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Abstract dynamic programming algorithm [20]. The same two-
dimensional dynamic programming algorithm can be ex-
It is well known thatA* algorithm reduces the search tended into a multi-dimensional dynamic programming
space in many applications. For shortest path computa- algorithm withO(s; s5...s,, ) time complexity. There are
tions, the algorithm uses a heuristic estimator which can many heuristic algorithms to approximate optimal solu-
better guide the search to the destination. It allocates tion. These include Clustal W [14], T-Coffee [11]. Re-
memory dynamically to store only the necessary ver-cent progress in multiple sequence alignment is summa-
tices, which are those vertices in its open list and close rized in [12].
list. Therefore, anA* algorithm for the shortest paths The constrained multiple sequence alignment
search problem is much more space efficient than or-(c3754) problem has been introduced by Tang et
dinary search algorithm such as the dynamic program- | [13]. TheCMSA problem is theM SA problem
ming algorithm and theDijkstra algorithm. The con-  where an optimal alignment is constrained to contain
strained multiple sequence alignment problefid{SA) 3 given patternP. The problem aims to incorporate
aims to align similar subsequences in the same regionthe hiologically meaningful prior knowledge of the
under the guidance of a given pattern (constraint). The strycture or pattern into the alignment process.
CM S A problem can be considered as an optimal path  thare are many dynamic programming algorithms
search problem in the dynamic programming matrix. In ¢4 the 01754 and CPSA (the CMSA problem for
this paper, we propose twd*-based algorithms which 5 sequences), and their variations [13, 4, 15, 16, 2,

we experimentally show that in practice they solve the g 1]. The time complexity of each of these algo-
CM S A problem using much less memory than does theriihms is O(5152 ... sn7) Where sy, s, ... s, are, re-

ordinary dynamic programming algorithm. spectively, the lengths of the strings, Ss, . .. S,, and

Key\{vords:.constramed sequence, pairwise alignment, r is the length of the patter®. For the MSA and

multiple alignment, dynamic programmingl” algo- 794 problems, space complexity is a major bottle-

rithm. neck. For the ordinary dynamic programming algorithm,
the space requirements fof SA andC' M S A problems

1 Introduction areO(s182...s,) andO(syss . .. s,7), respectively.

It is well known that A* algorithm for the short-

Multiple sequence alignme(d/ S A) is one of the most ~ €st paths search problem is much more space efficient
important problems in computational biology. It is than ordinary search algorithm such as the dynamic
used for extracting biologically homogeneous sequences?rogramming algorithm and th®ijkstra algorithm.
from a set of DNA or protein sequences, and for the A" algorithm has been used for the&SA problem
prediction of protein structure or the phylogenetic tree [8: 17,9, 18, 19, 10].

construction. Givem > 2 sequences, th&/SA prob- In this paper, we propose twd*-basedC M SA al-

lem aims to align similar subsequences in the same re-gorithms by using some observations made by He and
gion such that the score for the resulting alignment is Arslan [1]. Our experiments oR N ase sequences show
minimized (or maximized according to the scoring func- that our algorithms are much more space efficient than
tion). Whenn = 2, namely the sequence set has only the existing dynamic programming algorithms [4, 1].

two sequences, S, this problem is the classical pair- The outline of this paper is as follows: In Section 2
wise sequence alignment, which has @fs; s3)-time we summarize previous results for the multiple sequence



alignment problema/SA andC M S A, and briefly de-
scribe anA* algorithm for shortest paths search.
sections 3 and 4 we present adt algorithms for the
CM S A problem. We summarize the results of our ex-
periments in Section 5. We include our final remarks in
Section 6.

