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Abstract—In [3], [4], [5] Sellers developes a dynamic 1. More formally, the evolutionary distancé(a, b)

programming pattern matching algorithm that generates  petween any two sequences is defined as
forward, reverse, and transverse path graphs that de-
termine the best resemblance (lowest cost) of a smaller B fasy
string pattern inside a larger. In this paper we study min Z d(ai, b;)
the properties and structure of these graphs. We show i=1

that these path graphs can be decomposed into a small\y/here the minimum is taken over all pairs of se-
number of distinct block types, that are used to analyze quences

graph structure. It is also shown that an exact pattern
match results in a disconnected transverse path graph. a102...Gntm

keywords: Pattern Recognition, Connected Graplyng

Path Graph, Block Type, Evolutionary Distance. b1bs...bnim

|. INTRODUCTION with m null symbols (-) inserted in sequenaeandn
- o ~ null symbols inserted in sequenibeThe null symbols
The pattern recognition problem of finding an inygpresent the deletion or insertion of a term with which
tervali in a large sequence, = ajaz...a,, that best i js aligned in the other sequence. This produces
resembles a smaller sequent®e,= bibz...bm, WaS 5 metric alignment of sequencesand b. Thus the

studied by Sellers, see [3], [4], [5]. In his work hegq|utionary distance is the lowest cost of evolutionary
described a dynamic programming pattern recogmtmggeps between andb.

algorithm that searches for a best resemblence (lowestr,q algorithm of Sellers is described as follows.

cost). Given two finite sequencesi= aias...a, and b=

String a resembles patterh if there is an interval bibs...bm, Wheren > m andb is the specified string
in a that is either equal td or close enough th. pattern being sought ia. The algorithm searches to
The termclose enougfdepends on the choice of ajgentify intervalsi in a that resemblé and calculates
suitable metric. The notatiod(z, y), wherex andy  theijr evolutionary distance from strirlg We use the
are qrbitrary strings, will be used to represent such tationi — a to say that is an interval ina. Hence
metric. i= apapt1...a4, Wherel <p < g < n.

The function d(x,y) is called the evolutionary Dy = (e(i, 7)) is called the(n + 1) x (m + 1)
distance The evolutionary distance is the length oforward distance matrivand is computed inductively.
the shortest path (lowest cost) of evolutionary stepg start constructing the matrix, the initial values of
betweena and b. We assume, as in [3], that onlythe first column are set to zero. That is, 8@t 0) = 0

certain types of evolutionary steps are allowed fapr j = 0,1, ..., n. Continuing, the values in the first
strings (sequences) and that a cost can be assocCiggf are set

with each step. We consider an evolutionary step as j
aninsertion deletion or mutationof a single element e(0,7) = > d(—,bn)
in a sequence. We assign each such step a cost of o1



forj=1,2,...,m. edges from both graphs. Theansverse pathis a
The rest of the forward matrix values are computesliccession of edges that connects the first column and
inductively by assigning the smallest of these threthe last column of a path graph. Global resemblances
values: can be distinguished from local by examining the
(e(i —1,7)+d(a;, —)) values of the last column in the matrix associated with
1) dlas b the vertices of the transverse path graph. A minimal
(e(i — 1,7 — 1) +d(as,by)) value corresponds to a global resemblance while any
(e(i,j —1) +d(—,b;)) larger values correspond to local resemblances. If the
. ) transverse path graph is connected then all vertices in
to e(i, 7). These three values determine the forwarghe |ast column of the associated matrix must have
neighborhood, see [1]. Note thati, ;) is the min- the same value. Throughout this paper we consider
imum total cost of the mutations, insertions, ang graph connected if there is exactly one connected
deletions needed to transform the first string segmeg¥mponent after we disregard vertices of degree zero.
bybs...b; of b into any intervali C a of any length A |ocal match (resemblence) only occurs when a value
that ends at;;. _ __larger than the minimal value is encountered. If only
The reverse distance matrd), = (f(k,j)) IS one value exists all matches must be global. Hence the
constructed in a similar manner, however we stagraph property of being connected corresponds to all
with the last terms ok andb and end with the first. matches being global.
erre \ive;'note .thapfifc,j) IS tZedmllntl_mum total cost Fori > 1 andj > 1, the forward neighborhood
of mutations, insertions, and deletions necessary vertexe(i, j) is the set of three edgesi — 1, 7),
convert the string segmebitby 1 ...b,,, into an interval . . o .
. . "7 et —1,j — 1) and e(i,j — 1). Fori = 0 and
i C a. The initial values of the matrix entries in .

