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Abstract— This paper presents a new method for the
autonomous construction of hierarchical action and state
representations in reinforcement learning, aimed at accel-
erating learning and extending the scope of such systems.
In this approach, the agent uses information acquired while
learning one task to discover subgoals for similar tasks by
analyzing the learned policy using Monte Carlo sampling.
The agent is able to transfer this knowledge to subsequent
tasks and to accelerate learning by creating corresponding
subtask policies as abstract actions (options). At the same
time, the subgoal actions are used to construct a more
abstract state representation using action-dependent state
space partitioning, adding a new level to the state space
hierarchy. This level serves as the initial representation
for new learning tasks. In order to ensure that tasks
are learnable, value functions are built simultaneously at
different levels of hierarchy and inconsistencies are used
to identify actions to be used to refine relevant portions of
the abstract state space.

I. INTRODUCTION

Autonomous systems are often difficult to program.
Reinforcement learning (RL) is an attractive alternative,
as it allows the agent to learn behavior on the basis
of sparse, delayed reward signals provided only when
the agent reaches desired goals. However, standard rein-
forcement learning methods do not scale well to larger,
more complex tasks. One promising approach to scaling
is hierarchical reinforcement learning (HRL) [1], [2], [3],
[4], [5].
One of the fundamental steps toward HRL is to auto-
matically establish subgoals. Methods for automatically
introducing subgoals have been studied in the context of
adaptive production systems, where subgoals are created
based on examinations of problem-solving protocols. For
RL systems, several researchers have proposed methods
by which policies learned for a set of related tasks
are examined for commonalities or are probabilistically
combined to form new policies. Subgoal discovery has

been addressed by several researchers [6], [7], [8]. The
most closely related research is that of Digney [7] where
states that are visited frequently or states where the
reward gradient is high are chosen as subgoals.
The presented work introduces a new method for the
autonomous construction of hierarchical actions and
state representations in reinforcement learning. In this
approach, the agent uses information acquired while
learning one task to discover subgoals for similar tasks
by analyzing the learned policy using Monte Carlo
sampling. The agent is able to transfer knowledge and
to accelerate learning of subsequent tasks by creating
new subgoals and by off-line learning corresponding
subtask policies as abstract actions (options). At the
same time, the subgoal actions are used to construct a
more abstract state representation using action-dependent
state space partitioning. This representation forms a new
level in the state space hierarchy and serves as the
initial representation for new learning tasks. To ensure
that tasks are learnable, value functions are built at
different levels of hierarchy and inconsistencies are used
to identify actions to be used to refine relevant portions
of the abstract state space.

II. REINFORCEMENTLEARNING

In the RL framework, a learning agent interacts
with an environment over a series of time stepst =
0, 1, 2, 3, .... At each timet, the agent observes the state,
st , and chooses an action,at , which causes a transition
to statest+1 and a reward,rt+1. In a Markovian system,
the likelihood of the next state and of the reward depend
only on the preceding state and the action taken. The
objective of the agent is to learn a (possibly probabilistic)
mapping from states to actions which maximizes the ex-
pected discounted reward received over time. A common
RL approach is to approximate the optimal state/action
value function, or Q-function, which maps state/action



pairs to the maximum expected return starting from the
given state and action and thereafter following the best
policy.
To permit the construction of a hierarchical learning
system, we model our learning problem as a Semi-
Markov Decision Problem (SMDP) and use the option
framework [1]. An option is a temporally extended action
which, when selected by the agent, executes until a
termination condition is satisfied. While an option is
executing, actions are chosen according to the option’s
own policy. More specifically, an option is a tripleoi =
(Ii, πi, βi), where Ii is the set of states in which the
option can be initiated;πi is the option’s policy defined
over all states in which the option can execute; andβi is
the termination condition defining the probability with
which the option terminates in a given state,s. Each
option used in this paper bases its policy on its own
internal value function. The value of a states under an
SMDP policyπo is defined as [9], [1]:

V πo

(s) = E[R(s, oi) +
∑

s′

F (s′|s, oi)V
πo

(s′)]

where

F (s′|s, oi) =
∞
∑

k=1

P (st+k = s′|st = s, oi)γ
k (1)

and

R(s′, oi) = E[rt+1+γrt+2+γ2rt+3+. . . |ε(πi, s, t)] (2)

where rt denotes the reward at timet and ε(πi, s, t)
denotes the event of an action under policyπi being
initiated at timet and in states [1].

