
A Parallel Reduct Algorithm Based On Extension Matrix 

Pei Li Zhou 
Faculty of Information Technology 

Monash University 
Victoria 3145 

Australia 
 

 
Abstract 

In this paper, on the basis of studying the 

limitations of the basic rough set model, we 

present a general rough set model, which is based 

on a family set of tolerance relations which is 

based on a family set of tolerance relations instead 

of equivalence relations between objects. The 

model inherits most of the characteristics of the 

basic model of rough set; and they also have a 

better effect of approximation classification. 

Based on this model, we propose two algorithms, 

one for a single processor and the other for 

parallel processors that will give us a near-optimal 

attributes reduct using concepts from extension 

matrix.  
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1. Introduction 

In the early 1980s Professor Pawlak proposed 

rough set theory on the basis of research on 

uncertainty, vagueness, and uncompleted 

knowledge representation [1, 2, 3, 4]. It is a new 

mathematical tool to deal with vagueness and 

uncertainty. Rough set theory has some 

advantages over other similar formal tools, and 

has been used widely in the areas of information 

system analysis, artificial intelligence and its 

application, knowledge and data discovery, 

pattern recognition and classification and faulty 

detection [5]. 

In an approximation space, it is required that a 

set of equivalence relations is given first, and it 

also contains one kind of definitely formal method, 

which will map any subset of equivalence 

relations into an equivalent relation on the 

universe. But, in real world practices, there is not 

always possible. In this paper, we are going to 

lower this requirements, and we shall use a set of 

tolerance relations which be resulted by known 

attributes on a subset of objects to define a new 

kind of approximation space. In such a given 

approximation space, we have to define a mapping 

relation like above as well. In general speaking, 

we couldn't give one unified and well-defined 

method to construct the mapping from a set of 

tolerant relations to one tolerant relation. Thus, a 

different mapping relation will determine a 

different approximation space and an information 

system as well.  

Firstly, we are going to give the definition of 

Tolerance Approximation Space and, and its main 

concepts in a tolerance approximation space 

model. Then, A fβ-tolerance-membership function 

will be given, and based on its definition, we’ll 

discuss the set approximation. At last, we will 

fully describe one single processor algorithm to 



solve a near optimal reduct and its parallel 

processor version which is far more efficient.  

 

2. Tolerance Approximation Space 

A concept is a set of objects, the concept 

family set (classes) is the knowledge on universe 

U, and the family set of classes on U could be 

known as one knowledge base of universe U. In 

other words, approximation space is a knowledge 

base which is the set of classification methods. 

 When we could only do partial classification, 

the classification done by the rough set model is 

completely correct and certain, it could not give a 

classification with a kind of controllable 

misclassification. However, in the real situation, 

this kind of classification could give better 

understand and process of the analyzed data. 

Secondly, another limitation of approximation 

space is from the viewing which the universe U of 

the considering data objects are all known, and the 

derived result from that model is only usable for 

that objects set. However, in real life situations, 

we obviously need to extend the result derived 

from the limited object set to a larger data set.  It 

is because of the model proposed by Ziarko  Z - 

Variable precision rough sets model with 

asymmetric bounds [6, 7, 8], through the thinning 

the boundaries of the concepts, we could get a 

approximation classification with a certain 

misclassification error.  

Except this, we could also tell that the 

classification of objects in the approximation 

space is based on the approximation classification 

of equivalence relations. As long as there is one 

value difference of  one attribute between  two 

objects, then they could be classified to different 

classes. This kind of classification is very 

restrictive, it pays too much attention to the 

differences between objects, it doesn’t see the 

similarities between objects. So these kinds of 

classification methods don’t benefit the 

knowledge discovery of very large data sets. 

Specially when the attribute values are continuous 

data, we often need to do discretization. Real 

value discretization is also a difficult problem of 

knowledge discovery [9]. So, Skowron A and 

Stepaniuk J has proposed a general approximation 

space concept which uses a tolerance relation 

among objects to process approximation 

classification [10].  