, = j > 1 it consists of the single vertex(0,5 — 1)
t'he last column and row arg(i,m + 1) = 0 for while for j = 0 andi > 1 itis juste(i — 1,0). The
i=1,2,...,n+1and

vertex ¢(0,0) has empty neighborhood. THerward

m—j neighborsof a vertexe(i, j) are those vertices in its
fn+1,5) =Y d(=bm-n) forward neighborhood to which it is connected. For
h=0 1 < n andj < m, thereverse neighborhoodf vertex

for j = 1,2,...,m. The rest of the reverse matrix f (¢, j) is the set of three edgggi+1, j), f(i+1, j+1)
values are computed inductively by settingi,j) andf(i,j+1). Fori =n+1andj < m it consists of
equal to the smallest of these three values in thke single vertexf(n + 1, j + 1) while for j = m+1

reverse neighborhood: andi < n itis just f(i + 1,m + 1). The vertex
) _ f(n+1,m+1) has empty neighborhood. Theverse
(f(i+1,5) +d(ai, -)) neighborsof a vertexf(i,j) are those vertices in its
(FGi+1,541) + d(a;, b)) reverse neighborhood to which it is connected.

The lemmas and theorems presented in this paper
o demonstrate that the forward, reverse, common, and
(f(2,7 +1) +d(=,b))) transverse path graphs can be decomposed into various

The algorithm determines both global and local rédlock types. It is further interesting to see, that a good
semblances. The above procedure determines all loBaftern match results in a disconnected transverse path
resemblances. Looking only at the forward matri@raph.
determines only global resemblances. Given the evo-b will always refer to the specified string ardfor
lutionary distancel, an intervali in a best resembles the longer string in which we seek substrings locally
a short sequende globally iff d(i,b) < d(j,b) for all and/or globally similar tob. The setX will consist
intervalsj in a. Also, given an evolutionary distanceof all of our symbols together with the special null
d, an intervali in a best resembled locally iff symbol—. We use the evolutionary distandér, y) =
d(i,b) < d(hb) andd(i,b) < d(j,b) for all h and 0if z =y and1 otherwise, for allz, y € ¥. The value
j,» whereh C i C j Ca of 0 implies a direct match, while the value (cost) of

Theforward path graphis constructed directly from 1 corresponds to a mutation, deletion, or insertion of
Dy by connecting each pair of matrix entries, thaa single term in the sequence.dfe ¥ thena™ will
are connected by an inductive step, with an edge antkan a string of: consecutiver’s. Theinterior of the
replacing each matrix entry with a vertex. Similarlyforward graph/matrix refers to all but the first row and
the reverse path grapfhis constructed fromD,.. The column. For the reverse graph/matrix, the interior is all
common path grapls the intersection of vertices andbut the last row and column. The proofs of the results

and



depend on the analysis of the different “block typesteft and the forward path graph has the indicated edges

of the forward and reverse matrices and their corrécident with the corresponding vertex.

sponding graphs. Where no confusion arises, we will

use the ternblockto represent rectangular portions of

the matrices as well as the path graphs. $ PR
In the illustrations that follow, it is frequently neces- \\\\

sary to show the elements in either the long staray

the short string that correspond to the portion of the

matrix/graph being shown. These are indicated in one

or more vertical lines along the extreme left margin

(for the whole or the portion of the long string) or a

in one or more horizontal lines along the extreme top

(for the whole or the portion of the short string). A star

indicates an arbitrary symbol of the alphabet different
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from a. )

The algorithm was implemented to generate and P \\\\

. . p+1  p+2 p+3 p+4
display graphically the forward, reverse, common, and
transverse path graphs. The program was written in Fig. 1. Block Type 1 (BT1)

the C programming language and run under Mac OS

X and Linux with the GD graphics library installed.  Lemma 2: Suppose the rectangular portion of the

Il. THE STRUCTURE OFFORWARD AND REversg  forward distance matrix between rows and i, and
PATH GRAPHS columnsj; andj, has entries in the first column, from

. . bottom to top, ofp, 1, ..., , Wherer =iy —i
There are eight fundamental “building blocks” from P, oy, p-+ ptr .

