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Abstract: In this paper we investigate the expressiveness of two
process algebras, theπ-calculus of mobile processes and the$-
calculus of bounded rational agents. We demonstrate that both models
are more expressive than Turing Machines, i.e., they belong to super-
Turing models of computation. In particular, they are able to solve
the halting problem of the Universal Turing Machine. Additionally,
the $-calculus can approximate the solution of the universal search
algorithm, and can simulate theπ-calculus, i.e., it is at least equally
expressive as theπ-calculus.
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I. Introduction

Turing Machines [23], [24] provide the fundamental model
for sequential computing. On the other hand, process algebras
[1] are considered as the most mature approach to concurrent
computing. In this paper, expressiveness of two process algre-
bras are investigated. These are theπ-calculus process algebra
of mobile processes [16], [17], [18], [20], [19], [22], and the
$-calculus process algebra of bounded rational agents [4], [6],
[8], [9], [10], [25].

Turing Machines and algorithms are two fundamental con-
cepts of computer science and problem solving. Turing Ma-
chines describe the limits of algorithmic problem solving, and
laid the foundation of current computer science in the 1960s.
It turns out thatundecidable problemscannot be solved by
TMs and intractable problemsare solvable, but require too
many steps. For undecidable problems effective recipes do not
exist - problems are called nonalgorithmic or nonrecursive. On
the other hand, for intractable problems algorithms exist, but
running them on a deterministic Turing Machine, requires an
exponential amount of time (the number of elementary moves
of the TM) as a function of the TM input.

An algorithm should consist of a finite number of steps,
each having well defined and implementable meaning. We are
convinced that computer computations are not restricted to
algorithms only.

Definition 1: By superTuring computationwe mean any
computation that cannot be carried out by a Turing Machine
as well as any (algorithmic) computation carried out by a
Turing Machine.

In [8], [9], [25], several superTuring models have been dis-
cussed and overviewed. The incomplete list includes Turing’s
o-machines, c-machines and u-machines, cellular automata,
discrete and analog neural networks, Interaction Machines,
Persistent Turing Machines, Site and Internet Machines, the

π-calculus, the $-calculus, Inductive Turing Machines, Infinite
Time Turing Machines, Accelerating Turing Machines and
Evolutionary Turing Machines.

SuperTuring models derive their higher than the TM expres-
siveness using three principles:interaction, evolution, or infin-
ity. In the interaction principlethe model becomes open and
the agent interacts with either a more expressive component or
with an infinite many components. In theevolution principle,
the model can evolve to a more expressive one using non-
recursive variation operators. In theinfinity principle, models
can use unbounded resources: time, memory, the number of
computational elements, an unbounded initial configuration,
an infinite alphabet, etc. The details can be found in [8], [9],
[25].

The paper is organized as follows. In section 2, we briefly
outline theπ-calculus process algebra of mobile processes. In
section 3, the same is done for the $-calculus process algebra
of bounded rational agents. In section 4 and 5, the expres-
siveness of theπ-calculus and the $-calculus are investigated,
respectively. Section 6 contains conclusions.

II. The π-Calculus Process Algebra of Mobile Processes

The Milner’s π-calculus [16], [17], [18], [20], [19], [22]
is a mathematical model of processes whose interconnections
change as they interact. It is a model of the changing connec-
tivity of interactive systems. In such a sense theπ-calculus of
mobile processes can be considered to be a dynamic extension
of CCS (Calculus of Communicating Systems) [15]. Like CSP
[11] and CCS [15], theπ-calculus uses a synchronous message
passing by handshaking. Both CSP and CCS have static
communication channels. Theπ-calculus allows an arbitrary
link topology, and to change it by sending new links through
existing ones. The ability to directly represent mobility, in
the sense of processes that reconfigure their interconnection
structure when they execute, makes it easy to model systems
where processes move between different locations and where
resources are allocated dynamically.

