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Abstract. Till now, only uncorrelated evolution strategies benefit from the strength

of the directed mutation principle. It is thus a natural idea to enhance more powerful

correlated evolution strategies with directed mutation, too. This work aims at porting

this approach from the uncorrelated setting in classical evolution strategies to the

correlated case as given in covariance matrix adaptation-evolution strategies. The

main problem to be addressed here is the shape vector update. The shape vector

controls the distribution’s skewness and can be updated intergenerationally as well

as intragenerationally. Starting with an analogue to the intergenerational parameter

update mechanics used in CMA-ES, we argue that an additional intragenerational

update is of greater benefit. An appropriate heuristic will be presented and some

experimental data of several test functions is provided.
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1 Introduction

Since the early work of Rechenberg [10] and Schwefel [12] the design of mu-
tation operators turned out to be one of the most critical points in Evolution
Strategies (ESs hereafter). These early works relied on just one single muta-
tion strength, i.e. step-size, for all problem dimensions (isotropic mutation)
and were concerned mainly with determining the optimal step-size for a faster
search. To put it in a more general light, the covariance matrix of the mu-
tation operator’s distribution was considered to be the identity matrix. Soon
Schwefel extended this approach and proposed to self-adapt one step-size per
variable, i.e. to use a diagonal covariance matrix with positive entries. Con-
sequently, as the most general case, he later suggested self-adapting of the



whole covariance matrix (correlated mutation). A more detailed review of the
field’s history is given e.g. by Bäck et al. [3, 2].

However, all of these methods rely on normally distributed mutations and
relatively little effort has been put into examining different distributions as
mutation operators. One such example is the so-called Fast Evolution Strategy
by Yao [14], where a Cauchy distribution is proposed as mutation operator.
Nevertheless, Rudolph [11] later proofed that the order of local convergence
is identical to that of normal mutations. Just to exchange the mutation dis-
tribution seems in general to be a questionable idea. The intention of directed
mutation on the other hand is to introduce a different mutation principle. It
will abandon the random mutation hypothesis - a fundamental tenet postulat-
ing that mutations occur at random, regardless of fitness consequences to the
resulting offspring. This seems to be justified by the fact that the ES knows
its optimization history and is thus able to extrapolate the evolution path
to some extent. Under the assumption of a local similar objective function
it is obviously reasonable to generate a bigger portion of offspring along the
successful path.

2 The DCMA-ES Algorithm

So far directed mutation was realized with uncorrelated mutation models only.
However, its usefulness has been shown for both, for test function optimization
[4, 5] as well as in real-world scenarios [6]. Now, as already mentioned in
the introduction, there are several even more powerful ES approaches that
rely on the flexibility of correlated mutations. The performance of these EA
depends obviously highly on the choice of the covariance matrix C, which
has to be adjusted not only to the problem at hand, but also to the current
state of the evolution process. Several methods have been proposed, from
the self-adaptation of the mutation parameters in ES (SA-ES) [13] to the
Covariance Matrix Adaptation-ES (CMA-ES) [9]. While the first removes the
need to manually adjust the covariance matrix, the latter takes into account
the history of evolution and deterministically adapts the covariance matrix
from the last moves of the algorithm, thereby directing the search to use the
most recent descent direction. In [8] an advanced version of the CMA-ES is
presented, that is computationally more efficient.

All these approaches use symmetric normally distributed random numbers.
The aim of the sequel is therefore to accommodate the CMA-ES with a mul-
tivariate skew-normal distribution, yielding the Directed Covariance Matrix
Adaptation-ES (DCMA-ES). Especially the update of the distribution’s shape
vector will be investigated. While in classical ES with multi-recombination of
less than the whole population an intergenerational update is inevitable, the
CMA-ES setting allows to establish an intragenerational tuning of the shape
vector. Here one distinct mean, i.e. the center of the parental population,
is calculated and used subsequently to generate all descendants. This fixed



point can be treated as reference for the whole offspring generation cycle. Re-
cent studies have shown remarkable results. However, much further research
is necessary and the results are in that sense preliminary.

A conceptually related approach, called LS-CMA-ES, was presented by
Auger et al. [1]. It is of second-order and based on quasi-Newton techniques,
i.e. relying on local curvature information to find out the next points to sam-
ple. Therefor it aims at learning the local Hessian matrix by solving a linear
least-square minimization problem. The solution is then found by evaluating
the pseudo-inverse of this linear system. The cost of the direct computation
of this pseudo-inverse by standard numerical methods is scaling as n6. In
contrast the DCMA-ES is of zeroth-order (i.e. no derivatives are used) and
computationally by far less expensive.

2.1 Shape Vector Control

As an ad hoc implementation we use the mechanics of step-size adaptation to
adjust the shape vector. Shape control then reads

p(g+1)
α = (1 − cα)p(g)

α +
√

cα(2 − cα)µeffC(g)−
1

2 m(g+1) − m(g)

α(g)
(1)

with learning rate

cα =
µeff + 2

n + µeff + 3
(2)

and all other constants as given by Hansen and Kern [7]. However, although
the learning rate has been altered over the whole [0, . . . , 1] range, no satisfying
results have been obtained during the test runs. Therefore the intergenera-

tional shape update is supplemented by an intragenerational one. We track
the fitness of the generated offspring within every generation and adapt the
shape vector accordingly.