. ) . and entries in the first row, from left to right, equal
which the forward and reverse distance matrices ap

: . p+r,p+r+1,p+r+2,...,p+r+s, where
their respective path graphs are constructed (four fgr_ s — j1. SUPPOS&L; = a for iy +1 < i < iy and
the forward and four for the reverse). The follows . o I
. . ) b; # a for j1 +1 < j < jo. Then the entries in the
ing lemmas describe each type for the forward M&t row. from left to right, are, p+ 1 p+sand

trixigraph case. Each has a counterpart for the FEVEIR% entries in the last column, from bottom to top, are
case.

] . +s, pts+1, p+s+2,...,p+r+s. Furthermore every
Lemma_ L-Suppose _the rectangulqr portlgn of théjertex in the interior of the corresponding rectangular
forward distance matrix between rows andi, and

. . ortion of the forward path graph is connected only to
columnsj; andjs has every entry in the first columnp path grap y

L ) . the neighbor to its left.
equal top and entries in the first row, from left to right, Proof of Lemma 2:Figure 2 illustrates this lemma
equal top, p+1, ...,p+s, wheres = jo —j;. Suppose

e afori4l<i<s db. for i1 < for r = s = 4. The proof is a straightforward
ai =afori+1<i<ipandb; #aforj+1=< o, c00ence of the construction.
7 < ja. Then every entry in the last column has value

p+ s and the entries in the last row, from left to right, * *

arep, p+1, ..., p+ s. Furthermore every vertex in L P, PP pi7 i

the interior of the corresponding rectangular portion

of the forward path graph is connected to exactly two | o 7

neighbors, the one to its left and the one diagonally Vope b

up and left. ot ois
Proof of Lemma 1:Figure 1 illustrates this lemma

for s = 4 andi, —i; = 8. The values in the matrix are, Pt o2 e ™

as always, computed in an iterative fashion. First the

missing values in the second row, from left to right, Fig. 2. Block Type 2 (BT2)

are found. This procedure is repeated for each row,

from top to bottom. When a missing valu€i, j) is Lemma 3:Suppose the rectangular portion of the
computed we havel(a;,b;) = 1 becauses; # b;. forward distance matrix between rows andi, and
Furthermore it is easily seen that the values to its le€blumnsj; andj. has entries in the first column, from
and diagonally up and left are equal while the valubottom to top, ofp, p+1, ..., p+7r, wherer =iy, —i;
above is one greater. Consequently, due to Selledgsd entries in the first row, from left to right, equal to
constructiong(z, j) is one more than the value to itsp+r, p+r+1, p+r+2, ...,p+r+s, wheres = jo—j;.



Supposes; = a for iy + 1 < i < iy andb; = a for

j1+1 < j < jo. Then the entries in the last row, from « ° PR e
left to right, arep, p+1, ..., p+ s and the entries in 0 0id
the last column, from bottom to top, ape-s, p+s+1,
p+s+2,...,p+r+s. Furthermore every vertex in P pr2
the interior of the corresponding rectangular portion P p+1
of the forward path graph is connected to exactly two . o
neighbors: the neighbor to its left and diagonally up a
and left. P P
Proof of Lemma 3:Figure 3 illustrates this lemma p P
forr=s=4.
Again, this is a straightforward consequence of the P \\ P
way in which the matrix and graph are constructed. P A .
* ¢ Fig. 4. Block Type 4 (BT4)
N p+4 p+5 p+6 p+7 .p+8
p+3 p+7
thetransition vertexfor a graph of block type four. All
a *? Pre matrix values below the transition vertex have value
pe1 p+5 p and those above, from bottom to top, have values
. ” p+1L,p+2,...,p+s.
PH1 ps2 pi3 We now describe all possible relations between the

four block types that can occur in a forward or reverse
path graph. The next lemma shows that to the right
é)f every block type one is a block type four. This is

shown in Figure 5.