Theπ-calculus can be seen as a basic model of computation
[18]. Every basic model rests upon a small number of primitive
notions; theπ-calculus rests upon the primitive notion of
interaction, just as Turing Machines rest upon the notion of
reading and writing a storage medium, and just as recursive
equations and theλ-calculus rest upon mathematical functions.
Theπ-calculus subsumes the canonical approach to sequential
computing; i.e., the Churchλ-calculus [2], [3] - the above



means that theπ-calculus is at least equally expressive as
Turing Machines.

Let N be an infinite set of names. The action prefixesπ
represent either sending or receiving a message (a name), or
making a silent transitionτ .

According to Milner [17], [18] we think of labelsa, ā as
representingobservableactions, or observations. We observea
by interacting with it, i.e. by performing its complementā, and
conversely. Thus we are equating the concepts of interaction
and observation. But the shared simultaneous transition is
unobservable; we can think of it as an internal action, or
reactionas we shall call it, which is the interaction (i.e. mutual
observation) between two components of the system. This
internal action will be denoted byτ ; being unobervable, it
has no complement.

There are a few variants of theπ-calculus with some dif-
ferences both in syntax and semantics (e.g., polyadic, higher-
order, or asynchronousπ-calculus [16], [18], [19], [22]. We
will use the simplest definition preserving a high expressive-
ness of theπ-calculus [18].

Definition 2: The π-calculusThe setP of π-calculus pro-
cess expressions consists of action prefixesπ and processes
P , and is defined by the following syntax [18]:

π ::= x(y) receive namey along channelx
| x̄(y) send namey along channelx
| τ unobservable action

P ::=
∑

i∈I πi.Pi summation (choice) ofPi guarded
(prefixed) byπi, in particular, an
empty sum (blocking) is denoted
by 0, I is any finite indexing set

| P1 | P2 (parallel) composition
| new a P restriction (creation of new private

/local a for P )
| ! P replication (as many times as

needed)! P = P | P | ...
The original (older) version ofπ-calculus used instead of
replication, a defined process callA(y1, ..., yn) and its associ-
ated definitionA(x1, ..., xn) = P where namesx1, ..., xn are
distinct and the only names which may occur free inP , i.e.,
xi /∈ fn(P ) (not bound by a receive prefix or restriction oper-
ators)A(y1, ..., yn) behaves likeP{y1/x1, ..., yn/xn} where
P{yi/xi}, 1 ≤ i ≤ n means the simultaneous substitution of
yi for all free occurrences ofxi. Both versions ofπ-calculus
with replication or defined process call are equivalent.

We will skip the details of operational semantics of the
π-calculus using the labeled transition system with structural
congruence and transition rules.

III. The $-Calculus Process Algebra of Bounded
Rational Agents

The $-calculus is a mathematical model of processes cap-
turing both the final outcome of problem solving as well as the
interactive incremental way how the problems are solved. The
$-calculus is a process algebra of Bounded Rational Agents
for Interactive Problem Solving, targeting intractable and un-
decidable problems. It has been introduced in the late of 1990s

[4], [6], [8], [9], [10], [25]. The $-calculus (pronounced cost
calculus) is a formalization of resource-bounded computation
(called also anytime algorithms, proposed by Dean, Horvitz,
Zilberstein and Russell in late 1980s and begin of 1990s [13]).
Anytime algorithms are guaranteed to produce better results
if more resources (e.g., time, memory) become available.

The $-calculus rests upon the primitive notion ofcost in
a similar way as theπ-calculus was built around a central
concept of interaction. Cost and interaction concepts are
interrelated in the sense that cost captures the quality of an
agent interaction with its environment. The unique feature of
the $-calculus is that it provides a support for problem solving
by incrementally searching for solutions and using cost to
direct its search. The basic $-calculus search method used
for problem solving is calledkΩ-optimization. It is a very
general search method, allowing to simulate many other search
algorithms, including A*, Minimax, dynamic programming,
tabu search, or evolutionary algorithms.

The $-calculus is applicable to robotics, software agents,
neural nets, and evolutionary computation. Potentially it could
be used for design of cost languages, cellular evolvable cost-
driven hardware, DNA-based computing and bioinformatics,
electronic commerce, and quantum computing.

