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Abstract: In recent works for high performance computing, computation with DNA molecules, that is, DNA com-
puting, has had considerable attention as one of non-silicon based computing. Using features of DNA molecules,
we can solve some N P optimization problems, which usually need exponential time on a silicon based computer, in
a polynomial number of steps with DNA molecules. In this paper, we propose a procedure for MAX-SAT, which is
a well-known N P-hard problem. An input of the problem consists of n Boolean variables and a Boolean function
which has h clauses, and each coefficient of the Boolean function is denoted by a binary number of m bits. For
MAX-SAT, we propose a procedure which runs in O(1) steps using O(hm2™) DNA strands. Since an input of the
procedure is prepared in O(n + m) steps using O(hm2™) DNA strands, we solve MAX-SAT in O(n + m) steps
using O(hm2™) DNA strands.
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1 Introduction

In recent works for high performance computing, computation with DNA molecules, that is, DNA computing, has
had considerable attention as one of non-silicon based computing. DNA molecules have two important features,
which are Watson-Crick complementarity and massive parallelism. Using the features, we can solve an N P op-
timization problems, which usually need exponential time on a silicon based computer, in a polynomial number
of steps with DNA molecules. As the first work for DNA computing, Adleman [1] presented an idea of solving
the Hamiltonian path problem of size n in O(n) steps using DNA molecules. The proposed idea was success-
fully tested in a lab experiment for a small graph. There are a number of other works with DNA molecules for
combinatorial N P optimization problems [2, 3, 7, 8, 13].

In this paper, we propose a procedure for MAX-SAT, which is a well-known N P-hard problem. The MAX-
SAT is a fundamental problem in operations research, and plays important role in computer science. Inputs of the
problem consist of n Boolean variables and a Boolean function which has h clauses. We assume that each coeffi-
cient of the Boolean function is denoted by a binary number of m bits. An output of the problem is an assignment
to the variables which maximize the number of satisfied clauses. For MAX-SAT, we propose a procedure which
performs an exhaustive search for all solutions using the feature of DNA molecules. The procedure runs in O(1)
steps using O(hm?2™) DNA strands. Since an input of the procedure is prepared in O(n +m) steps using O(hm2™)
DNA strands, we solve MAX-SAT in O(n + m) steps using O(hm2™) DNA strands.

2 Preliminaries

2.1 Computational model for DNA computing

A number of theoretical or practical computational models have been proposed for DNA computing [2, 5, 6, 7, 10,
11, 12]. A computational model used in this paper is the same model as [4]. We briefly introduce the model in this
subsection.

A single strand of DNA is defined as a string of symbols over a finite alphabet 3. We define the alphabet ¥ =
{00,01,...,0m-1,00,01,---,0m—1}. In the alphabet, the symbols o;, 7;(0 < i < m — 1) are complements.



Two single strands can form a double strand if and only if the single strands are complements of each other. A

(3

double strand with o;, o; is denoted by lﬂl .

The single and double strands are stored in test tubes. For example , T} = {0001 , m} denotes a test tube
which contains two kinds of single strands oy and gg07 .

Using the DNA strands, the following nine manipulations are allowed on the computational model. Since these
nine manipulations are implemented with a constant number of biological steps for DNA strands [9], we assume
that the complexity of each manipulation is O(1) steps. (See [4] for more details.)

1. Merge : Given two test tubes 17, T», Merge(Ty,T>) stores the union 77 U T in T7.
2. Copy : Given a test tube T, Copy(T},T>) produces a test tube T5 with the same contents as 7.

3. Detect : Given a test tube T, Detect(T') outputs “yes” if T' contains at least one strand, otherwise,
Detect(T') outputs “no”.

4. Separation : Given a test tube 77 and a set of strings X, Separation(T, X, T>) removes all single strands
containing a string in X from 77, and produces a test tube 7% with the removed strands.

5. Selection : Given a test tube 77 and an integer L, Selection (T, L, T») removes all strands, whose length
is L, from 7T and produces a test tube 75 with the removed strand. (The length of a strand is the number of
symbols in the strand.)

6. Cleavage : Given a test tube T" and a string of two symbols ogo1, Cleavage(T, 0001 ) cuts each double

in 7" into two double strands as follows.
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7. Annealing : Given a test tube T', Annealing(T") produces all feasible double strands from single strands
in 7. (The produced double strands are still stored in 1" after Annealing.)

