is star sinceai+1 = ai−1 +
ai−1 = ai−1 + ai−2 + ak = ai + ak, k ≤ i− 2.

3) Note thatai+1 cannot beai−1 + ap; p ≤ i − 3
or ap + aq; p, q ≤ i − 2. Thus, the possibilities
for ai+1 are drawn from the set

{ai + aj , j ≤ i} ∪ {2ai−1, ai−1 + ai−2}.
If ai+1 = 2ai−1, thenai+1 is star since2ai−1 =
2ai−2 + 2ak = ai + ak+1, whereak+1 = 2ak

belongs to the partial sequencea0, a1, . . . , ai−2

sinceS(a0, a1, · · · , ai−2) = 0 andk ≤ i− 3.
If ai+1 = ai−1 + ai−2, then ai+1 is star since
ai−1 +ai−2 = ai +ak. This proves thatai+1 is
star.

Now, we compute the lower bounds of nonstar
steps.

Theorem 5:Let 1 = a0, a1, . . . , ar = nm be a
shortest addition sequence for{n1, n2, · · · , nm} with
length

r = λ(nm) + S(a0, a1, . . . , ar = nm).

The lower bounds of a nonstar stepai = aj +ak, (k ≤
j) are

k ≥ 2 and j ≥ i− S(a0, a1, . . . , ar = nm)− 1.
Proof: Suppose thatk ≤ j. Sinceai− ai−1 ≥ 3

for ai is to be nonstar; and there is no nonstar
step ati = 1, 2 and 3, for every number (see [20,
Fig 3.1]); it follows that2 ≤ k ≤ j, and2 ≤ j ≤ i−2.

Now, we prove thatj ≥ i − S(a0, a1, . . . , ar =
nm) − 1. Let ai = aj + ak, k ≤ j ≤ i −
(S(a0, a1, . . . , nm) + 2) be a nonstar step in a
shortest addition sequence for{n1, n2, · · · , nm} with
length r = λ(nm) + S(a0, a1, . . . , nm). Then
S(a0, a1, . . . , ar = nm) ≥ S(a0, a1, · · · , ai) ≥
S(a0, a1, · · · , aj)+S(a0, a1, . . . , ar = nm)+1 which
is a contradiction.

V. D IFFERENCES BETWEEN ADDITION CHAINS

AND ADDITION SEQUENCES

In this section we summarize the differences be-
tween addition chains and addition sequences.

1) The last step in shortest addition chains is star,
while it is not necessary to be star in shortest
addition sequences.

2) In addition chains, each elementai 6= ar = n
should be used to construct someak (i < k ≤



r), while in addition sequencesai 6= nj (1 ≤
j ≤ m).

3) The complexity of computing a shortest addition
chain forn remains open [13], while computing
a shortest addition sequence is NP-complete [9].

4) In addition chains, the lower bounds of nonstar
stepsai = aj + ak are

k ≥ 2 and j ≥ i− `(n)− λ(n),

while in addition sequences

k ≥ 2 and j ≥ i−`({n1, · · · , nm})−λ(nm)−1.

VI. I MPLEMENTATION

In this section, we present results of timing
experiments we conducted to determine how well
the proposed algorithm perform in practice. We
implementedGSAS along the ordinary depth-first
algorithm (without bounding sequence, sufficient
conditions for stars and lower bounds for nonstar) in
the C language. We used gcc compiler with standard
level of optimization. Our platform was Pentium IV
2.4 GHz with Linux operating system.

Each algorithm was timed for (number of elements
in X) m = 2, 4, 6, 8. For eachm we used a common
set of 50 pseudo-random numbers from the interval
[2, 215]. The data reported in Table I are averages.

TABLE I

AVERAGE RUNNING TIME IN CPU SECONDS

m
Algorithm 2 4 6 8
Ordinary 44.03 5425.24 >> 8000 >> 10000
Proposed 3.28 739.59 2715.37 6087.18

VII. C ONCLUSION AND FUTHURE WORKS

We have presented an algorithm to generate a
shortest addition sequence. Then we have improved
it by generalizing some results on addition chain to
addition sequence.

One can improve the generation by

1) proposing a better bounding sequence.
2) making a check point at the levellbj , wherelbj

is the lower bound of̀ (n1, · · · , nj), (1 ≤ j ≤
m).
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