III. A UTONOMOUS SUBGOAL DISCOVERY

An example that shows the importance of a subgoal is
a room to room navigation task where the agent should
discover the utility of doorways. If the agent discovers
that a doorway is a subgoal it can learn an option to
reach the doorway which, in turn, can accelerate learning
of new navigation tasks. The idea of using subgoals is
not, however, limited to grid worlds. For example, for a
robot arm to pick up an object, an important subtask is
the recognition of the object and thus being aware of its
presence would be a subgoal.
The main goal of automatic subgoal discovery is to find
useful subgoals in the agent’s state space. Once they
are found, options to those subgoals can be learned and
added to the behavioral repertoire of the agent. In the
approach presented here, subgoals are identified as states
with particular structural properties in the context of a

given policy. In particular, we define subgoals as states
that, under a given policy, lie on a substantially larger
number of paths than would be expected by looking at
its successor states. In other words, we are looking for
states that form a “funnel” for state space trajectories
under the learned policy.
Definition 1 A states′ is a direct predecessor of states,
if under a learned policy the action in states′ can lead
to s i.e., P (s|s′, a) > 0.
Definition 2 The count metric for states under a
learned policy,π, is the sum over all possible state space
trajectories weighed by their accumulated likelihood to
pass through states.
Let C∗

π(s) be the count for states, then:

C1
π(s) =

∑

s′ 6=s

P (s|s′, π(s′)) (3)

and
Ct

π(s) =
∑

s′ 6=s

P (s|s′, π(s′))Ct−1
π (s′) (4)

C∗
π(s) =

n
∑

i=1

Ci
π(s) (5)

wheren is such thatCn
π (s) = Cn+1

π (s) or n = |S|. The
conditions′ 6= s prevents the counting of self loops and
P (s|s′, π(s′)) is the probability of reaching states from
states′ by executing actionπ(s′). The slope ofC∗

π(st)
along a path,ρ, under policyπ is:

∆π(st) = C∗
π(st) − C∗

π(st−1) (6)

where st is the tth state along the path. In
order to identify subgoals, the gradient ratio
∆π(st)/max(1,∆π(st+1)) is computed for states
where∆π(st) > 0. A statest is considered a potential
subgoal candidate if the gradient ratio is greater than
a specified thresholdµ > 1. Appropriate values for
this user-defined threshold depend largely on the
characteristics of the state space and result in a number
of subgoal candidates that is inversely related to the
value of µ. This approach is an extension of the
criterion in [10] with max(1,∆π(st+1)) addressing the
effects of potentially obtaining negative gradients due
to nondeterministic transitions.
In order to reduce the computational complexity of the
above method in large state spaces, the gradient ratio is
here computed using Monte Carlo sampling.
Definition 3 Let H = {h1, ..., hN} be N sample
trajectories induced by policyπ, then the sampled
count metric,C∗

H(s), for each states that is on the
path of at least one pathhi can be calculated as the



average of the accumulated likelihoods of each path,
hi, 1 ≤ i ≤ N , rescaled by the total number of possible
paths in the environment.
We can show that for trajectorieshi and sample sizeN
such that

N ≥
maxt C∗

H(st)

ε2
N

2(1 + εN )log(
2

1 − p
) (7)

the following statement is true with probabilityp:

|C∗
H(st) − C∗

π(st)| ≤ εN

Theorem 1 Let H = {h1, ..., hN} be N sample trajec-
tories induced by policyπ with N selected according
to Equation 7. If ∆H(st)

max(1,∆H(st+1))
> µ + 2εN (µ+1)

max(1,∆H(st+1))
,

then ∆π(st)
max(1,∆π(st+1))

> µ with probability≥ p.
Theorem 1 implies that for a sufficiently large sample
size the exhaustive and the sampling method predict the
same subgoals with high probability.