In $-calculus everything is a cost expression: agents, envi-
ronment, communication, interaction links, inference engines,
modified structures, data, code, and meta-code. $-expressions
can be simple or composite. Simple (contract) $-expressions
α are considered to be executed in one atomic indivisible
step. Composite (interruptible) $-expressionsP consist of
distinguished components (simple or composite ones) and can
be interrupted.

Definition 3: The $-calculusThe setP of $-calculus pro-
cess expressions consists of simple$-expressionsα and com-
posite$-expressionsP , and is defined by the following syntax:

α ::= ($i∈I Pi) cost
| (→i∈I a Pi) sendPi with evaluation through

channela
| (←i∈I a Xi) receiveXi from channela
| (′i∈I Pi) suppress evaluation ofPi, double

suppression causes evaluation
of Pi exactly once

| (ai∈I Pi) defined call of simple$-expression
a with parametersPi

| (ai∈I Pi) negation of defined call of simple
$-expressiona



P ::= (◦ i∈IPi) sequential composition

| ( ‖ i∈IPi) parallel composition

| ( ∪∪ i∈I Pi) cost choice

| ( ∪+ i∈I Pi) adversary choice

| (ti∈I (◦ αi Pi)) general choice
| (fi∈I Pi) defined process callf with

parametersPi, and its
associated definition
(:= (fi∈I Xi) P )
with bodyP

The indexing setI is possibly countably infinite. In the
case whenI is empty, we write empty parallel composition,
general and cost choices as⊥ (blocking), and empty sequential
composition asε (invisible transparent action, which is used
to mask, make invisible parts of $-expressions). Adaptation
(evolution/upgrade) is an essential part of $-calculus, and
all $-calculus operators are infinite (an indexing setI is
unbounded). $-calculus agents interact through send-receive
pair as the essential primitives of the model.

Sequential composition is used when $-expressions are
evaluated in a textual order. Parallel composition is used when
expressions run in parallel and it picks a subset of non-blocked
elements at random. Cost choice is used to select the cheapest
alternative according to a cost metric. Adversary choice is
used to select the most expensive alternative according to a
cost metric. General choice picks one non-blocked element
at random. General choice is different from cost and adver-
sary choices. It uses guards satisfiability. Cost and adversary
choices are based on cost functions. Call and definition encap-
sulate expressions in a more complex form (like procedure or
function definitions in programming languages). In particular,
they specify recursive or iterative repetition of $-expressions.

Simple cost expressions execute in one atomic step. Cost
functions are used for optimization and adaptation. The user
can use built-in standard cost function, or is free to define
his/her own cost metrics. Send and receive perform hand-
shaking message-passing communication, and inferencing.
Additionally, a user is free to define her/his own simple $-
expressions, which may or may not be negated.

In this paper we will omit the operational semantics of the
$-calculus based on thekΩ-optimization meta-search. We will
skip also definitions of cost performance measures.

IV. The π-Calculus Expressiveness: its Support for
Undecidability

According to [20] there is yet no definite measure on
expressiveness of theπ-calculus, although there is strong
evidence that its primitives are enough for a wide variety of
purposes, including encoding of the functional and object-
oriented paradigms. Robin Milner has proved that theπ-
calculus is at least equally expressive as Turing Machines,
and, additionally, suggested that it is “more complete” than
Turing Machines. For the last assumption to be correct, it is
not enough to simulateλ-calculus or Turing Machines inπ-
calculus. Theπ-calculus has to be more expressive than TMs.

We justify below that theπ-calculus might be more expres-
sive than TMs. For example, it is enough to allow the infinity
in theπ-calculus replication (or its predecessor: recursive def-
inition) operator, i.e., to permit for an infinite replication. Note
that replication!P is an abbreviation for an infinite number of
copies ofP in parallel [18], [22]. Replication is axiomatized
by the structural congruence axiom!P ≡ P | !P . Then if it
is solved as the greatest fixed point!P = P∞ ∪

⋃∞
i=1 P i,

whereP i is a shorthand forP replicated in paralleli-times,
it makes possible to express infinite behaviors.

