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Abstract

Radial Basis Functions (RBFs) are widely used in sci-
ence, engineering and finance for constructing nonlin-
ear models of observed data. Most applications em-
ploy activation functions from a relatively small list, in-
cluding Gaussians, multi-quadrics and thin plate splines.
We introduce several new candidate compactly supported
RBFs for approximating functions inLP (Rd) via over-
determined least squares. We illustrate their utility on
the benchmark Mackey-Glass time series data. We ob-
serve that these new RBFs significantly reduce the num-
ber of modes required to approximate the data and pro-
duce models that have significantly improved condition
numbers.
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1. Introduction

The approximation of nonlinear relationships in scat-
tered data is now a problem of established significance
in science and engineering. In many instances physical
considerations such as conservation laws can be exploited
to understand, at least partially, the relationships between
variables. However, often it occurs that only empirical
observations of the phenomenon are available and rela-
tionships must be estimated by means of mathematical
models such as neural networks or radial basis functions.

One of the main objectives in the construction of a
model from known, or training, data is to optimize the
quality of its performance on new data generated by the

same process. Thus we require the models to have both
descriptive and predictive features. While this goal can
be approached from a variety of directions1 the inherent
conditioning of the model plays a critical role in its ability
to generalize. In practice, if the data model is represented
generally by the mapping

y = f(x)

we are concerned with how the output of the model
changes as a consequence of perturbation of the input. In
particular, if

y + δy = f(x + δx)

it is desirable that the magnitude of the change in the
output ‖δy‖ be small if ‖δx‖ is small. By definition,
well-conditioned models produce small variations inδy
for small variations inδx.

For nonlinear mappings, such as those generated by
multi-layer perceptrons, the estimation of the condition
number is complicated by the fact that the Jacobian of the
map must be estimated at every point of interest [9]. This
is also true in general for radial basis functions. However,
in the case of radial basis functions we can determine the
the condition number associated with the perturbation of
the parameters simply by computing the singular values
of the interpolation matrix. This information provides an
important measure of the sensitivity of the model.

In general the condition number of anm × n matrix
is O(mn) suggesting that (nonlinear) models that employ
linear transformations have poor performance bounds for
large data sets of sufficient complexity. We have observed
however, that the nature of the condition number depends
very significantly on the type of radial basis functions that
are employed. With this motivation we considered several

1For example, regularization methods and cross validation.



forms of radial basis functions including those with com-
pact support. We found that the functions generally avail-
able in the literature often have poor conditioning prop-
erties, at least for some of the data sets we have consid-
ered. In this paper we introduce several new compactly
supported functions for approximating data that possess
surprisingly good conditioning properties.

2. Radial Basis Functions for Approximating
Scattered Data

A RBF expansion is a linear summation of qualifying
nonlinear basis functions. In general, an RBF is a map-
pingf : Rn −→ Rm that is represented by

f(x) = Ax + α0 +
Nc∑

k=1

αkφ(‖x− ck‖W ) (1)

wherex is an input pattern,φ is a radial basis function
centered at locationck, andαk denotes the weight forkth
RBF andA is anm× n matrix. The termW denotes the
parameters in the weighted inner product

‖x‖W =
√

xT Wx

The termAx + α0 affords an affine transformation of the
data and is useful so that the nonlinear terms are not at-
tempting to fit flat regions. More general polynomials
may be used for this purpose [13]. As usual, the dimen-
sions of the inputn and outputm are specified by the
dimensions of the input-output pairs from data.

In this paper the implementation of the RBF follows
our black-box methodology for nonlinear function ap-
proximation as described in [7]. It is assumed that the
available data represents a functional relationship, or sig-
nal, with IID additive noise.

2.1. Compactly Supported RBFs

Recently several functions with compact support have
been proposed as candidate radial basis functions, see,
e.g., [15, 14, 16]. For example, theC2 function

φ(r) = (1− r)4+(1 + 4r) (2)

has been derived as an RBF explicitly for domain dimen-
sion4 in the sense that the resulting square interpolation
matrix is a (conditional) positive definite matrix [15]. In
other words, we say that this function qualifies as an RBF
given the square interpoliation matrix is guaranteed to
be invertible. In many cases of practical interest it ap-
pears that this interpolation condition is overly restrictive.
In general data fitting problem one is usually confronted
with solving an overdetermined least squares problem. In
this setting it seems adequate to require only that the ap-
proximating basis functions be dense in an appropriate
function space.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−0.1

0

0.1

0.2

0.3

0.4

r

φ(
r)

(a) The plot of theC∞ mollifier function.
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(b) The plot ofC0 quarter circle.
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(c) The plot ofC∞ Hanning function.