In

2 Background
2.1 Algorithms for the MSA and CMSA
Problems

The multiple sequence alignmeptoblem is defined as
follows: given a set ofr > 2 sequences$, So, ..., Sy,

2.2 A* Algorithm

The A* algorithm [7] is a very popular heuristic search
algorithm which is the extension of Dijkstra’s single
source shortest path algorithm [6]. Th& algorithm
keeps track of the explored vertices on the search fron-
tier in an open list, and store the already expanded nodes
in a close list. It uses a heuristic estimator as the lower
bound on the distance of shortest path from each vertex
to the destination. The score for each vertex is the sum of
the heuristic value and the shortest found distance from
the source to the vertex. The algorithm always expands
the vertex with the minimum score. For the shortest
paths search problem, th&* algorithm is much more
space efficient than ordinary search algorithms such as

the global sequence alignment allows insertions of thethe dynamic programming algorithm and theé;jkstra

gap symbol’—’ into this set of sequences, resulting
in, respectively, equal length stringsy, S5, ..., S;
such that the global similarity score, which is defined
as the sum of pair-wise similarity scorés,,_,,,
score(S}, S7), is optimized. Whem = 2, i.e. the
sequence set has only two sequenggsS,, this prob-

algorithm.

Given n sequencesy, So, ..., S, with lengths, re-
spectively,si, s, . .., s,, the multiple sequence align-
ment(M S A) problem can be considered as a path prob-
lem on a graph whose vertices are placed at entries in an
n-dimensional matrix of size; x s X ... X s, and to

lem is the classical pairwise sequence alignment whicheach vertexs there are vertices from each of its neigh-

has anO(s; s5)- time dynamic programming algorithm
[20]. This dynamic programming solution can be ex-

bors, i.e. vertices whose coordinates are either the same
or one less than that af in each dimension. In this

tended for the multiple sequence alignment case in agraph the shortest path (or the longest path depending

simple way using a multi-dimensional matrix, and re-
quiring O(s1 sz . .. s,) time.

For the CMSA problem Chin et. al [4]
present the following dynamic programming for-
mulation:  Let D(iy,1s,...,i,, k) be the optimum

on the similarity model) between vertic€g, 0, ...,0)
and(si, s2,. .., s,) IS an optimal solution of théZ S A
problem.

The A* algorithm was first used in solving thd S A
problem by Ikeda and Imai [8]. They successfully ap-

constrained sequence alignment score of sequenceplied A* algorithm on the dynamic programming matrix

S1[1..41],52[1..i2],...,5, [1..i,] such that optimal align-
ment containg?[1..r]. Then this score can be computed
by the following recurrence:

Theorem 1 [4] D(iq,...,in, k) = oo if i1 = 0, or
io = 0,0r...,0ri, = O0foral £, 1 < k < r,
and D({0}",0) = 0, and for all i1,ia,...,in,k,
0<i1 <51,0<19<89,...,0< 4, <s,,0< k<,
D(i1,i2,y.yin, k) =
D(iy —1,ig — 1, ..y — 1,k — 1)
+5(Sl [il}a 52 [2'2], EEES) Sn [ZnD
if (Sl [Zl] = SQ[ZQ] =..= S"[’L'"] = P[k]) and
. (k>1)
min
MiNee(o,13n D(i1 — €1,92 — €2, ..., 5, — €, k)
+5(61 * S [7;1}, €9 * Sg[ig], vy € K Sn[Zn])
fori; —e; > 0forall j,1 <j<n

wheree; = 0 or 1, e; * S;[i;] with e; = 0 represents

a space charactef—', and S;[i;] whene; = 1, and
O(x1, o, ..., xk) = Zl§i<j§n5(xi’xj)'

to improve the efficiency of the shortest path search. The
heuristic function used in their algorithm is the sum of
the pairwise distances in sequence alignment:

ho)= Y hi;(vi)

1<i<j<d

whereh; (v;;) represents the shortest path length from
vertexv;; to destinatiort,; in the two-dimensional ma-
trix for .S; ands;.

3 Algorithm Dijstra-A*-CMSA

The dynamic programming solution for théMSA
problem can be considered as finding a shortest path in
the dynamic programming matrix which we can visu-
alize in layers indexed by its last dimension (the posi-
tions in the pattern string) as shown in Figure 1 where
each layer is am-dimensional matrix. We observe that

a shortest path goes through each layer of the dynamic
programming matrix beginning at lay@rand ending at
layer r wherer is the length of the pattern string. A



We present twad* algorithms for theC' M S A prob-
lem which are identical except for the last step. The first
of these is AlgorithmDijkstra-A*-C M S A:

N 1. Find a boundary of the region that needs to be con-
sidered in computations for each layein the dy-
namic programming matrix.