With infinite replication (or infinite recursive call) by the
infinity principle, theπ-calculus becomes more expressive than
TMs. In particular, then it allows model an infinite number
of cells of cellular automata, discrete neural networks, or
random automata networks in the style of [5], i.e., to simulate
models more expressive than TMs. Without infinity, theπ-
calculus could not simulate cellular automata with the infinite
number of cells. With the replication operator allowing for an
infinite replication, theπ-calculus is able to simulate cellular
automata or discrete neural networks, and not merely TMs.
Without infinity, unless to assume that theπ-calculus processes
have the power of oracles, we remain in the class of TMs.
With such unbounded replication (or recursive definition, or
parallel composition), we obtain by the principle ofinfinity
(see introduction and [8], [9], [25]) that theπ-calculus is
more expressive than TMs. Note that theπ-calculus allows
in infinity to solve the halting problem of the TM, similar as
the $-calculus does (see section 5), and not only to simulate
TMs.

V. The $-Calculus Expressiveness: its Support for
Undecidability

To deal with undecidability, the $-calculus may represent
all three principles from introductory section: the infinity,
interaction, and evolution principles:

• infinity - because of the infinity of the indexing setI in the
$-calculus operators, it is clear that the $-calculus derives
its expressiveness mostly from theinfinity principle.

• interaction - if to assume that simple $-expressions may
represent oracles, then the $-calculus can represent the
interaction principle. Then we define an equivalent of the
oracle as a user defined simple $-expression, that some-
how in the manner of the “black-box” solves unsolvable
problems (however, we do not know how).

• evolution -thekΩ-optimization may be evolved to a new
(and hopefully) more powerful problem solving method

It is easier and “cleaner” to think about implementation
of unbounded (infinite) concepts, than about implementation
of oracles. The implementation of scalable computers (e.g.,
scalable massively parallel computers or unbounded growth
of Internet) allows to think about a reasonable approximation
of the implementation ofinfinity (and, in particular, theπ-
calculus, or the $-calculus). At this point, it is completely
unclear how to implement oracles (as Turing statedan oracle
cannot be a machine, i.e., implementable by mechanical



means), and as the result, the models based on them (e.g.,
Site or Internet machines [26]).

A. Expressing Sequential and Concurrent Algorithms

The expressiveness of the $-calculus is not worse than the
expressiveness of Turing Machines.

Theorem 1: (On expressing an arbitrary algorithm in the
$-calculus)The $-calculus can express an arbitrary algorithm.
Proof:To prove that, it is enough to show how to encode in the
$-calculus any of the models equivalent to Turing Machines.
For example, theλ-calculus is equivalent to Turing Machines
and all algorithms. Encoding of theλ-calculus by the subset
of the$-calculus is straightforward:

λ-calculus $-calculusencoding
x - variable x - variable name
MN - application (f N) - function call
λx.M - abstraction (:= (f x) M)

- function definition
Operational semantics:
(λx.M) N →M [N/x] (f N) →M [N/x],
function application where(:= (f x) M)
(β-reduction)

In [5] it has been demonstrated, how some other models
of computation, more expressive than Turing Machines, can
be simulated in the $-calculus. This includes theπ-calculus,
Interaction Machines, cellular automata, neural networks, and
random automata networks. The $-calculus can encode theπ-
calculus and this is stated by the theorem below.

Theorem 2: (On simulating theπ-calculus in the $-
calculus)The $-calculus is at least equally expressive as the
π-calculus.
Proof: The proof is by encoding of theπ-calculus in the$-
calculus

π-calculus(πC) $-calculus($C) encoding
0 - inert process ⊥ - zero (blocking)

x(y).P - input prefix (t (◦ (← x y) P ) - receive

(◦ (in x y) P ))
x̄y.P - output prefix (t (◦ (→ x y) P ) - send

(◦ (out x y) P ))
P + Q - sum (t P Q) - general choice

P |Q - parallel ( ‖ P Q) - parallel
composition composition
(ν x) P - restriction (block in out x P )
! P - replication (:= (! P ) ( ‖ P (! P )))

Simulation requires introduction of (user defined) operators:
in, out and block in out, but the $-calculus allows to do
it. Then the input prefix is simulated by the general choice
either to do $-calculus receive (requiring synchronization with
corresponding send) or by a new operator(in x y) working
like receive, but not requiring synchronization neither with
send nor out. In a similar way, the output prefix is simulated
by general choice of send and a new operator out. Theπ-
calculus restriction operator is simulated by a new operator
block in out blocking execution ofin and out operators for
a given channelx (and this is a general idea of theπ-calculus

restriction operator). Simulation of the replication operator by
recursive definition is straightforward.