Figure 1.These functions can be used asφ(r) in the radial basis
function expansion.

For example, as described in [10], the conditions re-
quired of basis functions to be dense inLP (Rn) are very
weak. For completeness, we briefly describe Park and
Sandberg’s theorem. Following [10], let K be a radially



symmetric kernel function related to the activation func-
tion φ : [0,∞) −→ R, such that,K(x−ci

σi
) = φ(‖x−ci‖

σi
).

The general element of the setS1(K) is expressed as

q(x) = ΣNc
i=1αiK(

x− ci

σi
) (3)

whereNcεN, the set of natural numbers, is the number of
basis functions,αiεRm is the vector of weights,x is an
input vector (an element ofRn), ci andσi are the center
and widths of theith kernel node, respectively. Ifσi = σ,
i.e., all the widths are constant, then this family of func-
tions is referred to asS0(K) [10].

Park and Sandberg’sS0(K) Theorem [10]:
Let K : Rn −→ R be an integrable bounded func-

tion such thatK is continuous almost everywhere and∫
Rn K(x)dx 6= 0. The familyS0(K) is dense inLp(Rn)

for everypε[1,∞).

Park and Sandberg provide addition theorems forS0

andS1 with improved conditions in [11]. Motivated by
these broad criteria which qualify functions as radial ba-
sis functions, we propose three different compactly sup-
ported functions that by Park and Sandberg’s theorem are
dense inLP (Rn). In what follows we will illustrate their
utility in practice in the context of over-determined least
squares problem.

First, we propose thebump function widely used in
differential geometry

φ(r) = exp(
1

r2 − γ2
)H(1− r2)

for use as an RBF activation function whereH is the usual
Heaviside step function. This compactly supported and
infinitely differential function is also widely referred to
as amollifier. It is shown in Figure1 (a), and is qualita-
tively similar in nature to the widely applied non-compact
Gaussian RBF,exp(−r2). Interestingly, the failure of
the Gaussian to have compact support has led some re-
searches to arbitrarily truncate it. We observe that the
Gaussian RBF satisfies the positive definiteness of the in-
terpolation matrix for all space dimensionsd ≥ 1. Note
that while the mollifier function satifies the postulates of
Park and Sandberg’s theorem, it has non-positive values
in its Fourier transform and hence does not satisfy Wend-
land’sinterpolationcriterion for a compact RBF [15]. Al-
though this fact is of theoretical interest it is not of prac-
tical consequence since we are interested in the approx-
imation (rather than interpolation) in the context of the
overdetermined least squares problem.

A compact activation function with constant curvature
is provided by

φ(r) =
√

1− r2H(1− r2) (4)

This is just the quarter circle shown in Figure1 (b).
Clearly this function also satisfies the postulates of Park

and Sandberg’s theorem. Of course this function is not
differentiable where it meets the axis. While this could
potentially cause problems in practice, we establish in the
section on numerical experiments that the condition num-
ber of this RBF suggests it is worthy of further investiga-
tion.

Our last proposed activation function with compact
support is theHanningfilter

φ(r) = (cos(rπ) + 1)H(1− r) (5)

Like the bump function, this function is also infinitely dif-
ferentiable; see Figure1 (c). It has advantages over the
mollifier function in the manner in which the function ap-
proaches zero, i.e., there is no vanishing term in a denom-
inator. We do not present empirical results for this case in
this current paper.

3. Numerical Examples

Here we employ a parsimonious growing algorithm
with automatic mode determination as described in [6, 7].
This algorithm is an extension of the work in [1, 2] and
is very attractive for comparing the qualities of various
RBFs as it does not require any tuning ofad hocparame-
ters. The current algorithm works on higher dimensional
domains and employs an spatio-temporal window to iden-
tify the data points that contribute to each RBF [7, 6]. The
placement of the functions is driven by a statistical hy-
pothesis test that reveals geometric structure when it fails.
At each step the added function is fit to data contained in
a spatio-temporally defined local region to determine the
parameters, in particular, the scale of the local model.