A. Example

Figure 1(a) shows a two-room example environment
on a 10 × 6 grid. For this experiment, the goal state is
placed in the upper right hand portion (gray cell) and
each trial is started from the same state in the lower
left corner. The action space consists of eight primitive
actions (North, East, South, West, Northwest, Northeast,
Southwest and Southeast). The world is deterministic
and each action succeeds in moving the agent in the
chosen direction. With every action the agent receives a

(a) (b)

Fig. 1. (a) A two room environment with a connecting doorway.The
goal is illustrated in gray and the line shows a sample trajectory. (b)
Cells are shaded according to the gradient ratio over 10 trajectories
with higher ratios indicated by lighter shading.

negative reward of−1 for a straight action and−1.2 for
a diagonal action. In addition, the agent receives a reward
of +10 when it reaches the goal state. Policyπ is learned
using Q-learning and the count metric for every state is
computed. The agent then evaluates the gradient ratio
along the count curve by choosing10 random trajectories
according toπ, and picks the states in which the ratio
is higher than the specified threshold as subgoal states.
Figure 1(b) shows the values of the gradient ratio for

each state. In this example, the gradient ratio is less than
4 in all states except the doorway where it is5.232. The
mean of the distribution of gradient ratios over the state
space is3.265 and the standard deviation is0.208. The
threshold is here chosen to be4 resulting in one subgoal
in the location of the doorway. This subgoal could now
be used to learn similar tasks in this environment.

IV. A CTION DEPENDENTPARTITIONS

Once potential subgoals are discovered, options that
terminate in the subgoal states can be learned and added
as abstract actions to the action hierarchy available to
the agent. In addition, these options can be used to
build a more compact representation of the state space.
Abstraction is achieved here by partitioning the state
space of the original MDP into blocks of states that have
similar properties (i.e transition probabilities and reward
values).
ε-reductions were introduced by Dean et al. [11] as
a mechanism to derive state space partitions of a MDP
that ensure approximately optimal policies to be learned.
These partitions depend on the action space and the
particular reward function of the task. Kim and Dean, [2]
introduced an algorithm to derive a set of such partitions
and used it to learn a policy for the task indicated by the
reward function. The resulting policy is ensured to be
within an ε-dependent quality bound.
Two shortcomings of this algorithm are that it does not
address temporally abstract actions and that it requires
a complete re-computation of the partitions when a new
action is introduced. In addition it requires knowledge
of the reward function prior to partitioning, and thus
no part of the partitioning transfers across tasks. To
address these issues, the algorithm introduced in this
section derives partitions with the same approximate
optimality properties for the SMDP framework in two
phases, the first of which is reward-independent and
thus transfers across tasks. This method first constructs
the optionsoi = (Ii, πi, βi) according to the discovered
subgoals. The transition probability functionF (s|s′, oi)
and the reward functionR(s, oi) can be computed using
equations 1 and 2. The transition function can here be
completely pre-computed at the time when the policy
itself is learned and as a result, only the discounted
reward estimate has to be re-computed for each new
learning task.
In the two phase partitioning approach presented here
we construct the initial blocks of the partition by distin-
guishing terminal states (subgoals) for available option
from non-terminal states and then refine these blocks



based on the transition probability function.
Let {s1, . . . , sn} be n discovered subgoals and
{o1, . . . , on} be the corresponding options. We construct
a partition P = {B1, . . . , Bn} of state spaceS such
that each setBi contains all statess ∈ Ii such that
F (si|s, oi) > 0, β(si) = 1 and∪n

i=1Bi = S.
Definition 4 A partition P = {B1, . . . , Bn} of the state
space of an MDP has approximate stochastic bisimula-
tion homogeneity if and only if for eachBi, Bj ∈ P and
for eachs, s′ ∈ Bi:

