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Abstract: This paper presents a new approach to automatically construct multiple surfaces from set of 2D 
sections. A convex curve and centripetal normal force are employed to split each section to a set of shells. Each 
shell contains a single image region and defines an initial contour evolved by the geometric heat differential 
equation in the direction of a centripetal force toward the outer boundary of the image region. Then a re-
parameterization is performed to increase the flow and make each contour converging into concavities. Thus, 
the 2D sections are segmented to a set of contours, divided to subsets of similar contours. Each subset is used to 
construct the surface of a single 3D object linking corresponding vertices. To validate the theory a set of 
experiments is performed using synthetic and medical 2D sections. A discussion and comparison of the method 
with set of existing is given at the end of the paper. 
 
Key Words: normal force, 2D segmentation, corresponding vertices, concavities, 3D visualization. 
 
 

1.0  Introduction 
 

The automatic 3D objects reconstruction and visualization is subject of great interest for the 
Medical and Bio-medical imaging [1,2,3,9], because the smooth and correct 3D visualization of an 
organ opens a new dimension for its anatomic study and analysis. To reach the goal a large amount of 
data has to be processed, and it calls for efficient and low-cost numerical methods and algorithms.  

Two kinds of input data are used in the field: volumetric; and 2D images. Methods designed to use 
the latter data include visualization by multiple view points, shape from shading [6], and surface 
generation connecting points on adjacent 2D sections. For instance [3,9] use a set of non parallel 2D 
sections, apply Delaunay triangulations, and Voronoi diagrams to build the surface. In [13] smooth 
functions are used to design the 3D shape of the objects. A 3D reconstruction and visualization 
approach, and tool based on essential points, and regularities are reported in [14].  

During the past decade, PDE-driven contour and surface deformations [1,10,11,19,21,22] have 
become very popular in the computer vision community for shape recovery and object detection. In 
general, deformable models [20] can be divided into two categories: explicit and implicit models. 

 Explicit models include parametric [24] and discrete representations [18]. In [8] partial differential 
equation evolves an active surface to construct the shape of bio-medical structures. A model based on 
the heat differential equation and vector flow is reported in [15]. Using a centripetal vector flow, the 
method segments a 3D image/scene to multiple 3D regions (shells) and reconstructs their shape [15].  

Most of the existing implicit algorithms are based on the Eulerian approach, i.e., the geometry and 
topology of the shape is implicitly defined as the level-set solution of time-varying implicit functions 
over the entire 3D space [5]. Implicit models [5,7,20,23] handle topology changes, based on the 
modeling of propagating fronts, which are the level set of some scalar function. A disadvantage of 
these models is their high computationally cost. To decrease it a fast marching-cube technique was 
developed by Sethian and Malladi [12]. Despite of the theoretical potential of the implicit models to 
handle splitting and merging surfaces there is a lack of experimental results, in the literature, 
regarding automatic 3D image/scene segmentation and multiple 3D objects reconstruction.  

This paper presents an approach whose input is a set of 2D sections (images-which could be 
DICOM) or set of 3D points. In the latter case a preprocessing is made to project the points onto a set 
of planes. In every 2D section the method runs an explicit active contour with shells [16,17] and 



increasing, inward vector flow. Shells Algorithm (SA) uses the flow and a penalty function to split 
each 2D section to set of distinct conic regions - shells [16,17]. The subdivision continues until a 
single region remains in every shell, which defines an initial active contour with an inward normal 
vector flow, guided by the geometric heat equation to the boundary of the region.  The dimension of 
the vector flow is selected to be one and the same for every active contour in each 2D section. Once 
the boundary of every image region is determined a recognition tool is employed to divide the entire 
set of boundaries to sub-sets of similar boundaries [14]. Each subset is used for surface construction 
of a single 3D object by linking corresponding boundary vertices which lie in adjacent 2D sections.  

The rest of the paper is organized as follow: section 2 presents SA, section 3 shows the 2D active 
contour model, 4 describes its discrete implementation. In section 5 the vertices from a subset of 
similar contours are tiled to a rectangular surface of a single object. Two different cases are 
considered for surface reconstruction: the entire boundary is visible by a centripetal force; and 
otherwise. A set of experiments is performed to validate the theory. Medical and synthetic images of 
different modalities and varying sizes are used for this purpose.  The advantages and contributions of 
this work are listed at the end of this paper, where our method is compared with others in the field. 