Fig. 3. Block Type 3 (BT3)

Lemma 4:Suppose the rectangular portion of th
forward distance matrix between rows andi, and _
columnsj; and j» has every entry in the first column L€mMma 5:Suppose a portion?; of the forward
equal top and entries in the first row, from left to Matrix/graph is of block type one. Suppose the values
right, equal top, p+ 1, ..., p+ s, wheres = jo — j1. of the matrix in the first row, from left to right, are
Supposea; = a for iy + 1 < i < iy andb; = a for P» p+1,...,p + s apd that this row of the matrix
j1+1 < j < jo. Then every entry in the last row €xtends to the right with valugst+s+1, p+s+2, ...,
has valuep and the entries in the last column, frond +$+1. Suppose every element of the short sequence
bottom to top, consist of — s values ofp followed b above _these extended matrix vaIgemsThen there
byp+1,p+2 ...,p+s The edges of a vertex in IS @ portionP of the forward matrix/graph of block

the interior of the corresponding rectangular portioﬁ’pe four that shares every matrix-value/vertex of the

of the forward path graph depend on the relative ro@ntmost column off;.

and column numbers. [f— j, > i —i, then the vertex  Proof of Lemma 5:Since P; is of block type one,

is connected to exactly two neighbors: the one to it§€ values in the matrix forP; in the rightmost

left and the one diagonally up and left. Otherwise theolumn, from bottom to top, are aji + s. We now

vertex is connected to the neighbor diagonally up arftive & portion of the matrix (to the right &%) whose

left. first column contains only the valye+ s and whose
Proof of Lemma 4:Figure 4 illustrates this lemma first row, from left to right, contains the valugst- s,

for r — 8 ands — 4. p+s+1,...,p+s+t. Since all elements of the short
Although more complex than lemmas 1 through §equences above all but the first column are equal

it is proved in the same fashion. to a, lemma 4 identifies this portion of the forward
For future reference we refer to both the portion ohatrix/graph to be of block type four.

the matrix and the portion of the graph in lemmas 1 The next lemma shows that to the right of every

through 4 as being oblock type onethroughfour, block type four are blocks of type two and one. This

respectively. For graphs of block type four there is ai$ shown in figure 6.

area in the upper right corner that is connected with a Lemma 6: Suppose a portion?; of the forward

number of disjoint paths running on diagonals belownatrix/graph is of block type four. Suppose the values

The vertex where the triangular region intersects th@ the matrix in the first row, from left to right, are

last column has a matrix value pf We call this vertex p, p + 1, ..., p + s and that this row of the matrix



p p+s p+s+t p p+s p+s+t
AN
AN
AN
N BT2
AN
AN
AN
a BT1 BT4 a BT4 prt
BT1
p p+s p p
Fig. 5. BT1 with BT4 to its right Fig. 6. BT4 with BT2 and BT1 to its right