∣

∣

∣

∣

∣

∣

∑

s′′∈Bj

F (s′′|s, oi(s)) −
∑

s′′∈Bj

F (s′′|s′, oi(s
′))

∣

∣

∣

∣

∣

∣

≤ δ (8)

where0 ≤ δ ≤ 1.
We say that a blockBi is δ-stable with respect to block
Bj if and only if Equation 8 holds.Bi is δ-stable ifBi

is δ-stable with respect to all blocks ofP .
To form partitions, each block is checked forδ-stability
and unstable blocks are split until no unstable blocks
remain. When a blockBk is found to be unstable with
respect to blockBl, we replaceBk by a set of sub-
blocksBk1

, . . . , Bkm
such thatBki

is maximal sub-block
of Bk that is δ-stable with respect toBl. To facilitate
modifications in the action space, this process is first
performed for each option individually. The blocks of the
final partition are then formed by intersecting all blocks
for eachoi that are used followed by a refining stage that
achievesδ-stability for the intersections [5]. This reduces
the overhead required when the action set changes to the
intersection and the final refinement step.
If the reward structure becomes available, the second
phase of the partitioning technique further refines the
partition with the following reward criterion:

∣

∣R(s, oi) − R(s′, oi)
∣

∣ ≤ ε (9)

Given a particular subset of options, an appropriate ab-
stract state space representation for the learning task can
thus be derived which is stable according to criteria in
Equations 8 and 9. Furthermore, representation changes
due to changes in the action set can be performed
efficiently and a simple mechanism can be provided to
use the previously learned value function as a starting
point when such representation changes occur. This is
particularly important if actions are added over time
to permit refinement of the initially learned policy by
permitting finer-grained decisions.

V. L EARNING METHOD

Let P = {B1, . . . , Bn} be a partition for state space
S derived by the action-dependent partitioning method,

using subgoals{s1, . . . , sk} and options to these sub-
goals {o1, . . . , ok}. If the goal stateG belongs to the
set of subgoals{s1, . . . , sk}, then G is achievable by
options{o1, . . . , ok} and the task is learnable according
to Theorem 3. However, ifG /∈ {s1, . . . , sk} then the
task may not be solvable using only the options that
terminate at subgoals. The proposed approach solves this
problem by maintaining a separate value function for the
original state space while learning a new task on the
partition space derived from only the subgoal options.
During learning, the agent has access to the original
actions as well as all options, but makes decisions only
based on the abstract partition space information.
While the agent tries to solve the task on the abstract
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Fig. 2. An abstract state space with3 blocks (B1, B2, B3). Options
are shown using dotted curves and original action are illustrated with
solid lines. The black cell in blockB3 is the goal state. Since the
Q-value in blockB3 is significantly smaller than the one of the
underlying goal state this block is refined using the optionsand the
primitive actions.

partition space, it computes the difference in Q-values
between the best actions in the current state in the
abstract state space and in the original state space. If
the difference is larger than a constant value (given by
Theorem 2), then there is a significant difference between
different states underlying the particular block that was
not captured by the subgoal options. Theorem 2 [2]
shows that if blocks are stable with respect to all actions
the difference between the Q-values in the partition space
and in the original state space is bounded by a constant
value.
Theorem 2 Given an MDP M = (S,A, T,R) and
a partition P of the state spaceMP , the optimal
value function ofM given asV ∗ and the optimal value
function of MP given asV ∗

P satisfy the bound on the
distance

‖ V ∗ − V ∗
P ‖∞≤ 2

(

1 +
γ

1 − γ
εp

)



Fig. 3. A three room environment connected by stairways (arrows).
Black cells indicate obstacles. The task for the agent is to navigate this
environment, find an object, pick it up, move it to another locations,
and drop it.

whereεp = minVp
‖ V ∗ − V ∗

P ‖∞ and

LV (s) = max
a

[R(s, a) + γ
∑

s′∈S

P (s′|s, a)V (s)]

When the difference between the Q-values for states in
blockBi are greater than2(1+ γ

