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Abstract—In this paper, we analysis a hypercube-like structure, A graphG = (Vo |J V1, E) is bipartite if Vo, NV, =0 and
called the Folded Hypercube, which is basically a standardp c {(z,9)| = € Vy andy € V;}. We callV andV; arepar-
hypercube with some extra links established between its nOdeﬁte_setsof G, andV; |J V4 a bipartition. Hypercubes [9] and

We first show that then-dimensional folded hypercube is bipartite . . . ) .
when n is odd. We also show that thei-dimensional folded St graphs [8] are both bipartite. However, since a bipartite

hypercube is strongly Hamiltonian-laceable whem is odd, and is graph is not Hamiltonian-connected except for or K, Sim-
Hamiltonian-connected whem = 1 or n(> 2) is even. mons [11] introduced the concept of Hamiltonian-laceability

for those Hamiltonian bipartite graphs. A Hamiltonian bipartite
graphG = (V, |J V4, E) is Hamiltonian-laceablef there is a
hamiltonian path between any two nodesindy, wherez €
Vo andy € V;. Hsieh et al. [7] further extended this concept
and proposed the concept stfongly Hamiltonian-laceability
Design of interconnection networks is an important integr&l Hamiltonian laceable grapty = (V5 |J V1, E) is strongly
part of the parallel processing or distributed system. Theifethere is a simple path of lengtfVy| +|V1| — 2 between any
are a large number of topological choices for interconnectiowo nodes of the same partite set. Simmons [11] showed that
networks. The interested readers may refer to [2], [6], [13he n-dimensional hypercube is Hamiltonian-laceable. Tsai et
for extensive references. Among them, the hypercube [8] [12] further showed that the-dimensional hypercube is
has several excellent properties such as recursive structgtepngly Hamiltonian-laceable. Hsieh et al. [7] showed that
regularity, symmetry, small diameter, relatively short mean ithe n-dimensional star graph is strongly Hamiltonian-laceable.
ternode distance, low degree, and much small link complexity, this paper, we first show that the-dimensional folded
which are very important for designing massively parallel diypercube is bipartite whemn is odd. We also show that
distributed systems [9]. Since its introduction, many varianthe n-dimensional folded hypercube is strongly Hamiltonian-
of the hypercube have been proposed [1], [5], [10]. Oneaceable whem is odd, and is Hamiltonian-connected when
variant that has been the focus of great deal of researchnis= 1 or n(> 2) is even.
the folded hypercubewhich is an extension of the hypercube,
constructed by adding a link to every pair of nodes that are the Il. PRELIMINARIES
farthest apart, i.e., two nodes with complementary addressesan ,-dimensional hypercubenfcube for short) can be
The folded hypercube has been shown to be able to .imprcﬂé%resented as an undirected graph = (V, E) such that
the system's performance over a regular hypercube in mapyconsists of2" nodes which are labeled as binary numbers

measurements [1], [4]. of lengthn from 00...0to 11...1. E is the set of edges that
G = (V,E) is agraphif V is a finite set and? is a subset —

of {(u,v)| (u,v) is an unordered pair of }. We say thaf” connects two nodes if and orﬁy if they differ in exactly one bit
is thenode seand F is the edge setWe also usé/(G) and of their labels. Thus, each node has immediate links with ex-
E(G) to denote the node set and edge sef'pfespectively. In actly n other nodes. It can easily be shown that = n2" 1.
this paper, we use graph and network, node and vertex, liAKink (or edge)e = (v;,v;) € E represents the two nodes
and edge, interchangeably. Usually when the Hamiltonicignd v; which are linked bye have exactly one bit different.
of a graph@ is concerned, it is investigated wheth@ris Thereforee can be denoted using the two nodes it links: If
Hamiltonian or Hamiltonian-connected. A cycle (respectively, = byby—1...bk...b1, v; = byby_1...bg...by (where
path) inG is called aHamiltonian cycle(respectivelyHamil- b, € {0,1},l = 1,...,n), ande = (v;,v;), then we denote
tonian path) if it contains every node ofs exactly onceG e asb, ...bgr12bk—1...b1. We callb,, ... bpr12bp—1...b1 @

is said to beHamiltonianif it contains a Hamiltonian cycle, link of dimensionk. There are2"~! links in each dimension.
and Hamiltonian-connectedf there exists a Hamiltonian path Let + = z,z,_1...2; be ann-bit binary string. For
between every two nodes 6f. 1 < k < n, we usez™ to denote the binary strings
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I. INTRODUCTION



YnYn—1 ---y1 Such thaty, = 1 —x andz; = y; for all i # k.
The Hamming weightiw(z) of z is the number of’'s such
thatz; = 1. Letx = xp2 1 ... 21 @ANA Y = YpYn_1...Y1
be two n-bit binary strings. TheHamming distancé:(x, y)

when n(> 3) is odd. Consider a partition of the node set
V(FQ,) into two setsX = {v € V(FQ,)| hw(v) is odd}
andY = {v € V(FQ,)| hw(v) is every. We next show
that if n is odd, thenX andY are two partite sets of'Q,,.

between two nodes andy is the number of different bits in Recall thatE(FQ,) = TU S = {e = (u,v)|h(u,v) =1 € I

the corresponding strings of both nodes. Note that-ambe
Q. I1s a bipartite graph with bipartitiodx| hw(x) is odd}

and {z| hw(z) is ever}. Let dg, (z,y) be the distance of a

shortest path between two verticesindy in graph@,,. Then,
it is known thatdg,, (z,y) = h(z,y).
An n-dimensional folded hypercubgolded n-cube for

short) FQ,, is a regulam-dimensional hypercube augmented
by adding more links among its nodes. More specifically,
a folded n-cube is obtained by adding a link between two
nodes whose addresses are complementary to each other; i.

for a node whose address s = b1by...b,, it Nnow has
one more link to nodé = b1bs...b,, in addition to its
original n links. So a folded-cube ha”~! more links than
a regularn-cube. We call these augmented link&ips, to

distinguish them from regular links, and useto denote the
set of skips. So the complete link s&{F@,) of a folded

hypercube can be expressed &g/ S. In other words, we
can formally define the edges of a foldedcube as that
E(FQ, =1TUS = {e (u,v)|h(u,v) = 1 € I or

h(u,v) =n € S}.

