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Abstract

The displacement structure is extended to
a Kronecker matrix W ® Z. A new class
of Kronecker-like matrices with the displace-
ment rank r, r < n will be formulated and
presented. The computational complexity of
multiplication with vectors for Kronecker-like
matrices has been accelerated. Applying the
displacement, which was originally discovered
by Kailath, Kung and Morf [15], a new su-
perfast algorithm for the multiplication of a
Kronecker-like matrix of the size nl x nl over
a field with a vector will be designed. The
memory space cost of the number of the ele-
ments stored for a Kronecker-like matrix of
the size nl1 x nl over a field is O(rn). The cost
of the number of the arithmetic operations for
the product of a Kronecker-like matrix with
the displacement rank r and a vector is reduced
dramatically to O(rn).
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1 Introduction

In applied mathematics, computer science
and engineering, computations are part of re-
search processes. To improve efficiency of
computations, we always need new techniques.
Many active researchers have been developed
many novel methods which have been imple-
mented in our practical computations. For
example, Kailath, Kung and Morf ([15]) have
successfully exploited the displacement struc-
ture in fast computations. The displacement
structure has applied in the efficient com-
putations of many structured matrices such
as Toepletz-like [20]. A variety of appli-
cations includes conformal mapping, tangen-
tial Nevanlinna-Pick interpolation, convolu-
tion, solution of integral equations, rational in-
terpolation, Fast Fourier Transform, Fast Co-
sine/Sine transform, algebraic decoding, linear
processing, oil exploration, polynomial inter-
polation, polynomial evaluation, signal and im-
age processing (cf. [28], [9], [27], [26], [7], [24],
[16], [22], [21], [3], [8], [19], [26]).

Reducing the computational complexity is
one of the main goal for many active re-
searchers. Many developments have been pro-



posed to solve the problem of a matrix-vector
product more efficiently. In general, it is well
know that a matrix-vector product costs at
most O(n?) operations for a general matrix of
the size n x n. One simply way to speed up
the computing process is to observe the special
properties of matrices such as Cauchy, Han-
kel, Toepletz, diagonal, tridiagonal and large
sparse matrices over a field. For more compli-
cated way, the displacement can be used ([10],
[11]). A substantial improvement has been de-
veloped by using the displacement approach
for matrices such as Cauchy-like, Hankel-like,
Toepletz-like and Confluent Cauchy-like (see,
[1], [14], [10], [11], [23]. One of the challenge
problem is that whether the displacement ap-
proach can be extended to a new class of struc-
tured matrices.

The memory space to store the structured
matrices can be saved by applying the displace-
ment structure. The running time in comput-
ing the structured matrices can be reduced. In-
stead of working on the entries of a matrix it-
self, we may use the generators of a matrix in
our computations. Many structured matrices
can be re-constructed through their generators
with the displacement operators (cf. [6], [10],
14, [12], [16], [17], [18], [25)).

Let recall the well known Sylvester operator,
[15], [10], [11], AVUI() : B — FnXm - acting
on the linear space F"*" which is defined by

(1.1)

where F is a field, s is denoted a vector, C, V,
U € F™*™ are given matrices. Let the rank r of
image AlV:V(C) smaller than n, then AMY1(C)
can be re-written non-uniquely as

AV Yy =ve - U,

AVY(Cy = GHT, (1.2)

where G, H € F"*" are called generator matri-
ces. This displacement structure has been ap-
plied to computations of a Cauchy-like matrix,
a Toeplit-like matrix and a Hankel-like matrix.

We will plan to extend this displacement ap-
proach to a new class of structured matrix, re-
ferred as a Kronecker-like matrix.

A new class of structured matrix has been
formulated based on the displacement struc-
ture. As a result, a most efficient algorithm
is presented to compute the product of a
Kronecker-like matrix over a field using the
generators. The memory space cost of the
number of the elements stored for a Kronecker-
like matrix of the size nl x nl over a field is
O(rn) with the displacement rank r. The cost
of the number of the arithmetic operations for
a matrix-vector product is reduced to O(rn).

The organization of this paper is as follows:
In the section 2, the definitions and properties
of Kronecker matrices are given. In section 3,
a Kronecker-like matrix representation of the
size nl x nl will be presented. In section 4,
an efficient algorithm of the multiplication of
Kronecker-like matrix will be shown. A sum-
mery is included in section 5.

Acknowledgment. I would like to express my
deepest appreciation Dr. Pan.

2 Definitions and Properties

In this section, we will going to introduce
some definitions and properties. The survey of
the displacement structure is summarized as
follow.

Definition 2.1 Let F be denoted as a field.
F™*" is a linear space. W ® z is a tensor space.

Definition 2.2 We denote 2 = 29, -+, 2,1 as a
vector, where z; € F, fori =0,---,n — 1.

Definition 2.3 The transpose of a matrix M or

a vector 0 over a field F is written as M7T or
T
0.

Deﬁr}ition 2.4 Let all elements of the vectors a
and b be chosen from a field F. A matrix is re-
ferred as a Kronecker matrix, which is defined



S(a) @ T(a) = (ciy)i 2

4,j=0

(2.1)

where ¢; ; has the form

agbo aoh aoby agbp—1

a1by aiby a1by a1bp—1

Cij = azbo azby azby azby, 1
an—1by  an—1b1  an_1by Ap—1bp—1

Proposition 2.1 ([13]) The Kronecker product
is a bilinear and associative and satisfies the
following: where L, F,J € F**". and a € F.

e LR(F+))=L@F+L®J

L+F)@J=LRJ+F®J

(L@ F)=L®(aF)=(al)®F)
LoF)®J=L®(F®.J)
(Lo F)(J®Q)=(LJ® FQ)

e Kronecker product is not commutative.