One appropriate heuristic is given as follows: calculate the normalized
direction vector from the mean of the current distribution to the actual off-
spring. If the fitness of this offspring is better than the mean fitness, then
factor the direction vector into the shape vector. Otherwise take the opposite
direction. Additionally, the fitness ratio is weighted exponentially and with
the dimension. The definition of the update vector thus reads

u = n exp

(

fitx

fitxmean

)

x − xmean

|x − xmean|
(3)

where n is the dimension, x and xmean are the actual individual and the
mean used to generate the offspring, respectively, and the function fit(·) gives

the fitness of a sample. The intragenerational update of the shape vector p
[l]
α

depends on the actual individual’s fitness.



p[l]
α =







p
[l−1]
α + u if fitx ≻ fitxmean

p
[l−1]
α − u else

(4)

with l ∈ [1, . . . , λ] and p
[0]
α = 0.

Until now, neither the shape control nor the learning rate has been adapted
satisfactorily to the special demands of shape vector control. However, even
with this crude treatment of the shape vector some very promising results
have been obtained.
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(a) Sphere function
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(b) Schwefel’s function
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(c) Cigar function
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(d) Tablet function

Fig. 1. Number of function evaluations versus the problem dimension for the func-
tions fsphere, fSchwefel, fcigar, and ftablet. The Directed-CMA is plotted with a solid
line, the original CMA with a dashed one.

3 Experimental Results

Two different CMA-ESs are experimentally investigated: the original vari-
ant as described by Hansen and Kern [7], using N(0,C) distributed random
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(a) Ellipsoid function
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(b) Parabolic ridge function
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(c) Sharp ridge function
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(d) Rosenbrock’s function

Fig. 2. Number of function evaluations versus the problem dimension for the func-
tions felli, fparabR, fsharpR, and fRosen. The Directed-CMA is plotted with a solid
line, the original CMA with a dashed one.

vectors and the DCMA-ES, using instead SNn(µ,Ω,α) distributed random
vectors with intra- and intergenerational shape update. For the comparison
of the two functions, a test suite consisting of eight well known functions is
used. Initial values are set to x(0) ∈ [−1, 1]n, σ(0) = 1, and α(0) = 0 for all
functions except for Rosenbrock’s case where x(0) = 0, σ(0) = 0.1, and again
α(0) = 0. As stopping criterion for all functions but fparabR and fsharpR fitness
better than 10−10 is demanded, for the two others fitness has to be less than
−1010. All functions, except for fsphere, are highly nonseparable. Tests are
carried out in n = [2, 5, 10, 20, 40, 80] dimensions and for offspring numbers
λ = 4 + ⌊3 log n⌋ with parent numbers µ = ⌈λ/2⌉. For each combination 25
runs are done. Depicted in Figures 1 and 2 are the results of each case, the
corresponding numerical values are omitted for space reasons.

3.1 Discussion of the Results

The runs on fsphere show a DCMA-ES that outperforms the CMA-ES relative
constantly at about 8% for all but n = 2. On fSchwefel it performs approxi-



mately 6% better for all dimensions, while the gain on fcigar and ftablet is only
about 3%, and greater than 2%, repectively. On the function felli the outcome
is somewhat irregular. The result is significant only for 5 and 10 dimensions,
where the DCMA-ES is slightly superior. Interesting is the 2-dimensional case
on fparabR, where the DCMA-ES is 19% better, besides about 8%. The high
performance of the DCMA-ES in low dimensions is also true on fsharpR. But
here its performance is rapidly decreasing with increasing dimensions. For
n > 10 it is outperformed by the CMA-ES. The same tendency can be seen
on . Here the gain of the DCMA-ES decreases from 10% for n = 2 to 3% for
n = 80. In general, the DCMA-ES performs better on all functions except
on fsharpR. On average, there is a gain of a few percentage points. This must
be seen against the background of the CMA-ES considered already as state-
of-the-art in parameter optimization, the preliminary design of shape vector
control, and the very small overhead caused by directed mutation. In fact, all
that has to be done is to calculate one n-dimensional scalar product, gener-
ate one univariate random number, and do one comparison. Compared to a
function evaluation in a real world application this can rather be neglected.

4 Conclusions

With directed mutation a promising new mutation principle for uncorrelated
EAs has been presented, that has now also been ported to the correlated set-
ting in a CMA-ES context. First results with the DCMA-ES left us optimistic
about the potential of this approach. It is a zeroth-order algorithm causing
only very small overhead. Regarding the presented results, it has to be kept in
mind that intergenerational adaptation of the shape vector is still amendable,
intragenerational adaptation is in an inadequate state, and the learning rate
has to be further investigated. Thus, much work is left to be done to tune the
DCMA-ES. Finally, more comprehensive experimental studies which should
also include multi-objective problems are undone.
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