8. Denaturation : Given a test tube T', Denaturation(T') dissociates each double strand in 7" into two single
strands.

9. Empty * : Given a test tube T', Empty(T') sets T = ¢

2.2 Representation of binary numbers with DNA strands

In this subsection, we define the representation of binary numbers with DNA strands. We first define the alphabet
which is a set of component of each DNA strand.

Y ={A40,A41,... Ay 1,Bo,B1,...,By1,Co,C1, Do, D1,0,1, #,

A_OaA_la"'7An—17B_OaB_17"'7Bm—17007017D07D1767T7¥}

In the above alphabet, Ay, Ay,...,A,_1 denote addresses of numbers, and By, By, ..., B,,_1 denote bit posi-
tions. Cy, C1, Dy, D, are specified symbols cut by Cleavage. A symbol “f§” is a special symbol for Separation.
Using the above alphabet, a value of a bit is represented by a single strand defined as follows.

Si,j = D14;B;CoC1V;,; Do

In the above single strand, V; ; = 0 if a value of the bit is 0, otherwise V; ; = 1. We call the single strand
Si,; a memory strand [4], and a binary number stored in an address ¢ is represented by a set of memory strands

*Empty(T) : is equivalent to Copy(¢,T).



{Si,m=1,Si,m—2, ", Si,0}, which denote binary bits &,,_1, Tm—2, - - - To respectively. We assume that V; denotes
the number stored in an address ¢ as follows.

m—1
Vi= D Vigx?
=0

In the following, A, , denotes address part A; in the memory strands. In the description, A, , = A; means
higher and lower parts of 7 is x and y, respectively.

3 Definition of MAX-SAT using DNA strands
3.1 Definition of MAX-SAT

MAX-SAT is a problem which requests an assignment to Boolean variables which maximizes the number of
satisfied clauses of a given Boolean function. The MAX-SAT is defined as follows.

Input A Boolean function F' which has n Boolean variables and h clauses.

Output An assignment to Boolean variables which maximizes a number of satisfied clauses, and the number of
satisfied clauses.

We show an example of an input Boolean function, which has 4 clauses (h = 4) and 3 variables (n = 3) in the
following.
F(xo,x1,x2) = (w0 + 1) (w0 + T1) (21 + T2)(x2)

In this case, assignments (z2,x1,%9) = (1,0,1) and (z2,x1,29) = (1,1,1) are outputs of the MAX-SAT
which maximize a number of satisfied clauses. The number of satisfied clauses is 4.

3.2 Data representation of MAX-SAT

Using the memory strands defined in Section 2, an input of the MAX-SAT is denoted as follows.
Qirgp=D1Ai1BrCoCiVii Dy (0<i<h—-1,0<k<m-1)

The memory strands (); 1 5 denotes coefficients of the i-th clause. Incase of 0 < k <n —1,V; = lifand
only if y, is in the ¢-th clause. In case of n < k < 2n — 1, V;1 x = 1 if and only if T3 —, is in the i-th clause. For
example, let (xo + T1) be i-th clause. Then, the following memory strands denote the clause.

Qi1 =D1A;0B2CyC10Dy, Q14 =D1A4;0B1CoCi11Dy, Q13 = D1A;0BoCyC10Dy,
Qi12=D1A4;0BC,C10Dy, Qi11 =D1A4;0B1CoC10Dy, Q1,0 = D1A;0ByCoCi11Dg

In addition, the following four kinds of memory strands are prepared before the procedure. (The memory
stands are used in the procedure.)

(1) Memory strands which denote k-th variable z, of i-th assignment:
Pioy = D14;0BrCoCiViprDy (0<i<2"-1,0<k<m—-1)

For example, let (z2, z1,20) = (1,0, 1) be i-th assignment. Then, the following memory strands denote the
assignment.

Pio2=D1A;0B2C0C11Dg, Pig1 = D1 A;0B1CoC10Dyg, Py oo = D1A; 0ByCoC11Dy

We also assume that the following memory strand denotes negation of k-the variable of ¢-th assignment.

P otk = D1AioBrCoCiViprDo (0<i<2"-1,0<k<m—1)



(2) Memory strands which denote a Boolean value of k-th clause by i-th assignment:
Yior = D1AioBrCoCiVipxDy (0<i<2"-1,0<k<h-1)
In the above Y; 0.1, Vi,0,1 = 1 if and only if a Boolean value of k-th clause is 1 by ¢-th assignment.