2. Find all entry and exit vertices for each laygf <
k<r.

3. Use the locald* algorithm to find shortest paths
among entry and exit vertices on each layer, and
use theDijkstra algorithm to compute a short-
est path from the vertex0,0,...,0,0) to vertex
(81,825 -y 8n,T).

In Step 1 of Algorithm Dijkstra-A*-CMSA we
shortest path enters each layer at a vertex (we call it anyse part (Step® and 3) of Algorithm FastCMSA
entry vertey, after traversing a number of vertices in of He and Arslan [1] to find the boundary for each
each layer exits the layer at a vertex (we call itexit layer k in the dynamic programming matrix. The ex-
vertey never to come back to this layer again as shown ecution of these steps determines at each ldyer
in Figure 1. The length of a shortest path is the sum of rectangular region whose two diagonal corners respec-
the length of the sub-paths on each layer, and each subtively, are (Siveginlk], Savegin[k], --s Snbeginlk]), and
path between entry vertexand exit vertex on layerk (S11astk]; Satast k], -y Sniast[k])-
of the shortest path is the shortest path betweandv In Step2, we find entry and exit vertices on each layer.
on layerk. We call an optimal solution of th€’ M SA  The entry vertices on layer are all the vertices where
problem aglobal shortest patko distinguishitfromthe  the symbol isP[k] for all sequences at these coordinates.
shortest paths on individual layers. These vertices are in the overlapping region of ldyet

Given all possible entry and exit vertices on each (for £ > 1) andk. Similarly, the exit vertices on layer
layer, we consider the computation of shortest paths be-k (for £ < ) are all the vertices where the symbol is
tween all entry-exit vertex-pairs. We observe the follow- Pk + 1] for all sequences at these coordinates. These
ing: vertices are in the overlapping region of layeandk +

1. The entry vertices on layérare also the exit vertices
e The number of entry vertices and the number of on |ayerk — 1, and the exit vertices on layérare also
exit vertices on each layer are comparatively much the entry vertices on laydr + 1. Layer0 has only one
smaller than the total number of vertices on the entry VerteX,(O’ 0,... 70), and |ayerr has On|y one exit
same layer. We show this in Figure 2. vertex(sy, so, .. ., s,) (see Figure 1).

After we find all the entry vertices and exit vertices
on each layer, we can construct a graph= (V, E)
whereV is the set of entry and exit vertices for all lay-
ers combined, and’ is the set of edges among those
vertices. Only the entry vertices and exit vertices on the
same layer have edges among them, and the weight of an

Figure 1: For theC'PSA (CMSA with n = 2) with
pattern string of lengtl3, a global shortest path pass-
ing through entry and exit vertices, and connecting sub-
paths on each layer.

e For each exit vertex, we only need to store its short-
est path from the destination. Once we compute the
shortest paths we can delete from the memory the
vertices that are not on these paths.

edgee(u, v) on layerk is the shortest distance between

layer | #entry #exit  #total .

verticesu andv on layerk.

0 1 10 66,048 .. .
In Step 3, we use th®ijkstra algorithm on graph

1 10 2 86,400 .

G to find a global shortest path from the vertex
2 2 96 605,160

(0,0,...,0,0) to vertex(s1, $2, ..., Sn,7).
3 6 32 392,000 For each entry vertex we only need to find the short-
4 32 1 385,836

est paths to the exit vertices whose coordinates on all
dimensions are no less than the coordinates of vertex
Figure 2: The number of entry, exit and total vertices on since we consider the dynamic programming matrix as
each layer for the Data Set 1 in Figure 7 and Data Setan acyclic directed graph. Therefore, an entry vettex
2 in Figure 8 in Chin et. al (2003). We use the first 3 has edges in grapfi only to exit vertices on the same
sequences and strif§X'SH as the pattern. layer whose coordinates on all dimensions are no less




than those of: (we call these exit vertices axit vertex
setof u).

The weight of the edge(u, v) can be computed by us-

ing A* algorithm. When we expand a vertexn graph

G and update the score of the vertices in its exit vertex
set, we can use th&* algorithm to compute the shortest
paths from this vertex to all the vertices in its exit ver-

tex set (We call this algorithm thecal A* algorithm).
We use in the locali* algorithm the following heuristic
estimator introduced by Ikeda [8]:

> et (v, )

1<i<j<d

h(v) =

where h;‘jl-"c“l(vij,uij) represents the shortest path

length from vertex;; to local destination:;;, which is

decided by the boundary, in the two-dimensional matrix

for S; ands;.
Once we compute the shortest path franto some

vertexv in u's exit vertex set, we just need to trace back

from v and store only the shortest path framto v.

