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Abstract

Given an FIR filter, this paper addresses a time-
domain means of arriving at its inverse filter in FIR
form. To this end, the original FIR filter should lack
frequency nulls so that an inverse filter of reasonable
support size can be established. With this approach we
provide an alternative to the more commonly employed
frequency design methods and also provide insight to
the significance of the time domain operations being
performed. A detailed description of the approach is
provided and a designed inverse filter is used for the
purposes of image deconvolution.
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1. Introduction

The designing of inverse filters is useful for
applications such as system identification [1] and
deconvolution [2]. Such designs are usually performed
in the frequency domain by way of Fourier or z-domain
analysis [3] with the general inverse filter form being an
autoregressive moving average (ARMA) model [4]. In
this paper we present a time-domain, i.e. 1-D, design
procedure for finite impulse response (FIR) inverse
filters. This design is motivated by image deconvolu-
tion applications where very fast and efficient deconvo-
lution (real-time) processing is necessary. That is, it is
known that spatially invariant FIR filtering, also known
as moving average (MA) filtering [4], via the fast
Fourier transform is the most efficient form of
deconvolution processing. Specifically, the MA filter
must be the inverse of the blurring filter so that when
convolved with the blurred image, a clean restored
image results.

In order for the FIR inverse filter to be effective, the
blurring function must be well-behaved, i.e., it must not
have any frequency nulls in its spectral representation.
If frequency nulls are present in the blurring filter, it
cannot be expected that the MA filter will have
reasonably small support size and also well-approximate

the inverse filter — thus compromising the quality and
effectiveness of the deconvolution.

One must also keep in mind that, though the FIR
inverse filter has the advantage of efficient
implementation and the ability to completely undo the
blurring, any post-blurring noise that corrupted the
signal will necessarily be amplified when such
deconvolution filtering is performed. This side effect
should be considered prior to direct deconvolution with
the FIR inverse filter. In particular, it has been noted
that deconvolving images (blurred with well behaved
filters) that originally exhibited blurred signal to noise
ratios (BSNRs) > 40 dB typically results in little or no
visually perceptible noise amplification. For BSNRs
less than this, the Wiener filter is probably a better
direct filtering approach [5]. It essentially trades off
deconvolution accuracy with noise amplification result-
ing in a less noisy but more smooth restored image.

In the remainder of this paper, we detail our time do-
main approach to FIR inverse filter realization. The 1-D
approach presented is extendable to the 2-D domain of
images but at greater complexity. As such, our 2-D
image filters will be separable and thus realized from
the 1-D approach described in this paper. The approach
is based on a finite extent (limited data) convolution
model discussed in section 2. Section 3 will detail the
inverse FIR filter design and section 4 will examine an
image deconvolution example prior to concluding.

2. Finite Extent Discrete Convolution

Because our application domain is that of images, we
define the finite extent convolution model over a limited
number of samples of an observed image y. This image
of NixN, rows and columns is defined as the valid
portion of the convolution between defined samples of
an original image x and an FIR filter 2. That is, the fi-
nite extent definition is one where all observed points in
v result from the filter’s weighted sum on the original
samples of x. This model is given by
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Figure 1 graphically illustrates the two dimensional
convolution between the finite extent x and 4 that results
in the y of eqn. (1). Note that x has support size of
(N+M—1)x(N>+My—1) samples, M, and M, are the
support size (number of rows and columns) of %, and y
has support size N;xN,. Formally, y is defined over
support region n,=0,...,N;—1 and n,=0,...,N,—1. Also,

K, =(M,-1)/2 )

represents half the support length of the filter # along
dimension { where i=1,2. Without loss of generality, we
will assume M; is an odd number for this presentation.
Since Ah[mi,m;] is defined for m=—K,....K; and
my=—K,,...,K, and 1is considered zero outside this
support region, x[ki,ky] is thus defined over samples
ki=K,...,Ni+K—1 and k,=—K,,...,N;+K,—1.

It is very convenient to express the finite extent
convolution of eqn. (1) in matrix/vector form. This
equivalent form is

y=Hx 3)

where x = vec(x[ki,k,]) and y=vec(y[n,,n,]) and vec is
the vectorizing operator that stacks the columns of a
matrix one on top of the other such that a vector results
[6].