extends to the right with values+ s + 1, p+ s +2, Similar to lemma 5.
.., p+ s+ t. Suppose every element of the short
sequencé above these extended matrix values differs per
from a. Then there is a portio, of the forward
matrix/graph of block type two that shares the matrix-
values/vertices of the rightmost column Bf from the
first vertex down to an including the transition vertex 2 BT2 BT3
of P, and a portionP; of the forward matrix/graph of
block type one that shares the matrix-values/vertices of
the rightmost column of; from the transition vertex
of P, down to the last vertex.
Proof of Lemma 6:Lemma 5 provides the values
of the matrix in the last column aP;. The transition Fig. 7. BT2 with a BT3 to its right
vertex of P, divides these values up into two parts. The
values on and above this vertex, together with those The next lemma shows that to the right of every
in the extended row yield a portioR, of block type block type three is a block type two. See figure 8.
two. Lemma 2 provides the values of the matrix in the Lemma 8:Suppose a portion?, of the forward
last row of P,. Similarly the values on and below thismatrix/graph is of block type three. Suppose the values
vertex, together with those in the last row Bf yield of the matrix in the first row, from left to right, are
a portion P; block type one. p+r,p+r+1,...,p+r+s and that this row of the
The next lemma shows that to the right of everynatrix extends to the right with valugs+ » + s + 1,
block type two is a block type three. See figure 7. p+r+s+2,...,p+r+ s+ t. (The values in the
Lemma 7:Suppose a portionP; of the forward first column, from bottom to top, arg, p + 1, ...,
matrix/graph is of block type two. Suppose the valugs - r.) Suppose every element of the short sequence
of the matrix in the first row, from left to right, are b above these extended matrix values differs fram
p+r, p+r+1,...,p+r+s and that this row of the Then there is a portio®, of the forward matrix/graph
matrix extends to the right with values+r + s+ 1, of block type two that shares every matrix-value/vertex
p+r+s+2,...,p+r+ s+t (The values in the of the rightmost column of’;.
first column, from bottom to top, arg, p + 1, ..., Proof of Lemma 8:This proof is similar to lemma
p + r.) Suppose every element of the short sequenbe
s above these extended matrix values.isthen there  The long sequence consists of an arbitrary but
is a portion P, of the forward matrix/graph of block finite number ofa’s. The short sequendecan contain
type three that shares every matrix-value/vertex of ttegbitrary characters. Aartition of a sequence is a
rightmost column ofP; . sequence of subsequences such that every element of
Proof of Lemma 7:This lemma is proved in a way lies in some subsequence, every subsequence consists

* a
p+r+s p+r+s+t

p+s



Sinces; contains onlya’s, no symbol inssy is ana.

By lemma 6 we know the portion of the matrix/graph
under sy starts with a block type two with a block
type one below. Note that we have defined a vertical
a strip within the matrix/graph and that the block type
BT3 BT2 two has height equal to its width while block type one
extends all the way to the bottom row.

Since sy contains noa’s, s3 contains onlya’s. By
lemma 7 we have a block type three to the right of the
P prs block type two in the second vertical strip. Similarly,
by lemma 5 we have a block type four to the right of
the block type one in the second vertical strip. The two
blocks we have just described form the third vertical

p+r p+r+s p+r+s+t

Fig. 8. BT3 with a BT2 to its right

either entirely ofa’s or entirely of symbols different StIP-

from a, and each subsequence is as long as possibleNo element ofs, is ana. By lemma 8 there is a
If s is partitioned into subsequencesands; consists block type two to the right of the block type three in
entirely of a's thens; consists entirely ofi’s for odd Vvertical strip three. By lemma 6 we have block types
i and entirely of symbols different from for i even. two and one to the right of block type four in vertical
If the s;'s are concatenated in order from left to righstrip three. These three blocks (in order from top to
then the original sequenceis obtained. bottom: two, two, and one) define the fourth vertical

We now define thenain diagonalmain band) of a Strip.
matrix/graph. The upper bound of this band consists From the four vertical strips two facts may be
of all entries whose row number equals its columgerived. First, for thoses;'s composed only ofa’s
number. The lower bound is defined similarly, exceghere can only be block types three and four. All block
we start at the element in the last row and column arigpe threes are above the main diagonal and the single
move up and to the left along a diagonal. All elementglock type four begins above the main diagonal and
on and between these diagonals constitute the ma@ntinues until the last row. Second, for the remaining
diagonal. s;'s there can only be blocks types two and one. All

Theorem 1:The forward path graph can be decomblock type twos are above the main diagonal and the
posed into parts each of which is of one of the fougingle block type one begins above the main diagonal
block types. and continues until the last row.

Proof of Theorem 11t is important to note that Due to the alternating nature of thgs and lemmas
the parts overlap along their common borders. F&r through 8 this pattern will continue for as long as
example, if a block type two has a block type threthere ares;’s.
to its right then the entries in the last column of the For the forward distance matrix the values in the
matrix/graph of the block on the left are identical tdirst column are set to zero and those of the first row
those in the first column of the block on the right. Aare, from left to right, 0, 1, 2, ...», wheren is the
decomposition in the sense of this theorem is not thength of the short sequende Values in the interior
same as a partition. of the matrix are found by looking at values above, to