Therefore, we can close (delete) other loaded vertices

from the memory.
Computing the heuristic estimators of the algo-

rithm for theC' M S A problem would take impractically

long time since for each vertex on our search paths
we need to compute the sum of the pairwise sequence
alignment scores to the local destination of the search.

We propose three strategies to impravejkstra-A*-
CMSA:

1. Since we use thBijkstra algorithm for the global

shortest path, for the vertices on each layer, we

record not only their local scores in thE search

3.

set. This strategy is a tradeoff between memory re-
guirement and computation time since we need to
store all the explored vertices in the computation
of shortest paths from the vertices in the exit ver-
tex set to their corresponding entry vertex. Given
that in practice the number of exit vertices and en-
try vertices are much smaller than the total number
of vertices on a layer, this strategy does not increase
memory requirement significantly. After we finish
the computation of a set of shortest paths, we can
delete all of the loaded vertices in the search pro-
cess from the memory, and store only the shortest
paths.

After the global distance for one exit vertex is com-
puted, it can be used as an upper bound for any
other shortest paths search from this vertex to all
the other entry vertices on the same layer. There-
fore, when we compute the shortest path from the
exit vertex to another entry vertex, we calculate the
sum of the local score of the newly expanded vertex
and the global score of the corresponding entry ver-
tex. If the sum is not smaller than the upper bound,
the search can stop immediately. Otherwise, if the
new global distance for the exit vertex is smaller
than its previous global distance then we update its
global distance to the new one, which will also be
the new upper bound, and we also update the corre-
sponding local shortest path for this exit vertex and
remove the old path. Our experiments show that
this strategy reduces the search space and thus the
computation time.

on that layer, but also their distances (whichwe call 4 Algorithm Dual-A*-CM S A

the global distancg from the source. We expand

the exit vertices in their ascending order of their Since the heuristic estimators for the loei algorithm
scores starting with an exit vertex with the mini- are expensive to compute, the order to expand the exit
mum score. Our locall* algorithm only expands ~ Vertices on each layer is of vital importance. The order
the un-expanded exit vertices in any exit vertex set. Of expansion changes the time and space requirements

Therefore, an exit vertex is never re-expanded.  Of the algorithm significantly.
In our algorithm Dijkstra-A*-CMSA we use the

. Since we expand vertices in ascending order of results of theDijkstra algorithm to decide the or-
their scores, the computation of the local shortest der of expansion of the exit vertices. Since, in gen-
paths on each layer should be done backwards fromeral, theA* algorithm is more efficient on the shortest
the exit vertices to entry vertices. When we ex- paths search problem than th& jkstra algorithm, we
pand an entry vertex, we compute the shortest pathspropose to uset* algorithm for the computation of a
backwards from all the exit vertices in its exit ver- global shortest path between verti¢eso, . .., 0,0) and
tex set. We do the computations backwards so that(s,, s, ..., s,,r) on graphG. We call the resulting al-
we can store the heuristic values for the already gorithm theglobal A* algorithm to distinguish it from
explored vertices. These values can be reused inthe local A* algorithm. Our experiments show that the
the search from every exit vertex to this entry ver- global A* algorithm is more efficient than th@ijkstra
tex on that layer. Therefore, we can avoid the re- algorithm onG.

computation for the heuristic estimators among the

entry vertex and the exit vertices in its exit vertex Proposition 1 The following heuristic estimatoh(v)



we use in our global* algorithm for the computation 5 Experiments
of a global shortest path is monotonic:
In our experiments we use the firstBVase sequences

h(v) = Z hfjglow (vij) in Data Set 1 in Figure 7 and Data Set 2 in Figure 8 of
l<i<j=d Chin et. al [4], with the pattern strinf K SH. These 3
xglobal sequences are:

whereh;; (vs;) represents the shortest path length
from vertexv;; to the global destination;; (namely the
exit vertex on the last layer) in the two-dimensional ma-
trix for S; and.S;.