Based on the above concerns, we would like to 

take a step further into defining the concept of 

approximation space of rough set. First of all, we 

take a set of tolerance relations to represent the 

given knowledge. Based on the given knowledge, 

when we classify the object sets, not only we have 

to consider the differences of the objects in 

between every tolerance relation, but also the 

similarities of the objects in between every 

tolerance relation. Secondly, every tolerance 

relation is defined on a subset of the all objects set. 

Because in practice, not every object under every 

given tolerance relation could be classified. For 

example, missing values of attributes in the data 

table is one of the important problems of KDD. 

Using the proposed model of extended rough set 

model from this paper, we could partially solve 

this missing values problem. Thirdly, the 

definition of approximation space by us, is related 

to the mapping a set of tolerance relations into one 

tolerance relation on the whole objects set 

(universe). The basic components of the 

indiscernibility relation are formed by the 

intersection of a set of equivalence relations. In 

tolerance relations, it is very difficult to define 

such kind of basic components; based on this kind 

of basic components, we can apply the operations 

of set theory to form a tolerance relation based on 

a set of tolerance relations. This tolerance relation 

is used to described the tolerance on all objects set 

(universe).  

A binary relation R on objects set X is called a 

tolerance relation if and only if relation R is self-

reflective and systemic. Obviously, tolerance 

relation is kind of tolerance relations. Here, the 



“tolerance” means the differences among objects 

in the same tolerance class are acceptable.  

Definition 1 A tolerance approximation space 

is a triple K = (U, R, τ), where U is a non-empty 

objects universe; R = { R1, R2,…, Rn }, in which Ri 

∈ R is a tolerance relation on Xi ⊆ U; τ is a 

mapping defined as follow:  

τ : Powerset(R) - {∅, {R1}, {R2}, …, {Rn }} → 

TR 
where  TR is the family of tolerance relations 

on universe U.  

Below we will further discuss on our 

definitions. In the tolerance approximation space, 

we treat the known knowledge as a set of 

tolerance relations on a subset of Universe U. It 

has two meanings: firstly, because of the 

incompleteness of the knowledge, we sometimes 

won’t be able to find out whether there exists one 

relation of the universe U or not, only have the 

relation of its some subsets; secondly, this relation 

is a kind of tolerance relation.  

In basic rough set model, because equivalence 

relations have good mathematical properties, 

equivalence classes can be used as the basic 

components of knowledge. The indiscernibility 

generated from a set of equivalence relations is 

also an equivalence relation, where the basic 

components are formed by the intersection of the 

set of equivalence classes of equivalence relations. 

Similarly, in the tolerance approximation space, 

we still need to find the mapping of the tolerance 

relation on universe from a set of tolerance 

relations. But, this kind of tolerance relation can 

not be uniform defined by using the operators of 

general set theory. In other words, in 

approximation space, if the method of dedicated 

mapping τ definition changes, then the meaning of 

corresponding tolerance approximation space 

changes too. In section 4, we will research on a 

few methods for how to define a mapping τ. Note 

that, given a set of tolerance relations are defined 

on different subset of universe, and the mapping τ 

is defined on the universe U.  This means that one 

specific tolerance approximation must clearly 

define the tolerance relation in between all objects 

in universe U.  

 

Let B∈P(R)−{∅, {R1}, {R2}, , {Rn}},if 

ττττ(B)=IB, where IB∈TR, then we call IB is the 

confirmed tolerance relation of the tolerance 

relation set B. Specially, when B=R, we call IR is 

the whole tolerance relation of the tolerance 

approximation space. Tolerance approximation 

space with a decision classification can be defined 

as a four-tuple K = (U, R, d, τ) , where d is an 

equivalence relation on universe U, the rest 

symbols has the same meaning as defined earlier.  

 

Definition 2 Given a tolerance relation I on 

objects set X, and the tolerance set of object x ∈ X 

can be denoted as TSI (x), its definition is as 

follows: TSI (x) = { y | (y ∈ X)} ∧ (xIy)}.  