For convenience, a folded-cube F'Q),, can be represented .

with % ...xx = %", wherex € {0,1} means the don't
——

n
care’ symbol. Moreover,Q |, = "0+~ and Q. , =
*"~i1x~1 which contain the nodes with thgh bits 0 and
1, respectively, represent two node-disjoifit — 1)-cubes.
Formally, QY _, (respectivelyQ? ;) is the subgraph of'Q,
induced by{z, ...z;...z; € V(FQ,)| ©; = 0} (respec-
tively, {x,...2z;...21 € V(FQ,)| x; = 1}). Clearly, each
¢ 1,1 € {0,1}, is isomorphic toQ,,_1.

Definition 1: An i-partition on F'@Q,, = ™, wherel < <
n, Is to partition FQ),, along dimensior into two (n — 1)-
cubesx™ 0% "1 and*" 1%L,

In the rest of the paper, a path framto y is abbreviated

to anx-y path The following lemma was shown in [12], and

it will be used in the following section.

Lemma 1:[12] The n-dimensional hypercube is strongly
Hamiltonian-laceable. That is, there is a Hamiltonian path
with length 2™ — 1 between two arbitrary nodes in different

partite sets, and a longest path with length— 2 between
two arbitrary nodes of the same partite set.

In this paper, we show that the-dimensional folded
hypercube is strongly Hamiltonian-laceable whens odd,
and is Hamiltonian-connected when= 1 or n(> 2) is even.

Lemma 2:The n-dimensional folded hypercub&'@,, is
both bipartite and strongly Hamiltonian-laceable, wheris
odd.

Proof: Clearly, F@Q; is bipartite and strongly
Hamiltonian-laceable. We next show thal),, is bipartite

M AIN RESULT

or h(u,v) =n € S}.

Casel (z,y) € I. By definition, h(xz,y) = 1. Thus one
endpoint is inX and the other is Y.

CASE 2 (z,y) € S. Without loss of generality, assume that
hw(x) is odd (the case atw(z) being even can be
shown similarly). Sincen is odd, andx andy are
complementary to each other, we have that{y) =
n — hw(z) which is even. Thereforey € X and
yev.

eBy cases 1 and 2X andY are independent sets such that
all edges ofE(F(Q,,) are betweenX andY. Thus FQ,, is
bipartite whenn is odd. Moreover, sincé’Q,, has the same
bipartition with that of then-dimensional hypercub&,,, and

it contains a subgraph isomorphic ®,, F'Q,, is strongly
Hamiltonian-laceable by Lemma 1.

The following lemma shows that a folded-cube is
Hamiltonian-connected, whem= 1 or n(> 2) is even.

Lemma 3:The n-dimensional folded hypercub&'qQ),, is
Hamiltonian-connected, whem = 1 or n(> 2) is even.

Proof: We show this lemma by induction on the dimen-
sionn. Clearly, FQ; is exactly an edge anllQ)- is a complete
graph on four vertices. Thus the result holds trivially on the
base cases.

We now consider a folded-cube F'Q,,, wheren(> 4) is
even. Letx = z,2,_1 - 21 andy = y,yn_1---y1 be two
arbitrary distinct vertices of'Q,,. Clearly, there exists an
dimension such that; # y;. After executing an-partition on
FQ,, two (n — 1)-dimensional hypercubeQ ; and Q. _;
resulted such that andy in the different subcubes. Without
loss of generality, assume thate QY , andy € QL ;.
Consider the following two cases:

Case 1z and y are in the different partite sets (see also
Figure 1(a)). Letu be a neighbor ofr in Q% _,
and v is not adjacent toy. Thus z and v are in
different partite sets irQ%_,. By Lemma 1, there
is a Hamiltonianz, u-path P in Q% _,, and P is of
length2"~! — 1. Sinceu € QL _, is adjacent to
u, v andy are in different partite sets ! ;.
By Lemma 1, there is a Hamiltonian® , y-path R
in Q_,, and R is of length2"~! — 1. Therefore,
P+ (u,u)+ R is a Hamiltonianz, y-path of FQ,,.
CAse2.x and y are in the same partite set (see also
Figure 1(b)). Letu be a neighbor ofr in Q°%_,
and y is not the complement ofi. Thusz and «
are in different partite sets i)?_,. By Lemma 1,
there is a Hamiltoniam, u-path P in Q°_,, andP is
of length2"—! — 1. Moreover,a is the complement
of w in QL_,. Note that(u,u) € S is an edge of
FQ,. Moreover, sincen is even, ifhw(u) is even
(respectively, odd), thehw(w) is even (respectively,
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1
Qn-l

(b)

Fig. 1. An illustration of the proof of Lemma 3.

odd), i.e.,hw(u) and hw(a) have the same parity.
Since the parity of: is the same ag and is different
from that of u, u andy are in different partite sets
in QL_,. By Lemma 1, there is a Hamiltoniai y-
path R in Q.L_,. Therefore,P + (u,u) + R is a
Hamiltonianz, y-path of F'Q,,.

The proof is completed.

Theorem 4:The n-dimensional folded hypercubgq@,, is
Hamiltonian-connected when = 1 or n > 2 is even; and
strongly Hamiltonian-laceable whenis odd.
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