Seql : gi|119124|sp|p12724|ecp_human

Seq2 : ¢i|2500564|sp|p70709|ecp_rat

Seq3 : ¢i|13400006|pdb|idyt|

All experiments are done on an Intel Xeon 2.4GHZ
Proof Forthe same given sequences, the optimum scoreprocessor with 2GB memory.

of the CMSA problem can be no better than the op-  In Figure 3, we show the number of loaded and stored
timum score of theM SA problem since theZMSA vertices on each layer by our algorithsjkstra-A*-

problem is subject to some pattern string. CMSA and Dual-A*-C'M S A respectively, and com-
For verticesu andwv in graphG, we say a heuris-  pare them with the total number of vertices in the same
tic estimatorh() is monotonic if for any nodes, v, layer. When we finish the backward search from one

l(u,v) + h(v) > h(u), wherel(u,v) is the length of  exit vertex set to its entry vertex, we just need to record
the edgee(u,v). A monotonic heuristic estimator can the shortest paths and delete all the other loaded ver-
guarantee an optimal solution. In gragtwe construct  tices from the memory. The memory requirement for the
after the first two steps of oud*-C' M S A algorithms, computation on each layer is decided by one of the back-
for verticesu anduv: ward searches on that layer which explored the largest

_ local number of vertices. Therefore, we only show this num-

W 0) + () = Yicicisa hj;lobal(u”’v"j) ber as#loaded. The#stored is the number of vertices

+ Zl§i<y’ <alij (vi;) appearing on the shortest paths, and each exit vertex cor-
Without loss of generality, lat andv be two vertices on responds to one shortest path, otheri redundant paths will
layer k which contains one symbd?[k + 1] as the con- be deleted _from.memory. .Th#total is the number.of
straint. We can see th@1<i<j<diLf}OC“l('uij,vij) + all the vertices in the region computed by Algorithm

== FastCMS A of He and Arslan [1].

In Figure 4, we compare the total number of vertices
stored until layerk, 0 < k < 4 for our A*-CMSA
algorithms, AlgorithmFastCM S A [1] and the naive
CMSA algorithm which we callNaiveCMSA [4].
Algorithm NaiveCMSA [4], for each layerk, needs
to store all the vertices from layérto layerk — 1. Al-
though AlgorithmFastC' M S A [1] avoids redundant re-

S 1<icjca hif (vij) = the optimum score of an or-

dinary M SA beginning from vertexu ending at the
global destination with the constraint of symkiejlk + 1]

at vertexv. The constrained score can be no better
than the optimum score of an ordinafy SA begin-
ning from vertexu ending at the global destination, i.e.

Yi<ici<d h;“j-f’l"b“l(uij). Therefore, we have:

_ o slocal (), o gions, when processing the current layer, it still keeps

(u,v) +h(v) +§1<_Z<j_<d£l§fqzobaz(z7f)vlj) all the vertices in the preceding layers in memory. In
VSIS et our A*-C'M S A algorithms when we process the current

Z Zliiq‘ﬁd hi (uij) layer we only need the local shortest paths in the pre-

= h(u) ceding layers. Given that the number of exit vertices on

This concludes that the heuristic estimatofy) — each layer is much smaller than the total number of ver-

xglobal . . tices on the same layer, and since for each exit vertex
Di<ici<ahil % (viz) is monotonic and can guaran-
Si<g<d "ij k we only need to store one local shortest path, our algo-
tee an optimal solution. .

rithms keep track of a small number of vertices. This is

We could also use the global* algorithm with the a significant improvement in space requirement over the
heuristic estimatoh(v) = >, h;‘g-fﬂobal(vij) di- other two algorithmsVaiveCM S A, andFastC M S A.
rectly to compute an optimal solution for th&M S A We show in Figure 5 the real memory usages by al-
problem. We do not follow this strategy because the gorithms FCM S A, Dijkstra-A*-CMSA, Dual-A*-
following two reasons make the resulting algorithm less CMSA. Obviously our twoA* algorithms require
space efficient: (1) The number of exit vertices on each much less memory thaR'C M S A algorithm. In addi-
layer is too small for the globall* search to meet and tion, techniques like dynamic memory allocation, which
to enter next layer. (2) If we use the glob#l algorithm we do not use here, could make th& algorithms more
directly, then we need to store all the vertices visited dur- space efficient.