1−γ
εp), then the primitive

action that achieves the highest Q-value on the original
state in the MDP will be added to the action space of
those states that are in blockBi and blockBi is refined
until it is stable for the new action set. Once no such
significant difference exists, the goal will be achievable
in the resulting state space according to Theorem 3. This
procedure is illustrated in Figure 2.
Theorem 3 For any policy π for which the goalG
can be represented as a conjunction of terminal sets
(subgoals) of the available actions in the original MDP
M , there is a policyπP in the reduced MDP,MP , that
achievesG as long as for each statest in M for which
there exists a path toG , there exists a path such that
F (G|st, πP (st)) > δ.

VI. EXPERIMENTAL RESULTS

The main goal of this experiment is to demonstrate the
potential of the proposed approach to hierarchical learn-
ing in accelerating learning in a stochastic environment.
The task of the agent is to find an object in a randomly
chosen cell, to pick it up and drop it in another randomly
chosen location. Figure 3 illustrates the environment for
this experiment. The state space consists of three grid
worlds that are connected through stair ways (arrows).
The dark cells represent obstacles and the actions are
GoNorth, GoEast, GoSouth, GoWest, GoUp, GoDown,
OpenArm, CloseArm, Pickup and Drop. Actions for

stairways are defined as sequences of length10 of GoUp
or GoDown. The cost for each single step action is−1
and each action for navigation succeeds with probability
0.5 while leading to either side with probability0.25.
Actions OpenArm, CloseArm, Pickup and Drop always
succeed. The reward in the goal state is100.
To demonstrate the power of hierarchical learning, the
agent is first given the task of learning a policy to move
from a fixed starting location to a particular goal point.
It then uses this policy to extract subgoals by gener-
ating random samples according to the learned policy.
The samples are paths of length40 and the subgoals
are discovered as described in Section III. Figure 4(b)
illustrates the number of subgoals that are discovered by
Monte Carlo sampling. As illustrated in Figure 4(b), the
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Fig. 4. (a) Comparison between the run times for subgoal discovery
using the entire state space and Monte Carlo sampling. (b) Number
of samples that are needed to discover all useful subgoals.

total number of samples needed to learn almost all of the
subgoals is approximately127. Figure 4(a) shows that
the total time for subgoal using127 samples is less that
30 seconds, which is5 times faster than using the entire
state space. The extracted subgoals in this experiment
consist of a set of doorways, entry points of stairways
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Fig. 5. Comparison of policies derived on the partition and the
original state space. The policies using the options to subgoals on the
partition space with primitive action refinement converge significantly
faster than the optimal policy in the original state space.

and states where the agent acquired the object.
Once subgoals are extracted, options for these subgoals
are derived and the agent is given the final learning
task described in the beginning of the section. Figure 5
shows the learning speed and quality of the learned
policies with and without refinement of abstract states
based on Q-value inconsistencies. This experiment shows
that while the goal state is here not reachable using
only the subgoal actions, almost equal performance to
the original MDP is achieved with refinement based on
primitive actions. Furthermore, learning on the partition
space with on-line refinement of partitions according to
Q-value differences in the abstract and original state
representations significantly outperforms both learning
on an a priori refined representation and on the original
state space.

VII. C ONCLUSION

This paper presents an efficient method for au-
tonomously constructing a hierarchical state and action
space for SMDPs. To do this, it first discovers subgoals
by analyzing previously learned policies for states with
particular structural properties. Once subgoals are de-
rived, it learns options to achieve these subgoals off-line
and includes these into the action hierarchy available to
the agent. Using the subgoal options, it then uses action-
dependent state space partitioning to derive an abstract
state space. Learning of subsequent tasks is addressed on
the abstract state space. To ensure that the new task is
learnable, the system maintains a separate value function
for the original state space and refines the representation

when significant inconsistencies between this value func-
tion and the one derived on the abstract partition space
are detected. Experiments using this approach show that
this approach significantly accelerates learning of even
complex task strategies while maintaining the quality of
the found solution within predetermined bounds.
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