  

2.0  Shells algorithm for image segmentation 
 

Consider an initial smooth-convex curve jstyistxstrstC ),(),(),(),( +==  which envelops the entire 
2D section, where ),0[ ∞∈t  parameterizes the family of curves, whereas s is an arc segment, which 

parameterizes the particular curve. Using  ),( stC  a centripetal normal force 
→

N  is defined and extended 
to the center of the 2D section [17]. A penalty function (PF) is designed to determines the rate of 
change of the 2D section’s function ),( yxI  on an interval 

→

∈∆ Nt , with respect to decreasing arc 

length s along the normal vector 
→

N  at the point ),( str  on the curve C at time t [17]. The discrete 

form of the PF is defined as follow:      
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which lies on the i-th normal vector at time j.  

If, for a normal vector  
→

N , there exists 
→

∈∆ Nt  such that 0)(
1, =∆ tP εε  we say that 

→

N  is a zero 

vector. Otherwise we call 
→

N  a nonzero vector. If all vectors in a force are zero we say that the force is 
zero. Otherwise the force is non zero. A number of consecutive zero vectors we denote by s∆  and 
call it a radial size of an image region.   

The thresholds t∆,, 1εε s∆  are assigned by the user to describe the smallest image region subject 
of interest. The SA ends for a normal force, where all vectors are zero vectors (this we use as a stop 
criterion). Otherwise, the algorithm determines the shells as conic segments determined by 
consecutive zero vectors [16, 17]. Thus the normal force splits a 2D section, say the m-th  one, to 

shells 
kmSh , k=1,2,…... In each shell 

kmSh  the algorithm computes the mass center km

__
µ  and computes 

the maximal distance Rkm from km

__
µ  to the boundaries of 

kmSh . Both Rkm and km

__
µ  are used as radius 

and center of initial active contour Ckm inscribing 
kmSh . Further a centripetal normal force, with one 

and same size is defined for each Ckm and the PF is computed for each vector in the force. If the 
normal force is zero in 

kmSh  the stop criterion is satisfied and the process of subdivision ends for this 
shell, which holds a single region, containing the center of kmSh . If the force is non zero in kmSh  the 
process of subdivision continues, as described above. 

 



 
a)     b) 

Figure 1: a) A 2D section of torso; b) a set of organs segmented from this section. 
 

3.0  Active contour with increasing flow 
 

Recall that at the end of the subdivision process a single curve Ckm is determined for each kmSh . The 

curve Ckm is evolved, to the boundary of the region inscribed in the shell, by      
ds
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τ   denotes the tangent vector normalized by the image’s sizes. By nc and 

nr we denote the 2D section’s number of columns and rows respectively; )(
1, tPP ∆= εε  is defined by 

Eq.1. Note that Eq.2 represents a normal force which ends the evolution of Ckm if the force becomes 
zero. At this stage a re-parameterization of every active contour Ckm is performed using the minimal 
arc length segment s. Then a normal vector is computed at every newly added point and Ckm is 
evolved in the direction of the normal force. Thus, the active contour’s segments which coincide with 
boundary portions will stay motionless, whereas some segments with newly computed vectors will 
converge to a concavity boundary (see Figs2a) and 5b)). After that a new re-parameterization is 
performed and again inward normal vector is computed at each newly added point, and every curve 
Ckm is evolved by Eq.2 in the direction of the normal vectors. The process of re-parameterization and 
evolution ends if the stop criterion is met and the length of the longest normal vector becomes smaller 
than t∆ , which represents the error of boundary approximation. 

The main contribution of the re-parameterization technique is to increase the force dimension and 
helps the active contour quickly converge into deep, spiral concavities and splits contours (Fig.5b)). 
 

4.0  The Discrete Active Contour Model 
 

Recall that SA splits an image to shells using the set { t∆,, 1εε , s∆ } together with the PF defined by 
Eq.1. Note that the set of thresholds and the dimension of the normal force n are one and the same for 
each initial Ckm, µ,...,1=m , and ,....1=k  Denote by km

j
i

jjj
ikm strr )),((=  for i=1,..,n, and j

n
j rr =0  

the vector function which defines Ckm-k-th initial contour in the m-th 2D section. For purpose of 
simplicity we omit for a while the indexes m and k kipping in mind we work in the m-th section with 
the k-th contour. By j we parameterize the family of curves, while i parameterizes the particular curve; 

j
i

j
i

j
i rrs 1−−=  is the ith discrete space step at time j; j

i
j

i
j

i
j

i s/)( 1

→

−

→→

−≈∂ τττ ; and j
iδ  is a discrete time step 

(from time derivative) such that  jj
i δδ = , for i =1,…,n. Thus we rewrite Eq.2 in the form of discrete 

active contour forward difference algorithm (ACFDA):   j
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According to [4], the ACFDA defined by Eq.3 will stably converge to the solution of Eq.2 if and only 
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a)             b) 

Figure 2: a) X-ray image of bones with a fracture, and the normal force converging between them;  
b) the contour of the bones and the fracture. 