ing the search whose number may be very large. In Figure 6, we show that ouDijkstra-A*-CMSA



Dijkstra— A* —CMSA | Dual— A*—-CMSA
layer | #total #loaded #stored | #loaded #stored
0 66, 048 7,927 681 7,927 681
1 86,400 1,960 117 525 117
2 |605,160 | 16,205 6,465 16,205 6,465
3 392,000 11,357 1,514 1,247 221
4 | 385,836 483 7 35 7

Figure 3: The number of loaded, stored and total verticesagh &yer for the Data Set 1 in Figure 7 and Data Set 2
in Figure 8 of Chin et. al (2003) by our algorithni&j kstra-A*-C M S A with upper bound, an@®ual-A*-CM S A
with upper bound. We use the first 3 sequences and use &fiin§ H as the pattern.

layer | Dijkstra-A*-CMSA/Dual-A*-CMSA | Fast-CMSA/[ Naive-CMSA
0 681/681 66,048 3,798,795
1 858/858 152,448 | 7,597,590
2 7,323/7,323 757,608 | 11,396,385
3 8,837/7, 544 1,149,608 | 15,195,180
4 8,844/7,551 1,535,444 | 18,993,875

Figure 4: The total number of vertices stored until laygd < k& < 4, by ourA* —CM S A algorithms, and algorithms
FastCMSA (Dan and Arslan (2005))VaiveCM S A (Chin et al. (2003)), for Data Set 1 in Figure 7 and Data Set 2
in Figure 8 of Chin et. al (2003). We use the first 3 sequencdsaimgH K.SH as the pattern.

FCMSA | Dijkstra-A* | Dual-A* without UB | with UB
Mem(MB) 46 29 11 Dijkstra-A*-CMSA | 467,309 | 387,656
Dual-A*-CMSA 66, 523 66,516

Figure 5: The memory usages by algorithi6'M S A,

Dijkstra-A*-CMSA, Dual-A*-C M S A,for Data Set  Figure 6: The number of explored vertices by algorithms

1 in Figure 7 and Data Set 2 in Figure 8 of Chin et. al Dijkstra-A*-CMSA, andDual-A*-C M S A for Data

(2003). We use the first 3 sequences and stHigS H Set 1 in Figure 7 and Data Set 2 in Figure 8 of Chin

as the pattern. et. al (2003) with upper bound (UB), and without upper
bound separately. We use the first 3 sequences and string
HKSH as the pattern.

algorithm that uses dynamically updated global dis-

tances as upper bounds reduce the number of explore ;

vertices by more tha@5%. When the sum of the pair- (B Conclusion and Future Work

wise sequence alignment scores is used as the heuris- . i

tic estimators for the localt* algorithm, the computa- Ve have developed twol® algorithms for the con-
tion of the estimators is very expensive, and the use ofStrained multiple sequence alignment problem. We ex-

an upper bound can reduce the computation time sig-Perimentally show that our algorithms are much more
nificantly. While this is true for AlgorithmDijkstra-  SPace efficient than the existing algorithms.

A*-CMSA, Algorithm Dual-A*-C M S A makes slight Instead of the ordinaryl* algorithm, the variants of
improvement with the use of the upper bound. The the A* algorithm [17, 9, 18, 19, 10] can also be applied
reason is that in our experiments, Algorithbrual-A*- to the constrained multiple sequence alignment prob-
CMSA always expands optimal exit vertices. That is, lem. This can improve the space requirement even fur-
the global A* algorithm in our experiments never re- ther. Techniques such as dynamic memory allocation
expand any vertex. Therefore, the search space is nearlgan make ourd* algorithms much more space efficient.
the same with or without the upper bound. If there are re- These are topics of future research.

expansions as in Algorithmijkstra-A*-C M S A, the We expect that ourd* algorithms are very efficient
use of the upper bound can often significantly reduce thewhen the sequences aligned are similar because in this
search space, and also improve the time complexity.  case the local and global shortest paths are less costly to



find, and keep track. These are the main steps inAdur
algorithms.
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