If to not be too picky about the necessity to use new
(user) defined operatorsin, out, and block in out, then the
π-calculus could be claimed to be a subcalculus of the $-
calculus, because each operator of theπ-calculus is simulated
by a corresponding operator from the $-calculus. We have the
choice to encode numerals, true, false boolean values, if-then-
else operator either as in theλ-calculus or as in theπ-calculus,
but we prefer the third way:⊥ is used to denotefalse(similar
to implementation of the negation by failure in Prolog, where
exactly one ofP or ¬P will be blocked (will fail, i.e., return
⊥), and if-then-else we can express easily by general choice
with positive and negated guards.

B. Some Undecidability Results

We will present two theorems that the optimization problem
for the $-calculus cannot be solved neither by the Universal
Turing Machine nor by the $-calculus itself.

Every optimization problem for the $-calculus can be ex-
pressed as a halting problem: to stop when the optimum is
reached, or to continue computation otherwise.

Theorem 3: (On undecidability of the optimization problem
for the$-calculus by the Universal Turing Machine)The opti-
mization (halting) problem of the $-calculus is algorithmically
unsolvable by the Universal Turing Machine.
Proof: A Universal Turing Machine cannot solve its own
halting problem, and the$-calculus by Theorem 1 can express
an arbitrary algorithm/TM being a subset of all possible$-
expressions. If UTM cannot decide about halting (reaching
the goal state) for the subset of$-expressions simulating the
λ-calculus, then the same applies to the complete$-calculus.
Another argument confirming the undecidability result is that
the reaching the optimum may require an unbounded (infinite)
number of steps by thekΩ-search, thus that problem is
algorithmically unsolvable.

We will show that the optimization problem cannot be
decided by the $-calculus itself if we consider all possible
search algorithms and all possible problems to solve.

The proof of undecidability will be by the diagonalization
technique leading to a contradiction, i.e., by attempting to
construct a program finding the universal search algorithm
looking for the optimum, and to fail in that. The idea is the
following: if a best search algorithm existed, how would it
perform having itself as an input?

Theorem 4: (On undecidability of the optimization problem
for the $-calculus by the$-calculus )The problem of finding
the best search algorithm finding the optimum of the arbitrary
problem is algorithmically undecidable in the $-calculus.
Proof:By contradiction. Suppose that there were such a meta-
systemkΩ[t] = A that detects for an arbitrary inputx[t]
whether or not its optimum$3(x[t]) has been found, and it
replies yes or no. Assumption:A takes as an inputx and its
input file i (can be empty), and decides yes or no that cost
function$3(x[t]) reached its optimum.
Step 1:Modify kΩ[t] = A, called A1, that acts likeA, but



whenA prints no,A1 prints “optimum reached”.
Step 2:Modify A1 to A2. This program takes only one input,
x, and acts likeA1 with both its program and data inputs
equal tox, i.e., A2(x) = A1(x, x) (A2 simulatesA1, storing
copy ofx to be used instead ofi, whenA1 performs input)
Note, we repeat essentially what Alan Turing did to prove
undecidability of TMs: to modifyA to take as its inputs
programx, with its input beingx itself, and ask what would
modified A reply: yes or no? There are somehow related
problems: self-modifying programs, bootstrapping, compiling
compiler, self-reproduction, carrying yourself, etc.
Step 3:Put A2 as input toA2. A2 cannot exist. If it did what
would A2(A2) do?