 

When the tolerance relation I is clear, TSI (x) 

can be simply noted as TS(x). The set TS(X) = 

{TS(x) | ∀x ∈ X} is a set of the tolerance sets of all 

objects in the objects set X.  In general, TS(X) may 

not generate one classification of objects set X, 

only if tolerance relation I is an equivalence 

relation, TS(X) is one classification of set X.  

It is easy to proof that Given a tolerance 

relation I on objects set X, and objects x, y ∈ X, 

then y ∈ TS(x) if and only if x ∈ TS(y). This 

means that any object y of every tolerance set TS(x) 

about objects set X, its tolerance set TS(y) also 

contains object x.  

The tolerance approximation space can be 

degenerated into the approximation space of basic 

rough set model. Given tolerance approximation 

space K = (U, R, τ), where ∀ R ∈ R, the set {TS(x) 

| ∀x ∈ U} can generate one classification of 

Universe U, and mapping τ is defined as IND, at 

this time the tolerance approximation space K is 

the approximation space of the basic rough set 

model.  

 



2.1. Tolerance Member Function and Set 
Approximation 

In the basic rough set model, in order to tell 

whether one object x is belong to object set X or 

not, is dependant on knowing whether the 

equivalence classes which contain object x is 

contained by set X or not. In tolerance rough set 

model, we can utilize the tolerance set of object x 

to achieve the above goal. In order to generate the 

approximation classification with uncertainty or 

acceptable mis-classification error, we firstly 

defined a new thinner version of membership 

function which is based on the concepts proposed 

by [6] and [10].  

 

Definition 3 fβ -Membership Function 

In approximation space K = (U, R), let x ∈ X 

and X ⊆ U. The fβ -membership function between 

object x and objects set X is defined as: µ(fβ)(x, X) 

= fβ(t),  where t=card(X∩TS(x))/card(TS(x)). 

Here R means IND(R); 0 ≤ β < 0.5; fβ  is regarded 

as a boundary thinning function, it is defined on 

the closed interval [0, 1] as one non-decreasing 

function, i.e., fβ : [0, 1] → [0, 1], and the mapping 

satisfies fβ(t) = 0 if and only if 0 ≤ t < β; fβ(t) = 1 if 

and only if 1- β ≤ t <1.  

 

In this definition, we just give the rough 

membership function value of approximation 

space another fβ mapping. The reason that we 

introduce fβ is to redefine the rough membership 

function to get thinner boundary, so we can reach 

the objective of having approximation 

classification with controllable misclassification. 

The dedicated definition of β and fβ can be clearly 

defined by using the domain knowledge in real 

world implementations. This is different to basic 

rough set model. In basic rough set model, it is 

definitely not allowed to use any knowledge other 

than given data tables. Using certain domain 

knowledge is one of the basic ideas of this paper. 

Note that, if β = 0 and let fβ become the identity 

mapping of interval [0,1], then the fβ -membership 

function µ( fβ ) is the same as definition of rough 

membership function.  

Definition 4 fβ-tolerance-membership function 

Given a tolerance approximation space K  =  

(U,  R,  τ), let x ∈ X,   X ⊆ U,   0 ≤ β <0.5;   fβ  ,  

and   τ(R). The fβ -tolerance-membership function 

µ (I, fβ) of object x and set X can be defined as: µ 

(I, fβ )(x, X) = fβ (t), where 

t=card(X∩TS(x))/card(TS(x)). Specially, if β = 0 

and fβ is an identity mapping, then we call µ (I, fβ ) 

is a tolerance membership function.  

The purpose of tolerance membership function 

is to convert the problem from identifying whether 

a object x belongs objects set X or not, to 

identifying whether the tolerance set TS(x) is 

contained by set X or not.  Generally, this kind of 

membership function is related to the specific β. 

Furthermore, the above definition is subjective to 

the tolerance relation τ(R) = I, in fact it can be 

used in any tolerance relation on any objects set.  