(3) Memory strands which denote the number of satisfied clauses by i-th assignment:
Zijkw = D1A; jBrCoC1VijxDo (0<i<2"-1,0<j<h,0<k<m-—1)
The memory strands Z; j ,—1, Zi,j,m—2, "+, Zi,j,0 denote a binary number. (Details of the memory strands
are described later. )

(4) Memory strands which denote the maximum of the numbers of satisfied clauses:
Mzn o) = D1 Agn 9BrCoC1Van gDy (0 <k <m —1)
The memory strands Mar o,m—1, Man 0,m—2, -+, Man 9,0 denote an output value of MAX-SAT.

For the above memory strands, we prove the following lemma. (Proof of the lemma is omitted due to space
limitation. )

Lemma 1 The input and output memory strands for MAX-SAT can be prepared in O(m+n) steps using O(hm?2™)
DNA strands. o

Using the above memory strands, input and output test tubes of the procedure for MAX-SAT are defined as
follows.

Input: Tinput,p = {Qp,l,k | 0<k<m-— 1} (0 <p<h- 1)
Olltpllt: Toutput = {M2n70,k,Pz‘70’k | 1€ {0, 1,...,2" — 1},0 <k<m-— ].}

4 A procedure for MAX-SAT using DNA strands

The procedure which solves MAX-SAT mainly consists of the following three steps.
Step 1 Compute a Boolean value of each clause for each assignment.

Step 2 Sum results in Step 1 for each assignment, and compute the number of satisfied clauses for each assign-
ment.

Step 3 Compute the maximum number of satisfied clauses from result of Step 2, and find assignment which
maximizes the number of satisfied clauses.

We next describe the procedure using DNA strands. First of all, initial states and the roles of the test tubes used
in the procedure are shown below. In the following, every p is assumedtobe 0 < p < h — 1.

Tinput,p: Aninput test tube given above.

Tuns,p: A test tube with DNA strands which denote all assignments to Boolean variables P; g, (0 < i < 2771)
for p-th clauses.

Timp,ps Ttlmp,p: Test tubes which are temporarily used in the procedure.
Tyaiue,p: A test tube with memory strands which denote Boolean values Y; o , (0 < i < 2™ — 1) of p-th clause.

Tyatueatr: A test tube with memory strands which denote Boolean values of Y; o, (0 < i <2"—1,0< k < h—1)
of all clauses.



T,: A test tube with memory strands whose values are 1.
Teon1s Teonz: Test tubes with DNA strands which connect memory strands.

Trum, Ty um: Test tubes with DNA strands which store candidates of the numbers of satisfied clauses Z; ; (0 <

num:*

i<2"-1,0<j<h0<k<m-1).
Toutput: An output test tube given above.
We now show an overview of the procedure. (We omit details of the procedure due to space limitation. )

Procedure MAX-SAT

Step 1 Compute each Boolean value Y o 1 (0 < i < 2" — 1,0 < k < h — 1) of each clause for all assignments
Por(0<i<2"—-1,0<k<m-1).

To execute Step 1, following substeps (1-1) ~ (1-6) are performed in parallel for all clauses.

(1-1) Extract single strands which denote coefficients of clauses ;14 (0 < i < h—1,0 < k < m —1) and
variable assignments Pj o x (0 < j < 2™ — 1) from test tubes Tipput p» LTans,p(0 < p < h — 1), and store
the extracted single strands into test tube T4y, p.

(1-2) Execute a logic operation P,gr = Piox NQp1x (0 <7 < 2" —-1,0 < k < m — 1) for test tubes
Timp,p(0 < p < h — 1) in parallel.

(1-3) First, extract P; 9 5(0 <7 <2" —1,0 < k <m — 1) from each test tube T4y, ,(0 < p < h — 1), store the
extracted strands into Tt’mm,, and then, empty the test tube T}, ,. Next, extract the memory strands, whose
value is 1, from test tubes T (0 < p < h — 1), store the extracted strands into Timp,p> and then, empty

tmp,p
the test tube T},,,, .

(1-4) Extract memory strands Y; 0, (4 € {0,1,...,2™ — 1}), which denote Boolean values of the clauses corre-
sponding to the address of the memory strand in T}y, p, from test tubes Tyqiyep (0 < p < h —1), and store
the extracted strands into Ty, p.

(1-5) Set values of memory strands Y; g ,, in test tubes Tynp , (0 < p < h—1) to 1, and return the memory strands
to each Tygrye,p (0 <p < h—1).