The form of (3) can be used to represent either the
2-D or 1-D finite extent convolution model. As our
filter development will be in 1-D from this point
forward, the finite extent convolution model in this case
is given by
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k=n-K
where n=0,....,N—1 and k/=XK,...,N+K-1. It is thus clear
that y is a sequence of N samples n=0,...,N—1, & is a
sequence of M samples and x is a sequence of
N+ M —1 samples. In the matrix/vector form of eqn.
(3), eqn. (4) is written in the form of eqn. (6) such that
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Figure 1. Graphical illustration of the two dimensional finite
extent convolution model. The finite extent x is represented
by the big square and the “sliding window” 4 is represented by
the grayed-in region. Notice that our finite extent convolution
of “valid” pixels results in the smaller and bold square region
that is y. In this example, we have used M; = M, =3, N; =N,
= 6 and this results in an x size of N; +M, -1 =N, +M,—-1 =8

X
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0 otherwise

n=0,..,N-1
k=—K,..,N+K-1

We have used the notation in eqn. (5) as a compact form
of expressing the elements of a matrix. That is,
Z-= {Z[nl’nz]ﬂnl—o,...,zvl—l; T would indicate that Z is

an N;xN, matrix where element [n,n,] in this matrix
comes from value z[n,ny]. In eqn. (5), we see that,
using eqn. (2), H is an Nx(N+M-1) matrix whose [n,k]
element comes from the condition in the curly braces
{}. Also note that the first column index into matrix H
in eqn. (5) is A=K for the purpose of populating this
matrix but that arrays are usually indexed either starting
from 0 or 1 when accessed in program code.
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This is not a problem as array indexing and the
coordinate origin that these indices represent are left to
the users’ discretion. For the purposes of 2—D filtering
as in eqn. (1) — and as alluded to earlier — we will
assume that / is a separable filter such that

hlmy,my] = hy[m;1hy[my]" (7)

and two subsequent 1-D filtering operations via eqn. (4)
using 4, and 7, yields the equivalent of eqn. (1) with 4
in eqn. (7). In this case, the H of eqn. (3) for the 2-D
filtering would be

H=H,  ®H, (8)

where “®” is the matrix kronecker product [6] and H,
and H, are filled in using &, and h,, respectively,
according to eqn. (5).

3. Determining the Inverse Filter

In this section we will determine the inverse filter by
finding a solution to x in our finite extent convolution
model of eqn. (6). Recall that in the previous section,
we defined the finite extent convolution of eqn. (1) in
matrix/vector form as y=Hx. Because H in eqn. (5) is
Nx(N+M-1) in size, it is necessarily a rank-deficient
matrix. This means there are less rows than columns in
eqn. (3) which translates to having less equations than
unknowns (in x). There is clearly no unique solution for
such a case. Nonetheless, one of the useful unique
solutions to eqn. (3) is the minimum-norm one given in
the least squares (LS) sense. Specifically, the LS
minimum norm solution to eqn. (3), i.e. X, is known

to be [7]
x, =H"(HH") "y 9)

Notice that multiplying both sides of eqn. (9) by H
results in

Hx, =HH"(HH")y=y (10)

Since HH'(HH")'=I (assuming HH' is invertible), this
implies that the inverse filter must be

H,, =H HH")" (11)

when expressed in matrix form. Generally, in all
practical FIR filtering applications, H is full row rank
thus the inverse of HH' exists. This does not mean that
x;; will be the perfectly recovered image that we seek if
we performed deconvolution. It is only the minimum
norm (energy) solution that satisfies the convolution

relation of eqn. (3). In fact, the quality of the solution
will depend on the characteristics of the filter 4. For
now, we are interested in determining the inverse FIR
filter A;,, to which H;,, is the matrix counterpart. In this
way, we can perform a deconvolution by convolving y
with the inverse filter, i.e. x=h,,, *y=h,, *h*x=x
if indeed #;,, is the true inverse filter to 4 such that
hin*h=06 with O representing the unit delta sequence.
Note that the hat ‘“** over x is used to indicate estimate.
In determining the inverse filter, we repeat that Hx in
eqn. (3) is the matrix counterpart to A*x in the finite
extent valid convolution model thus H is viewed as the
valid convolution matrix that performs the operation of
eqn. (4). What then is H'? As it turns out, H' is the
matrix equivalent of a full linear correlation filtering. It
is essentially the same as the valid convolution
operation except the filter is not “flipped” and the
output resulting from this filtering results in the fill
linear correlation. This is most easily seen in the 1-D
case. Specifically, for a filter 4 of support size M with
m=K,...,K as in eqn. (4), the full linear correlation of %
with a length N signal x defined for £=0,...,N—1 would

yield an output y of length N+M-1 as

min(N-1,n+K
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)=

for n=K,...,N+K—1. As an example in 1-D, if N=4
such that x=[xo,x;,X2,x3] and K=1 such that h=[hg,h,h,],
then y:[X()hz, x0h1+x1h2, xoh0+x1h1+x2h2, X1h0+X2h1+X3h2,
Xohotxshy, x3hg] is the full linear correlation. The
significance of this is that H multiplied with any vector
yields a valid or truncated convolution and H’
multiplied with any vector yields a full linear
correlation. With this in mind, HH’=R is a truncated
correlation matrix. To see this, consider the
autocorrelation sequence of a 3-tap filter A=[hg,h),h;)
defined for n=—1,...,1 such that

r=hxh
= [hOahlahz]*[hOshlahz]
= [h0h2 Jhohy + hihy g +hE + b3 hohy + ks hohy
= [r{-21, 113, /{01, /{11, r12]]

](13)

where ‘%’ is being used to denote correlation and
where eqn. (12) was used in obtaining r by

min(K,n+K)

> hkhk—n+K] (14)

k:max(—K, n—K)

r[n] =

for n=-2K,...,2K .