If A2(A2) = yes, thenA2 givenA2 as input evidently does
not print “optimum reached” (it prints “yes”). ButA2(A2) =
A1(A2, A2) = A(A2, A2), and A1 prints yes if and only if
its first input (programA2), given its second input as data
(program A2), prints “optimum reached”. ThusA2(A2) =
yes, impliesA2 prints optimum reached. But ifA2 prints
optimum reached , thenA1(A2, A2) = optimum reached, and
A(A2, A2) = no. ThusA2(A2) = optimum reached, implies
A2(A2) does not print “optimum reached”.A(A2, A2) cannot
at the same time decide yes and no, andA2 cannot print and
not print “optimum reached” at the same time. ThusA2 does
not exist, and as a consequence,A1, andA. A cannot decide
one way or another - the problem is “undecidable”, i.e., the
program (if it existed) for some inputs (which is the deciding
program itself), would not be able to reply clearly: yes or no.
This has no real sense: the program should answer yes or no,
pending that it exists. Thus the only available option left is
that such program does not exist.

The proof of the algorithmic undecidability of finding the
best search algorithm can be done alternatively by a direct
reduction from the language of the Universal Turing Machine
or by reduction from the Post Correspodence Problem [21].

It is interesting that the $-calculus can solve in the limit
the halting problem of the Universal Turing Machine, and
approximate the solution of the halting/optimization problem
of the $-calculus. This is a very interesting result, because,
if correct, besides the $-calculus, it may suggest that a self-
modifying program using infinitary means may approximate
the solution of its own decision (halting or optimization)
problem.

C. Solving Nonalgorithmically the Turing Machine Halting
Problem

The theorems from this section justify that the $-calculus
is more expressive that the TM, and may represent non-
algorithmic computation. We will show three ways how the
$-calculus can solve nonalgorithmically the halting problem of
the Universal Turing Machine using eitherinfinity, evolution,
or interaction principles(defined in introduction).

Theorem 5: (On solution of the halting problem of UTM
by the$-calculus using infinity principle)The halting problem
for the Universal Turing Machine is solvable by the $-calculus
using the infinity principle.

Proof: The proof uses the solution of the halting problem of
the UTM as the solution in the limit by thekΩ-search. We
will assume the infinite enumerable number of agentsA1, A2,
.... Eachi-th agent will take as its input a specific instance
of the Turing Machine, a pair(Mi[0], xi[0]) whereMi[0] is
the Turing Machine encoding, andxi[0] its binary input. The
goal for each agent will be to print halted or not-halted.
Optimization is not used.

0. t=0, initialization phaseinit : The definition of the
i-th agent with its input - pair(Mi, xi) , and the initial
$-expression being parallel composition of agent processes.
Parameters for thekΩ are selected:k = b = 0, n = ∞, Ω
and$ are irrelevant here. The goal is the minimum of the cost
function (the default goal) is overwritten by the “do forever”
goal in the infinite loop. Although it seems be redundant here,
technically speaking, we still use thekΩ-optimization with
empty select and examine phases.

To start everything we run all processes in parallel

( ‖ A1 A2 ...)

1. t ≥ 1, first and other loop iterations,sel, exam, exec
reduced toexec only
execute phaseexec : for each instance of the Turing Machine
and its input, the agent oberves whether TM halted. If so it
prints the result: “halted”. Otherwise it incrementst and goes
to the next loop iteration. We can think that thekΩ-search
will stay a finite quantum of time in select/examine/execute
iteration, and if not successful with reaching a decision will
go to the next iteration, giving a next quantum of time. This can
take either a finite amount of time/iterations if the TM halted
reaching or not reaching its goal, or if the program loops
forever, then the agent cannot decide in finite time whether
the TM will halt or not. However, the agent by the infinity
principle can wait “forever”, and in the infinity (in the limit)
it will be able to decide and print: halted or not.

Two other proofs using the interaction and evolution prin-
ciples are presented below.