Then we can give definition of Lower 

Approximation and Upper Approximation. In 

approximation space K = (U, R, τ), the lower   

approximation and the upper approximation of 

objects set X are defined as: L(K, X) = { x | (x ∈ X) 

∧ (µ (I, fβ )(x, X) = 1)}, and  U(K, X) = { x | (x ∈ X) 

∧ (µ (I, fβ )(x, X) > 0)}.  

 

In a data table, a(x) - the value of object x 

given by the primitive attribute a, could be viewed 

as the preliminary concept of object x, that is the 

name of the equivalence class IND(a), it also is 

said that a(x) is the name of [x]IND(a). The name of 

the basic concept which contains the object x and 

defined by the attribute subset B⊆A, is similar to 

the arbitrary set of (attribute, value), that is {(a, 

a(x)) | a ∈ B}. Let P ⊂ A and xi, xj ∈ U, if ∀p∈P 

all have p(xi)=p(xj), then xi and xj are not 

discernible according to P. In fact, an attribute is 

the equivalence class (a kind of classification 

method of objects) of the objects, so attribute set 

A is the set of equivalence classes. The concept of 

knowledge dependency, (which is the question of 



whether every equivalence relation is necessary or 

not in the approximation space), is interpreted as 

the equivalent question of whether it also means 

all the attributes are necessary to keep or not. If 

B⊂C, define the positive region of B in IND(D) is 

POSB(D) = ∪ B*(X):  X∈U/IND(D)}, if 

POSB(D)=POSB-{p}(D), then regard the attribute 

p∈B to D is not necessary; otherwise p is known 

as indiscernible. Obviously, we could delete the 

unnecessary attributes without affecting the 

classification result. The core C - the indiscernible 

attributes to D in the conditional attribute C, is 

denoted as CORE(C); if B⊂C and is the smallest 

subset which satisfies POSC(D)=POSB(D), then 

we call B one reduct of C. 

 

3. Description of the Algorithm Based 
on Extension Matrices 

In this section, we will give out one algorithm 

which solves a near optimal reduct. it uses the 

concepts of positive and negative examples 

(negative extension matrix) from extension matrix 

[11, 12]. 

 

3.1 The proposed single processor 
algorithm to solve a near optimal reduct 

Given a tolerance decision information system S = 

(U, A, {d}, τ), we propose the algorithm below to 

solve the near optimal reduct R of attribute set A. 

Algorithm 3.1.1 the algorithm to solve the near 

optimal reduct based on tolerance extension 

matrix. 

Input: A given tolerance decision information 

system S = (U, A, {d}, τ); 

Output: one near optimal reduct R of attribute set 

A; 

Begin 

 Divide all objects (U) into positive and 

negative examples, according decision attribute (d) 

from the given tolerance decision information 

system S = (U, A, {d}, τ); 

 R = ∅; 

 Construct Negative Extension Matrices 

from all positive examples; 

 Reduct Matrix M=  all Negative 

Extension Matrix ; 

(Negative Extension Matrix 1  Negative 

Extension Matrix 2  Negative Extension Matrix 

2  Negative Extension Matrix 3 Negative 

Extension Matrix n) 

 R = Remaining attributes that still 

contain values in M; 

 Output Reduct R; 

End 

The above are the steps of the algorithm. Now we 

give out an example using the above algorithm. 

 

3.2 An example of the above algorithm 

Example below uses the decision table provided 

by paper [10] (table 3.1) to explain the 

process/steps of algorithm 3.1.1. 
 Height Weight haiR Eyes D 
1 Short Light Dark Blue 1 
2 Tall Heavy Dark Blue 1 
3 Tall Heavy Dark Brown 1 
4 Tall Heavy Blond Brown 1 
5 Short Light Blond Brown 1 
6 Tall Heavy Red Blue 2 
7 Short Light Blond Blue 2 
8 Tall Heavy Blond Blue 2 

Table 3.1 The decision table of a 

tolerance information system S 

We could now construct the tolerance decision 

information system based on the decision table 

above. It is  S = (U, A, {d}, τ), where U = 

{1,2,3,4,5,6,7,8}; condition attribute set A = 

{H,W,R,E}, where attributes are Height, Weight, 

haiR, Eyes, they all generate the equivalence 

relation on universe U; decision attribute is d. 