Now, consider the matrix equivalent of 2%, i.e. HH', Having this background, we examine the HH' case

so that for infinitely long convolutions. This will help in
explaining how the inverse filter is derived. We first

by 00 consider the HH” in eqn. (16). Since these matrices are

hy by ok 0 0] \h 0 infinitely long and wide, we have underlined elements

HH =0 hy by by O [0 h T in the middle rows and columns of these matrices to
L0 0 i By 0 by indicate the origin of our coordinate system.

(valid comvolution) 0 :, o We have also shown, using dashed lines in the

matrices, how by selecting a finite number of rows
7(h§ e 22) (o + ) (hoh) (15) about the origin of H (v&{hich.c.or?espoTnds to a ﬁnitc;
(o + hhy) (B2 + 12+ 12) (b + by numbe.r of columns about.lts origin in H ), that the HH
(hyhy) (i + mhy) (2 + 12 + hzz) operation would result in a finite sized square and
truncated auto correlation matrix R. This is depicted as
the square dashed box in matrix R of eqn. (16). Because
of this, we define R=HH".

(full correlation)
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The importance of this is that, since we have argued
that the matrix version of the inverse filter is
H,,=H (HH")'=H'R "', it will be the manner in which
we truncate H (and hence R) that affects the accuracy of
the inverse filter.

Before proceeding, notice that in the equivalent
operation of Hx<>h+*x, where <> is being used to
indicate equivalence across domains, the filter 4 appears
in every row of H. Likewise, we would have an
equivalence of Rx<>r*x since the autocorrelation
sequence r appears shifted in every row of R. By noting
this and that R™' must be a symmetric matrix since R is
itself symmetric, then all rows in R must also be
shifted versions of the sequence #' [8]. That, along with
the fact that 7#+/'=8 is a property that must hold for all
sequences with inverses, we must then have that Rr'=8
is one of the conditions for determining our inverse
filter. This system of equations is given in eqn. (17).

Since we can’t deal with an infinitely long system of
equations, we truncate the system in eqn. (17) about the
origin to a finite number of equations in as many
unknowns, yielding Ry, '=6, where the subscript ¢
denotes truncated versions of these matrices and
vectors. For example, if & was a 3-tap filter and ' was
being approximated out to 5 samples, then R, would be
5x5 and given by

[#/[0] 1] 2] O 0 |
-1 /0] 1] 2] O
R, =\r-2] -11 0] 1] r[2]] (18)
0 r[-2] -1 0] 1]
0 0 r[-2] -1] r[0]]

while the truncated inverse function of r is given by
i =0T 2L 0L T L T 2] and g
:[O,O,I,O,O]T. We would simply solve for o using

P =RS, (19)

Finally, using our matrix and sequence equivalents, we
have that H,,, = H'(HH')' = H'R"'= H'R," <> &y, =
h*xr' ~ hkr'. Thus, the inverse filter is, approx-
imately (due to truncation)

hy,, = h*r! (20)

where notice that the correlation relation of eqn. (20)
necessitates the length of 4;,, to be greater than or equal
to the length of 4. In the non approximate case, we have
exactly that

By, = hokr™! Q1)

and notice that, convolving both sides of eqn. (21) by 4,
we get h*h,-nvzh*(h*r"). In the case that 4 is a
symmetric filter, which corresponds to the important
case of linear phase filters, then autocorrelation is
equivalent to convolution and

hhy, =h* (h*r_l)

= i or ) = (el o™
1

(22)

=rxr
=0

where we used the properties in eqn. (13), (21) and the
commutative properties of the linear operators of
convolution and correlation [3].

In summary, the procedure for obtaining the 1-D
inverse filter 4;,, in FIR form from a length M filter 4 is:

Steps To Determining the Inverse Filter

1. Select the desired inverse filter length O where O >
M and Q is odd.

2. Let N=O—M+1 where N is the length of .

It N2M

a. Zero-pad (N-M)/2 zeros before and after the
length M filter / so that a length N vector can
be used in populating the required Nx(2N-1)
matrix H of eqn. (6)

b. LetR,=HH'

Otherwise,

a. Use the length M filter 4 in populating the

required Mx(2M-1) matrix H of eqn. (6)
. LetR=HH"

c. Let R, be the center NxN portion of R, i.e.,
R~=R[a:b,a:b] where a=(M-N)/2+1 and
b=(M=+N)/2 assuming the row and column
indexing of matrix R starts at 1.