Theorem 6: (On solution of the halting problem of UTM
by the $-calculus using interaction principle)The halting
problem for the Universal Turing Machine is solvable non-
algorithmically by the $-calculus using the interaction princi-
ple.
Proof: There are two interacting agents, called UTM and
Oracle, and both running thekΩ-optimization. The first agent
UTM has as its inputx, i.e., the encoding of the instance of
the Turing machine with its input. The second agent Oracle
has as its input a query from the first agent. No optimization
is involved, i.e.,k = b = 0, n = ∞, Ω and $ irrelevant (no
optimization) Everything is done in theinit and exec phase.
The default goal, minimum of the cost function is replaced by
printing “halting” or “non-halting”.

0. t=0, initialization phaseinit : The two agents are
defined (one encoding the instances of the Turing machine,
and the second - an oracle), and the initial$-expression being
parallel composition of two agents. Parameters for thekΩ
are selected:k = b = 0, n = ∞, Ω and cost function$ are



irrelevant (no optimization involved). The minimum of the cost
function (the default goal) is overwritten by the “do forever”
goal in the infinite loop. Although it seems be redundant here,
technically speaking, we still use thekΩ-optimization with
empty select and examine phases.

Both agent definitions:
(:= (UTM x) (◦ (→ a x) (←

a y) (print y) (UTM new x instance))
(:= (Oracle x) ( ◦ (← a x) (→
a (select “halting“ “non halting“)) (Oracle x)))

Only the Oracle agent “knows” whether to select “halting”
or “non-halting”, and the UTM agent simply promptly prints
an answer.

To start everything we run both agent processes in parallel

( ‖ (UTM first x instance) (Oracle x))

1. t = 1, first loop iteration lasting forever,sel, exam, exec
reduced toexec only
examine phaseexec : successive interactions of UTM
agent and Oracle agent are executed with interaction done
by classical process algebra message passing involving pairs
send and receive. UTM delegates the solution that is unable
to solve itself, to a smarter Oracle. Practically, from thekΩ-
optimization the inference rules for the execution of actions are
needed only. Becausen =∞ and recursion is unconditional,
the goal never will be checked again. The whole magic
of Oracle is hidden in a non-recursiveselect function that
optional definition is undefined, represented in the$-calculus
as an atomic simple$-expression, defined as the “black-
box”. We do not have an access to this black-box and its
internal structure, but the Oracle agent somehow knows and
can be queried about any Turing machine instance, giving
an infallible answer. In infinity, all instances of TMs can be
inspected.

Note that the readers may feel to be disappointed by such
nonalgorithmic “proof” with a non-constructive “select” that
nobody knows how to implement. However, the $-calculus
allows to define formally simple $-expressions as arbitrary
functions (including nonrecursive ones), thus technically this
is correct, hiding the lack of algorithmic implementability by
the atomic black-box select with an unknown structure.

Theorem 7: (On solution of the halting problem of UTM
by the $-calculus using evolution principle)The halting
problem for the Universal Turing Machine is solvable non-
algorithmically by the $-calculus using the evolution principle.
Proof: The idea is quite simple. The UTM (input to thekΩ-
optimization) will be evolved in successive iterations (e.g.,
using the$-calculus send operator→) to UTM with oracle,
or to the infinite number of agents representing enumerable
instances of TMs. Thus the halting problem using evolution
principle will be transformed to the halting problem using
interaction or infinity principles.

Assuming that a TM with an oracle can be encoded as a
nonrecursive function ($-expresion) using a binary alphabet
and an ordinary TM can be (of course) encoded as a binary

string, thus a simple binary mutation changing one binary
input to another can convert by chance an ordinary Turing
Machine to the Turing Machine with an oracle [24]. The
probability of such event is very small, and because nobody
has implemented the Turing Machine with an oracle (although
we know what its transition function may look like - see, e.g.
[14]). We may have the big problem with the recognition of
this encoding, thus even if theoretically possible, so far nobody
has been able to detect the potential existence of the Turing
Machine with an oracle.

D. Approximating the Universal Algorithm

We know from the theory of computation and the undecid-
ability result from Section 5 that the search for the universal
algorithm is a futile effort. However, is this truly so? In this
section, we will try to provide some hope, but for the price of
approximation of the best search algorithm.