Partition the short sequenbento subsequences, the left, and diagonally up and left from the current
s9, ...5,. It makes no difference whethei consists element. For the reverse distance matrix the values in
only of a's or only of symbols different froma. the last column are set to zero and those of the last
Without loss of generality assume the former, se®w are, from rightto left, O, 1, 2, .. n. Values in the
Figure 9. interior of the matrix are found by looking at values

The first column of the matrix contains only zerosbelow, to the right, and diagonally down and right
The first row starts with a zero and increments by orfeom the current element. The procedure to determine
until the last column is reached. a value in the interior of the matrix is identical in

By lemma 4 there is a block of type four thatthe forward and reverse cases when these orientation
stretches vertically the entire height of the malssues are taken into account. Consequently, everything
trix/graph and stretches horizontally from the firstve have done so far for the forward case carries over
column up to and including the column correspondin the reverse case provided orientation issues are
to the last symbol irs;. We also know the numerical handled properly.
values of the matrix for this column by the lemma.  Geometrically, each of the four block types must



-—0— —%— —d— —x— —da— —x—  gych strips in his papers, the notion of alignments of
this sort were used in his proofs that the algorithms
BT? for finding local and global matches were correct.)

Since the strips are common to the forward and reverse
matrices/graphs we may refer to them in the common
and transverse graphs as well.

BT2 BT3 BT2
IIl. CONNECTEDNESS IN THECOMMON AND
TRANSVERSEPATH GRAPHS

BT2 Lemma 9:In each vertical strip of the common
a graph for which the corresponding portion of the short
BT4 BT1 BT4 sequencé consists only ofa’s, each interior vertex
is connected only to its neighbor up and to the left.

Proof of Lemma 9:Figure 10 illustrates the struc-
BT1 | BT4 | BT1 ture of the vertical strip. We will refer to this as a
block type five (BT5 for short).

The common graph contains exactly those edges
common to the forward and reverse path graphs. In
the forward path graph we will have one or more
block type threes above a single block type four that
extends downwards for the remainder of the vertical
height. In the reverse path graph we will have one or
more rotated block type threes below a single rotated
block type four that extends upwards for the remainder
Olf< the vertical height. Every one of these four block

type i is transformed this way we will refer to it as a?ypes have all possible diagonal edges. A block type

rotated block tvpei four will have some horizontal edges but they are all
ypes. above the main diagonal. Similarly a rotated block
Lemmas 1 through 8 can now be rephrased for th

reverse case. For example. lemma 6 stated that é)e four will have some horizontal edges as well but
' P, they are all below the main diagonal. Consequently

the right of every block type four are blocks of typeno horizontal edge can appear in both the forward

two and one (with type two above type one and typ nd reverse path graphs, and hence can not appear in
one extending to the bottom of the matrix/graph). It e common graph. Since all diagonal edges appear in

tcouentfirlfraiatrzte;ge;t?;tl)tﬁ) (t;ietleﬂegf@/fgnrgtif: (t\)/:/(i)t th the forward and reverse graphs they must appear
yp yp In the common graph.

type two below type one and type one extending to

the top of the matrix/graph). °
With these conventions we have the counterpart for \
theorem 1 for the case of the reverse matrix/graph.

Theorem 2:The reverse path graph can be decom-
posed into parts each of which is of one of the four
rotated block types.

Proof of Theorem 2:Similar in nature to that of
Theorem 1, and hence omitted.

In the proof of Theorem 1 the blocks are organized \
[ ]

Fig. 9. Block structure of a forward matrix/graph

into vertical strips. The blocks are also organized

into vertical strips for the reverse matrix/graph. The

labeling of the vertices in the forward and reverse Fig. 10. Block Type 5 (BT5)

matrices and graphs are shifts of one another, i.e. the

dash was moved to the other side of the short and longLemma 10:SupposeP is a vertical strip of the
sequences and their symbols were shifted accordingGommon Graph for which the corresponding portion
It is easy to see that these shifts force the alignmerdfthe short sequence contains noa’s. Then P can

of the vertical strips we have defined for the forwartbe divided into three horizontal strigs, P, and P,
and reverse cases. (Although Sellers did not utilize be described below, wherf is always present and