(1-6) Extract memory strands Y; o ,(0 < i < 2" — 1) from test tube Tyguep (0 < p < h — 1), and store the
extracted memory strands into the test tube Toyq1ucqii-

After Step 1, single strands Y; 9 (0 < i < 2" — 1,0 < k < h — 1), which denote Boolean values for all
assignments, are stored in a test tube 1T’ qqeqii-

Step 2 In Step 2, we compute the number of satisfied clauses Z; j r (0 < j < h) for each assignment P, ¢
(0<i<2"—1,0 <k <m—1)in parallel. Since Boolean values Y; o ; for all assignments are obtained
in Step 1, we obtain the sum of the number of satisfied clauses if we sum the number of Boolean values for
each assignment. In the procedure, we compute the sum by connecting memory strands, whose value is 1,
for each address in ascending order. For example, we assume that the following set is a result of Step 1.

{Yi,0,0(1),Yi0,1(1),Yi0,2(0),Yi03(1)}

For the above set of single strands, we connect the memory strands in ascending order. Then, we obtain the
following set of single strands.

{Yi,0,0(1)Y50,3(1), Yi0,0(1)Yi01(1)Yi0,3(1)}

In the set of single strands, a length of the longest single strand denotes the maximum number of “1” for all
assignments. However, we cannot compute the number directly using O(1) manipulations.



To obtain the number, we use additional single strands, which denote the number. The following single
strands are examples in case of h = 4.

{| « | « | (0% | (0% |Zi74,0 0 Zi4 1 0 Zi74,2 0
0),

(0) (0) (0)
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Each of these single strands consists of two parts. First part consists of dummy strands which make length
of the single strand a constant, and second part consists of the memory strands which denote the length of
the single strand as a binary number. For example, we obtain the following single strands from the above
two kinds of single strands.

Lol ol ol a ]Z4100)Z:i41(0)Z:4,2(0),
Yioo1)Yios(D) o [ a ]Zi20(0)Zi2,1(1)Z;22(0),
Yio,0(1)Yi01(1)Yi0s()]  a 1Zi1,0(1)Z;1,1(1)Z;1,2(0)}

(=)}
=

)

N

As described above, the number of connected memory strands is denoted by additional single strands as a
binary number.

Step 2 is realized by performing the following substeps (2-1) ~ (2-4).

(2-1) Extract memory strands whose values are 1 from test tube T, 47yeqi1, and store the extracted memory strands
into a test tube 7% . Then move strands in 7} into another test tube 7%,,1.

(2-2) Execute Annealing for strands in T¢,,1, and move the obtained strands into another test tube T¢,y,2

(2-3) Execute Annealing for strands in T¢,,2. Then, extract DNA strand of specified length (a x h + () from
Tton2, and store the extracted strands into a test tube T%,,p 1. (o denotes length of a memory strand, and
denotes length of the second part of the additional single strand.)

(2-4) Extract memory strands Z; j (0 <4< 2" —1,0 < j < h,0 < k < m — 1) which denote length of single
strands from the test tube T},,,,,1, and store the extracted strands into a test tube T, .

Step 3 Compute the maximum number of satisfied clauses from result of Step 2, and find an assignment which
maximizes the number of satisfied clauses. The Step 3 is realized by performing the following substeps
(3-1), (3-2).

(3-1) First, copy a test tube Ty, to another test tube T, ... Next, merge T, with Man ¢ (0 < k < m—1), and

compute the maximum of numbers which are denoted by memory strand Z; ; (0 < i <2"—1,0< j < h)

in test tube T, ... Finally, store the maximum in My~ g .

(3-2) Find an assignment which maximizes the number of satisfied clauses from M5~ ¢ j, and store the assignment
into Toutput-

(End of the procedure)
For the above procedure, we obtain the following theorem. (Details are also omitted. )

Theorem 1 The procedure MAX-SAT can be executed in O(1) steps using O(hm2™) kinds of DNA strands. O



5 Conclusion

In this paper, we proposed a procedure which solves MAX-SAT with DNA strands. This procedure runs in O(1)
steps using O(hm2™) DNA strands. Since an input of the procedure is prepared in O(n+m) steps using O(hm?2™)
DNA strands, we solve MAX-SAT in O(n+m) steps using O(hm2™) DNA strands. Although our results are based
on a theoretical model, the proposed procedures can be implemented practically since each DNA manipulation used
in the model has been already realized in laboratory. Therefore, we believe that our results will play an important
role in the future DNA computing.
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