We will show how the $-calculus can help potentially for
the solution of the best search algorithm by approximating it.
The best search algorithm will be in the sense of the optimum:
finding the best-quality solutions/search algorithms for the all
possible problems. The trouble and undecidability is caused by
the requirement to cover exactlyall possible problems. The
number of possible algorithms is enumerable, however, the
number of possible problems is infinite, but not enumerable
(problems/languages are all possible subsets of all algorithms),
see, e.g., [12].

Theorem 8:(On approximating the universal algorithm)
The search for the universal algorithm is approximated in the
limit by thekΩ-optimization if the search is complete an elitist
selection strategy is used.
Proof: Let’s assume that thekΩ-optimization will have as its
input a candidate for the universal search algorithm operating
on its own inputs/problems to solve. In other words, the
minimum of$3(x[t]) is looked for (the optimization problem)
The solution will improve monotonically by elitist selection
strategy. However, it will require an infinite number of itera-
tions of thekΩ-optimization, checking a growing number of
inputs for each universal algorihm candidate instance, but this
is consistent with the infinity principle. By completeness, the
probability of finding each universal algorithm candidate is
greater than zero and each (reachable) search algorithm is
guaranteed to be inspected by an exhaustive search in infinity.
Assuming that the number of possible search algorithms is
infinite but enumerable (a reasonable assumption, because all
algorithms/TMs can be encoded over, for instance, a binary al-
phabet and enumerated), the best search (universal) algorithm
(a nonexistent, or more precisely, an asymptotic optimum) will
be approximated by the$-calculus after an infinite number of
iterations to the arbitrary degree of precision. However, the
optimum (the universal algorithm) has to be outside of the
search tree, otherwise by completeness it would be reached
in the infnity and problem would be decidable (what is not
possible according to Theorem 3).

If the reader may question the practicality of the above
“infinite recipe” to find the universal algorithm, we should



say that at least it provides a hope that the attempt to look for
the universal algorithm is not so futile, and we will improve
continuously the currently known “best” universal algorithm
never reaching it.

Note that it is not true that the theorem is “impractical”. Of
course, we are not guaranteed to explore in the finite time the
whole infinite search space of potential algorithms. However,
the above theorem gives a quite practical clue stating that
the search for the universal algorithm is not so hopeless. We
can improve indefinitely the quality (i.e., the generality) of
search algorithms. However, we do not guarantee that the best
algorithm will be found in the finite or infinite time (because
the problem is TM/$-calculus undecidable). All that can be
claimed is that it can be indefinetely approximated.

It is quite different to claim that yes, you can improve your
solution for the price that you will never reach an optimum in
the final or infinite time, compared to a flat negative statement:
“do not look for the best algorithm because such effort is
fruitless”. The theorem says: look for the best algorithm; you
are not guaranteed to find it in the finite or infinite time, but
as a side effect of your search you will get (hopefully) better
and better search algorithms. In such a way, for instance, the
development of the whole area of mathematics, works. Finding
an axiomatic description of all theorems in mathematics is
impossible (the Entscheidungsproblem - Hilbert’s decision
problem is undecidable [23], [12], [7], [9]). However, in spite
of that, new generations of mathematicians and computer
scientists work and generate new theorems and improve indef-
initely the current state of art of mathematics and computer
science. The famous Entscheidungsproblem does not prevent
us from discovering new theorems, improving our knowledge
of mathematics, but we will never be able to write all theorems.

VI. Conclusions

In the paper, we investigated expresiveness of theπ-calculus
and the $-calculus. We justified that both process algebras
belong to superTuring models of computation, i.e., are more
expressive than Turing Machines.

To gain higher expressiveness, superTuring models employ
the interaction, evolution and infinity principles. It is unclear
at this moment, how combination of several principles may
increase expressiveness of such models. We know that the
application of one principle only is sufficient to derive models
more expressive than TMs. Very little is known about the re-
lations between superTuring models. Some preliminary results
are known that random automata networks are at least equally
expressive as discrete neural networks, and discrete neural
networks are at least equally expressive as cellular automata.
We know also that Sequential Interaction Machines are less
expressive than Multistream Interaction Machines, and that the
$-calculus can simulate theπ-calculus and random automata
networks, but much more research is needed.
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