Mapping τ Is defined as: ∀B ⊆ A, where 

card(B)≥1, if ∀x,y ∈ U on attribute subset B have 

values different on one or more than one attribute, 

then these two objects are non-tolerant, otherwise 

they are tolerant. 

We then divide U into positive and negative 



examples according to the decision attribute d. We 

have positive examples {1,2,3,4,5} and negative 

examples {6,7,8}. So we now ready to construct 

negative extension matrices for the positives 

examples and derive reduct matrix M from all 

negative extension matrices. 

 

Step 1: 

Negative Extension Matrix 1: 
 Height Weight haiR Eyes 
1 Short Light Dark Void 
2 Void Void Dark Void 
3 Void Void Dark Brown 
4 Void Void Blond Brown 
5 Short Light Blond Brown 
Constructed for Positive Example 1: 

[ Tall Heavy Red Blue ] 

 

Step 2: 

Note, please here onwards, we will denote ‘Void’ 

as ‘*’. 

Negative Extension Matrix 2: 
 Height Weight haiR Eyes 
1 * * Dark * 
2 Tall Heavy Dark * 
3 Tall Heavy Dark Brown 
4 Tall Heavy * Brown 
5 * * * Brown 
Constructed for Positive Example 2: 

[ Short Light Blond Blue ] 

 

Step 3: 

Negative Extension Matrix 3: 
 Height Weight haiR Eyes 
1 Short Light Dark * 
2 * * Dark * 
3 * * Dark Brown 
4 * * * Brown 
5 * Light * Brown 
Constructed for Positive Example 3: 

[ Tall Heavy Blond Blue ] 

 

Step 4: 

Negative Extension Matrix 1  Negative 

Extension Matrix 2: 
 Height Weight haiR Eyes 
1 * * Dark * 
2 * * Dark * 

3 * * Dark Brown 
4 * * * Brown 
5 * * * Brown 
 

Step 5: 

Negative Extension Matrix 1  Negative 

Extension Matrix 2  Negative Extension Matrix 

3: 
 Height Weight haiR Eyes 
1 * * Dark * 
2 * * Dark * 
3 * * Dark Brown 
4 * * * Brown 
5 * * * Brown 
 

This above matrix is the Reduct Matrix M we 

illustrated in algorithm 3.1.1. Take out the 

remaining attributes whose values are not void, 

and then we have two attributes: Hair and Eyes. 

We could tell that our near optimal reduct (Hair, 

Eyes) is in this case the optimal reduct that could 

be solved [13]. Please note that our algorithm may 

not always give the optimal reduct, but it will 

certainly contain one optimal reduct, so we always 

will have a near optimal reduct. Please note for 

space reason we have used a very small table and 

did not define tolerance relations on attributes, so 

in this example, our tolerance relations are the 

same as equivalence relations. For uses of 

tolerance relations in tolerance information 

systems to solve reducts, refer to reference [14]. 

 

4 The Proposed Parallel Algorithm  

In algorithm 3.1.1 discussed in Section 3.1, we 

can see that each ai value in a positive example is 

matched with all the ai values of the negative 

examples. Our proposed algorithm exploits this 

property to do the same computation in parallel in 

a mesh of m×n processors. In the mesh, a 

processor in row i and column j is denoted as pi,j, 

for 0≤i<m and for 0≤j<n. 

The algorithm starts by partitioning U  
row wise into u and v, where u consists of all the 

positive examples and v consists of all the 

negative examples of U. Let |u| and |v| be the 



number of examples in u and v respectively. Also, 

let ui,j represent the value of ai in the positive 

example i, and vi,j represent the value of aj in the 

negative example i. 