4. Establish a length N vector ¢, that is populated with

all Os except the central element which is 1.

Determine rt_l as given in eqn. (19)

Determine #;,, as given in eqn. (20)

Note that the above steps are for a filter /4 of length M
where M is odd as the finite extent convolution model of
eqn. (6) was developed in this manner. The M even
case, though not presented here, is developed in a
manner similar to that previously discussed for the M
odd case.



4. Experimental Results

To experimentally verify the results of our inverse
filter realization, we select a well-behaved, i.e. no
frequency nulls, M=5 tap FIR filter # = [0.05,0.2,0.4,
0.2,0.05]. This filter is symmetric thus its discrete time
Fourier transform (DTFT) is real and the filter is also
linear phase. Using the approach developed in section
3, we selected odd filter lengths (values of Q) of
increasing size and determined #;, for each. As QO
increased, the approximation accuracy increasingly
improved. In Figures 2 and 3, we report results for the
computed #,,, of length O=17. In Fig. 2, the resulting
17 tap inverse filter is plotted. In Fig. 3, the result of the
linear convolution between 4 and 4, is given. One can
notice that the result is very close to the ideal delta
sequence that should result. In Fig. 4, we have plotted
the reciprocal of the DTFT of the 5 tap filter 4, i.c.,
1/H(®) (solid curve). Superimposed on this plot is the
DTFT of the 17-tap FIR inverse filter that was
computed, i.e. H;,(®) (dashed curve). It is evident that
there is very good agreement between these two curves.

To test the inverse filter with an image, we created a
2-D separable 5x5 filter using the 5-tap filter just
described. We used the standard 256x256 sized ‘Lena’
image depicted in Fig. Sa and filtered it using the finite
extent convolution model of eqn. (1). The valid filtered
portion resulted in an image of size 252x252 that is
depicted in Fig. 5b. Then, we created a 2—D separable
inverse filter of size 17x17 using the 17-tap inverse
filter of Fig. 2. Again, using the convolution model of
eqn. (1), we convolved the blurred image in Fig. 5b with
the inverse filter. This resulted in a valid image of size
236x236 that is depicted in Fig. 5¢. Clearly, all of the
details of the original image of Fig. 5a have been
preserved in Fig. Sc thus illustrating the effectiveness of
removing the blurring evident in Fig. 5b.

We stress that no noise was added to the blurred
image prior to performing our inverse filtering. That is,
the point of this example was to demonstrate the accura-
cy of the inverse filtering. It is clear that direct inverse
filtering a noisy image will amplify the noise in the
signal. For relatively high SNRs, this is not problematic
as the noise will not be visually perceptible in the
restored image. For low SNRs, direct inverse filtering is
typically considered unacceptable and methods that
incorporate noise constraints and/or that make use of a
priori image models are deemed more appropriate, albeit
at a substantially increased computational cost.
Ultimately, the inverse filter’s ability to undo blurring
from a well-behaved filter must be weighed against any
noise amplification that may result from its use.

hinv

p— O [0) 6 o q

Figure 2. The inverse filter 4;,,[n] corresponding to the
blurring filter #=[0.05,0.2,0.4,0.2,0.05]. It was approx-
imated out to 17 samples using the time domain
approach of section 3.
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Figure 3. Convolution of the original 5 sample filter
h[n] with its approximated 17 sample inverse A;,[n].
The near delta function response clearly demonstrates
the accuracy of the 4;,,[n].

5. Conclusion

A time-domain approach for determining the 1-D
FIR inverse filter of an original FIR filter has been
presented. The method was based on a finite extent
convolution model. Using the minimum norm least
squares solution for the convolution model’s
underdetermined system of equations, we showed that
the inverse filter is determined by a convolution
between the original filter # and the inverse of its
autocorrelation sequence. The process of determining
the inverse filter was succinctly summarized in a simple
6 step procedure. In general, the larger the size of the
inverse filter, the more accurate the inverse filter is.
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Figure 5. Results of deconvolution with a separable inverse filter based on the filter shown in Fig. 2. (a) Original
‘Lena’ image, (b) valid portion of the FIR filtered ‘Lena’ image, (c) valid portion of the image in ‘b’ FIR filtered with
the separable inverse filter. Given our finite extent convolution model, the deconvolution (without noise) is excellent
but necessarily results in an image of reduced support size.