Lemma 2.1 Let the Sylvester operator,
APRI() . Frm — FX" acting on the linear
space F™*" which is defined by

AW = PW — WQ,

where P, (), W € F™"™ are given matrices,
then the Sylvester operator A(+) is a linear op-
erator.

Proof. Let W; and W5 be any two matrices
from F™" and a be an element of F. It is
easy to see that P(Wy 4+ Ws) — (W1 +W5)Q =
(PW1 — W1Q> + (PW2 — WQQ) and P(OéW) —
(aW)Q = a(PW — WQ). Hence, we have
the following equations: APQI(W, + Wy) =
APRIW,) + APRIW,) and APQ (o) =
aAPRI(W). Q.E.D

Definition 2.5 let x and y are different ele-
ments over a field F. The vectors x, y and
1 are denoted as x = x,---, 2,y = y, -,y
and1=1,---,1.

Definition 2.6 The inverse of a matrix M over
a field F is written as M !,

Definition 2.7 A matrix of the size nl1 xnl over
a field F is called a Kronecker-like matrix if it
associates with matrix S(a)®7'(a) of (2.1) and
satisfies the Sylvester equation of (1.2), where
V = D(x), U = D(y), for the matrices G, H €
FnXT.

Definition 2.8 The matrices G, H € F**" and
S(a) ® T'(a) as in the definition 2.7 are called
the generators for a Kronecker-like matrix.

3 A Kronecker matrix displacement

In this section, a new representation of a
Kronecker-like matrix of the size nl x nl over
a field has developed. It is easy to see that
a Kronecker-matrix of the size nl x nl over a
field, defined as the definition 2.4 is embedded
in a Kronecker-like matrix of the size nl x nl
over a field. One of the most important prop-
erty of a Kronecker matrix is having a low
displacement rank.

Lemma 3.1 Given an arbitrary vector v €
F»*! and a Kronecker-like matrix of the size
nl x nl over a field as defined as the definition
2.4, then the product p = (S(a) ® T'(a))v can
be computed in

O(n)

operations.

Proof. Based on the proposition 2.1, we have
p=(Sa)®T(a))v=5S(a)® (T(a)v), the cost
of computing the product p is 3n—1 operations.

Q.E.D

Lemma 3.2 Let S(a) @ T(b) be a matrix as de-
fined as the definition 2.4. The displacement
rank of a S(a) ® T'(b) matrix is one.



Proof. From on the Proposition 2.1, it fol-
lows from the equation below:
APCLPOI(S(a) @ T (b)) = D(z)(S(a) @ T(E)
(S(a) @ T(b))D(y) = D(z)(S(a) @ T(b)) -
(5(a) © (D(YT(0)) = (D(z) = D(y)(S

T(b) = (r —y)GH" where G = D(&)l and
H= 1D(b).

Theorem 3.1 Let the linear operator A(-) act
on a tensor space with trivial kernel. Let W
be a Kronecker-like matrix of the size nl x nl
over a field, which defined as definition 2.7 with
the generators G, H € F™" and S(a) ® T(b)
of (2.1). Then this matrix can be represented
as

(3.1)

Proof. Let the matrix W be given as (3.1).
From the lemma 2.1, the operator A(-) of
(1.1) is a linear operator. By the lemma 3.2,
we have APEPWI(11) = L AlPX).DE)

z—y
(mly 5(91) ®  T(h) =
(Zf— PebWl(s ( 9i) T(hy))) =
L(D(i) - D(y)) T(h) =

(S @
', D(g;)D(1)D(1)T D(hl) GHT. Q.E.D

b2y

4 Computation With a Kronecker-
like matrix

A superfast algorithm for the multiplication
of a Kronecker-like matrix with a vector will
be given in this section.

Corollary 4.1 Let © € F™! be an arbitrary
vector over a field F and Let W € F™*™ be
a Kronecker-like matrix as the definition 2.7
with displacement rank r. Then the product
of p = W can be computed in

O(rn)

operations.

Proof We rewrite the matrix W as W =
(mly) _, S(3:) ® T(h;) as theory 3.1, ie: p=
i=15(9 z) © T(hy)b i=15(9:) © (T'(hi)0).
By the corollary 4.1, we have the complexity

O(rn). Q.E.D
Algorithm 4.1
Input: an arbitrary vector © and a

Kronecker — like matrix W of the size nl x nl
over a field as the definition 2.7 with displace-
ment rank r.

Output: the vector p such that p = Wo

Computations:

(1) Apply the Corollary 4.1 to compute the
vector t; such that #; = S(g;) ® S(hi)v,
fori=1---,r

(2) Sum up the vectors #;, t = 37_, 4;.

(3) Compute the

~

p= ()t

vector p such that

5 Conclusion

We have applied the displacement structure
to formulated a new class of Kronecker-like
matrix of the size n1 xn1 over a field. The com-
putational complexity of multiplication with
vectors for Kronecker-like matrices has been
improved. The displacement approach is not
only reduce the running time but also save
the memory space in the computer calculation.
The number of the elements needed to store
in a computer has been saved to O(rn) for a
Kronecker-like matrix of the size n1 x nl over
a field. The running time to solve the problem
of matrix-vector product has been accelerated



to O(rn) arithmetic operations for a class of
Kronecker-like matrix with the displacement

rank r.
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