The algorithm starts by evenly 

distributing the values in u into m×n partitions. 

Each partition is labelled as gi,j  where 0≤i<m and 

0≤j<n. Each gi,j consists of us,t, where 

( )
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is
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i ×+<≤× 1
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Similarly v is partitioned in to n 

partitions. Each partition is labelled as hi, where 

0≤i<n. Each hi, consists of vj,i, for 

( )
n
k

it
n
k

i ×+<≤× 1
 and for vj <≤0 . 

The algorithm then transfers the values in 

gi,j  and hj  to pi,j. Then each pr,c will compute: 

            jsji
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5 Cost Analysis 

The cost of the proposed parallel algorithm 

consists of communication cost and computation 

cost, which we will denote as Ccomm and Ccomp 

respectively. The communication cost is the time 

taken to transfer the g and the h values from 

processor p0,0 to processor pm−1,n−1, while the 

computation cost is the time taken to compute the 

w and z values by any one of the processors, say 

1,1 −− nmp . 

The communication cost is further 

divided into Cstartup cost  and  Cdata cost. The 

Cstartup is the cost of packing the data to be 

transferred at the source and then unpacking it at 

the destination. The Cdata is the cost of 

transferring one attribute value from one processor 

to another. 

The communication cost of the proposed 

parallel algorithm is the cost of transferring the g  

and  the  h  values  from  p0,0   to  pm−1,n−1. The 

cost of transferring the g values is 

)2()( −+×××+ nmt
n
k

m

u
t datastartup

 and the cost of 
transferring the h values is 

)2()( −+×××+ nmt
n
k

vt datastartup
. Therefore, 

the total communication cost is 

)2())(2( −+×+××+×= nmv
m

u
t

n
k

tC datastartupcomm
     (3) 

Computation cost of the proposed 

parallel algorithm is the cost of computing the w 

and the z values. The cost of computing w values 

is 
v

nm

ku
×

×
×

 The cost of computing the z values is 

)1( −×
×
×

v
nm

ku

. Therefore, the total computation 

cost is 

     nm

vku
Ccomp ×

−×××
=

)12(

        (4) 
Hence, the total cost of the proposed 

parallel algorithm is: 

         commCcompCpC +=
        (5) 

Computation/Communication Ratio. The 

communication complexity is )( u
m
k

O ×  and 

the computation complexity is )( u
n

v

m
k

O ×× . 

The ratio of 

commt
compt

 shows that as |U| increases, 

the effect of the communication cost decreases, 



thus the performance of the parallel algorithms 

increases. 

Speed up is the measure of how much 

faster the parallel algorithm is compared to the 

fastest single processor algorithm known to solve 

the same problem. The cost of the single processor 

algorithm discussed in Section 3.1 is 

)12( −×××= vkuCs . Hence, for a given nm ×  

mesh, the speedup, which is 
p

s

C
C

will be closer to 

m×n as |U|  increases. 

 

6 Conclusion 
 

In short, through this paper, on the basis of 

studying the limitations of the basic rough set 

model, we present an extended rough set model 

that is based on a family set of tolerance relations 

between objects when given a set of tolerance 

relations. This model inherits most of the 

characteristics of the basic model of rough set; and 

it also has a better effect of approximation 

classification. And the concepts of general and 

specific tolerance information systems are 

presented, so they can be further used to illustrate 

the relationships between objects in various real 

applications.  

In the extended rough set model based on the 

tolerance relations proposed here, according to 

normal primitive data tables, we could set up a 

corresponding tolerance information system. On 

the tolerance information system, we studied the 

uses of the negative and positive examples 

concepts from Extension Matrix; from there we 

proposed two algorithms, one for a single 

processor and the other for multi processors, that 

gave us near-optimal attribute reduct based on 

Extension Matrix Approach. Due to the nature of 

the extension matrices used in algorithm 3.1.1, our 

parallel version of that algorithm is very efficient. 
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