 
5.0  The 3D Model 

 
In our work we consider the 3D model of an object as a collection of 2D similar boundary contours 
[14], obtained by the active contour model, with shells and increasing flow. Every boundary is 
approximated by set of vertices labeled by the following sequence:  t

nkm
t
km

t
km rrr ,......,, 21 ,  (5) 

where t
ikmr  denotes the i-th vertex on the k-th contour, located in the m-th 2D section at time t.  

The surface mesh is generated as a collection of spatial rectangles drown by connecting 
corresponding contour vertices: mt

ikmr  and wt
jvwr . Two vertices are called corresponding if they belong to 

similar contours - k=v, which lie on consecutive 2D sections - w=m+1 and their labels (consecutive 
numbers) on the contour are equal- i=j. To receive a triangular mesh every spatial rectangle is divided 
to triangles using the principle of the nearest neighbor.       

 
5.1 Reconstruction in case of visible boundaries 
 
Consider a set of 2D image regions cut from a 3D object. Assume that the entire boundary of every 
image region is “visible” by the corresponding vector flow, for example the brain boundaries in Fig.3.  
In this case a re-parameterization is not needed, and will not be performed in the process of evolution. 
Recall that a force with the same dimension is determined for every initial active contour. Therefore, 
when a convergence is accomplished every boundary will be approximated by one and the same 
number of vertices, and every vertex will have a corresponding one on a similar boundary located in a 
neighbor 2D section. Follows that the surface between every pair of similar contours is build up by 
linking the corresponding vertices as is given below: 
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In the above expression  )( 1
1

+
+

mm t
ikm

t
ikmrr  denotes the spatial edge which links the i-th points on the k-th 

contours (boundary) located in the m-th and (m+1)-st 2D sections. From general point of view the 
number of time iterations taken by an active contour to approximate different boundaries is different:  

1+≠ mm tt . Eq.6 represents the surface between pair of similar boundaries in terms of spatial 
rectangles. Each of them is divided to triangles by using the principle of the nearest neighbor.  

The above algorithm was applied to construct the surface defined by the set of brain sections given 
in Fig3a). Each 2D section is of size 178x228. The reconstructed brain portion is visualized in Fig3b). 

 

  
   a)         b) 
Figure 3: a) Three MRI brain sections whose boundary was determined by ACFDA. b) 3D portion of 
a brain reconstructed using the sections from a).  Top view and view after rotation to 75 deg. 

 



  
  a)                 b) 
Figure 4: a) 3D reconstruction of the organs, from Fig2b), by using two sections; b) a view after 
rotation by 60o about Ox axis and 30o about Oy axis. 
 
The boundary of each brain regions is extracted in: 0.15, 0.20, and 0.16 sec respectively. The surface 
was constructed and painted in 0.5 sec using a PC with CPU 1.8GHz. A vector flow with 20 normal 
vectors and 2=∆ t  pixels were used to perform the experiments.  

Consider two sections as those shown in Fig.1a). Employing the algorithm given above each of 
these sections was automatically segmented to six image regions. The entire set of contours was 
divided to six subsets of similar contours (boundaries) by employing similarity measuring tool given 
in [14].  Each subset was used to construct the surface of a single 3D object (Fig4a). The six surfaces 
were generate in 5.5 sec using the above mentioned computer platform. The size of each 2D section is 
283x290 pixels. 
 
5.2 Reconstruction in case of partially visible boundaries 

 
Consider two image regions whose entire boundary can not be observed by the corresponding 

vector flow. That is the case of deep or spiral concavities (Fig5a). Assume that the outer boundaries of 
the two regions belong to the k-th subset of similar contours, and are located in two adjacent sections, 
m and m+1 (Fig5a)). Denote by mm t

kmi
t

ikmrr )1( +  the edge, which closes the i-th concavity of the k-th 

contour in the m-th section at time mt  and call it a concavity edge. The subscript i shows also the 
position of the concavity edge in the sequence of edges approximating the outer contour. Analogously  
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mm t
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t
mjk rr  is the edge, which closes the j-th concavity of the k-th contour on the (m+1)-th 

section at time 1+mt . Again j shows the position of the concavity edge in the sequence of vertices 
approximating the outer contour (Fig5a). We will say that two concavities are corresponding if and 
only if sji ∆≤− . Otherwise the concavities are not corresponding. 