P, and P; may or may not be present. Each vertex in Supposes contains at least one symbol different
Py, except for those in the first column, is connectefftom a. Then there will be at least one block type
only to its neighbor to the left. The same holds fé.  six. Choose an arbitrary horizontal edge from a block
Each vertex inP,, except for those in the first row ortype six that is common to the blockd and P, from
first column, is connected to exactly two vertices: thahe statement of lemma 10. If no such edge exists
to the left and the one diagonally up and to the leftthen P, does not exist and we choose any edge in the

Proof of Lemma 10Figure11 illustrates the struc- first row of P». In either case we have an edge which
ture of the vertical strip. We will refer to this as a blockwill belong to some path as described in the previous
type six, or BT6. paragraph. Call this path thgpper critical path We

The proof is done in the same way as in Lemma @an define dower critical pathby choosing an edge
by intersecting BT1's and BT2’s in the forward patHPetween’, and P, if one exists, or an edge from the
graph and rotated BT1 and BT2 of the reverse patst row of P» otherwise.
graph. Any path above the critical path will fail to reach

the first column. Similarly any path below the critical
path will fail to reach the last column.

Now consider the diagonal edges of block types
six that we have ignored until now. These edges will
link the two critical paths and any paths between
them and will not link any path above the upper
critical path nor any path below the lower critical path.
Consequently all paths above the upper critical path
and all paths below the lower critical path will fail
to reach either the first or last column and will have
no edges connecting them to the central region that
reaches both the first and last column. These paths will

Fig. 11. Block Type 6 (BT6) be absent from the transverse graph. The remaining
paths, together with the diagonal edges of block types

Theorem 3:The common graph can be decomsix, will form a single component that will be present
posed into an alternating series of block types fié the transverse graph. Hence the transverse graph
and six. will be connected.

Proof of Theorem 3As usual, partition the short \We now consider the case whenis made up of
sequence into subsequences;. Each subsequenceONly @'s. In this case there are no block types six.
containing onlya’s give rise to a block type five. In fact, the entire graph is a single block type five
Otherwise we have a block type six. Since thes @nd the Common Graph consists only of paths like
alternate by definition, the block types must alternaté10se in Figure 10. Itis clear that the Transverse Graph

We now state and prove our main result. contains at least two paths that are connected by any
additional edges, i.e. we have at least two components.

Theorem 4:Suppose the long sequenaeontains . .
PP g seq Hence the transverse graph will be disconnected.

only the symbot and the short sequenbas arbitrary.

The transverse graph is connected if and onlyb if REEERENCES

contains at least one symbol different fmm [1] D'Alotto, L., Lasser, L., “Disconnectedness in Forwaathd
Proof of Theorem 4We need only eliminate from Reverse Path Graphs for Pattern MatchinBrbceedings of

the common graph any edges that do not lie on some the International Conference on Atrtificial Intelligenceol. |,

P . . 302-305, Las Vegas, NV, (2004).
path beglnnlng at the first column and endlng at th?Z] Sankoff, D., Kruskal, J.Time Warps, String Edits, and Macro-

last column. molecules, The Theory and Practice of Sequence Comparison
; i ; i _ CSLI Publications, (1999).
Every block type five Conte.“ns eve.ry p055|ble dla.gOéS] Sellers, P. H., “The Theory and Computation of Evolution
nal _path. Every block type six con_talns every pOSSIb_| Distances; Pattern RecognitionJ. Algorithms 1, 359-373,
horizontal path (as well as some diagonal edges, which (1980).

il i [4] Sellers, P. H., "Pattern recognition in genetic seqestidroc.
we will ignore for now). These block types alternate. Natl, Acad. Sci. USA6, 3041, (1979).

If we were tO. choose an _arbitrary _diagonal edg_e iN5] Sellers, P. H., “On the Theory and Computation of Evaiati
a block type five or an arbitrary horizontal edge in a  ary Distances,SIAM J. Appl. Math26, 787-793, (1974).

block type six, then this edge will be part of a path of[6] ‘lgvelft'N?]- 52‘6(')”1”0““‘3“0” to Graph Theory, 2nd edPrentice
maximal length formed by combining edges from the all. NJ (2001).
various vertical strips.