Recall that when the outer (visible by the centripetal flow) boundary is determined the method re-
parameterizes each Ckm by using the minimal arc segment s in order to make the contour capable of 
converging into concavities. The algorithm halts this convergence if both criteria are satisfied: the 
force is zero; and the longest vector is smaller than t∆ . Thus the set of vertices, which approximate 
the i-th concavity, is added to the set of vertices approximating the outer part of the k-th contour in the 
m-th section:    mmmm t
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The following vertices approximate the j-th concavity of the k-th contour in the m-th section: 
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Determine ),max( qp , say p . Using the number p the method re-parameterizes the boundary of the 
j-th concavity on the k-th contour in section m+1. Thus both concavities are parameterized by one and 
the same number of arc segments. Follows that every vertex on a concavity’s boundary has a 
corresponding one and the algorithm links them. Thus the surface is created by means of spatial 
rectangles. Since we would like to have boundary approximation by plane segments the algorithm 
divides every spatial rectangle to triangles. Note that in this case we consider vertices’ correspondence 
with a displacement of .ji − .  

The above algorithm was employed to generate a surface using the contours of the regions shown in  



 

 

    a)               b)   c)            d) 
Figure 5: a) two 2D objects with deep and spiral concavity; b) the normal forces used to determine 
concavities’ boundary; c) 3D reconstruction using the objects from a); d) top view. 

 
Fig.5a). To obtain the boundary vertices of each region we used an initial vector flow with 30 vectors 
and 2=∆ t . The boundary of each region was obtained in about 0.18 sec. Each image is of size 
269x196. The surface was generated in 0.7 second. The used displacement to define concavity 
correspondence is 0, because i=j. 

If  sji ∆>−  no one of the concavities has a corresponding one. In this case the algorithm divides 

the edge 11
)1()1()1(

++
+++

mm t
mki

t
mik rr  to p  arc segments and the edge mm t

kmj
t
jkmrr )1( +  to q  arc segments and 

provides corresponding vertex to each concavity vertex. In this case the correspondence is considered 
with zero displacement. 
  

6.0  Advantages and Discussion 
 

A contribution of this paper is the application of 2D active contours with shells and increasing flow 
to segment a 3D volume and visualize multiple 3D objects (see Fig.4). Such an opportunity is not 
provided by any of the methods reported in [1,10,11,21,24].  

Recall the input to our method is a sequence of 2D sections, which do not need to be parallel, 
because no parallel property of the sections is used. The same input as above is used in [2], where 
active nets are employed to segment each section to multiple contours constructing the surface of the 
bones. A disadvantage of this approach, with respect to our, is the need of a prior histogram analysis 
to determine the distance map used by the active nets. 

Another explicit deformable model whose input is a sequence of 2D sections and employs 2D active 
contours is developed in [11]. To generate the surface a sequence of morphological dilations is 
combined with a 2D propagation front. The method possesses a very good asymptotic calculation 
complexity in the order of O(MxN), where M is the number of the 2D sections, whereas N is the 
number of the grid points. The complexity of the morphological dilation is less than O(N).  

The calculation complexity of our method is in the order of O(jnM), where M is defined as above, n 
denotes the dimension of each flow, j is the maximal number of time iterations taken by the active 
contours to reach the boundary of  a 2D image region.  

As one may tell from above the two calculation complexity expressions use notions of different 
nature. Therefore a direct comparison is not possible. But one advantage of our approach over the 
method given in [11] is that the latter is semi-automatic, whereas our does not need user interaction. 

Active surface models, which handle volumetric data are reported in [1,8,10,21,24].  Paper [8] can 
use also 2D images from multiple view points. But no info is provided in these papers regarding 
volume segmentation and shape modeling of multiple 3D objects. One may observe from Figs1 and 4, 
our method automatically segments a volume, visualizes multiple 3D objects, and could handle 3D 
objects with complicate concavities’ structure (see Fig.5). 

A 3D shape modeling from 2D sections using active contours to extract image regions’ boundary 
could be performed by the Triangle Software [25], which can handle low contrast medical images. 
The main disadvantage of this software is that the user selects a set of input points to be used for 
definition of the initial active contour, which is defined automatically by our method.  
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