3.1. Mackey-Glass Time Series

In this example we illustrate the mapping from a time-
delay embedding of the univariate time-series to a future
value. The Mackey-Glass time-delay equation

ds(t)
dt

= −bs(t) + a
s(t− τ)

1 + s(t− τ)10
. (6)

generates a chaotic time series with short-range time co-
herence, where long time prediction is very difficult; it
has become a standard benchmark for testing model fit-
ting algorithms [12, 8, 17]. The time series is computed
with parametersa = 0.2, b = 0.1 and τ = 17 using
the trapezoidal rule with∆t = 1, with initial conditions
x(t − τ) = 0.3 for 0 ≤ t ≤ τ (τ = 17). The ini-
tial 1000 data points corresponding to transient behavior
are discarded. Then4000 data points are reserved for
the training set. The test set consists of500 data points
starting from point5001. Note that not all4000 training
points collected were actually used for training the model.
(These conditions are similar to those in Platt [12].)
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Figure 2.The output of the37 mode model for the testing set compared to the target values. For this model an RMSE value of0.0167
is obtained and the95% of confidence stopping criteria was satisfied.

Table 1.This tables shows the performance of different RBFs under using an identical strategy of fit.
Wendland RBF Circle RBF Mollifier

ConditionNumber 3.0057e + 003 12.5845 284.3114
RMSE 0.0109 0.0344 0.0167

NumberofRBFs 51 26 37
Confidence% 95 95.27 95.53

For purposes of comparison [18], the series is pre-
dicted withυ = 50 samples ahead using four past sam-
ples: sn, sn−6, sn−12 andsn−18. Hence, thenth input
output data for the network to learn are

xn+υ = [sn, sn−6, sn−12, sn−18]T

with yn = sn, whereas theυ step-ahead predicted value
at timen is given byzn+υ = f(xn+υ), wheref(xn+υ) is
the network output at timen. Theυ step-ahead prediction
error isε = sn+υ − zn+υ. As such, this time series pro-
vides a good example for illustrating the construction of
a mapping fromR4 to R. As a measure the performance
of the various RBFs we compare the RMSE, the number
of basis functions required and the sensitivity of the mod-
els via the condition number of the interpolation matrix
of the full model. We present the final result of the fit us-
ing the mollifier in Figure2. In this figure the output of
the model and the associated target values are presented.
The results of using other RBFs are summaried in Table
1. Note that all the results are aimed for95% confidence
in the statistical test [7, 6].

We make no claim that the RBFs proposed here are
superior to other RBFs in the literature given there are so
many factors that influence the performance of these fits.
Certainly even the nature of the data set will dictate to
some degree which RBF is appropriate. However it is sig-
nificant that, on this data set at least, the condition num-
bers of the interpolation matrix are dramatically lower for
the new RBFs. This could be due in part to the profile of
the derivative of each of the RBFs. We see in Figure3 (a)
that the derivative of the mollifier is very small near the
origin. The slope rises faster than that of the derivative
of the quarter circle but is more well behaved for larger
values. Obviously the circle suffers from the fact that it
is not differentiable atr = 1 as shown in Figure3 (b).
Clearly this blow-up is potentially problematic but in our
simulations the data for each RBF was never in this re-
gion. The symmetry of the Hanning derivative shown in
Figure3 (c) might have advantages but we also observe
the steeper slope near the origin.



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−1

−0.5

0

0.5
dφ

(r
)/

dr

r

(a) The plot of theC∞ mollifier function.
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(c) The plot ofC∞ Hanning function.

Figure 3.The derivatives of the compact RBFs. Small values
nearr = 0 can lead to improved conditioning of the model.

4. Conclusions

We have proposed several new candidate compactly
supported RBFs and have illustrated some of their pos-
itive performance properties on the benchmark Mackey

Glass problem. Both the number of required modes and
the conditioning of the final model are substantially im-
proved over previous work. This suggests that RBFs pro-
posed here provide additional options of interest in the
data fitting problem. In particular, we advocate the use of
either the mollifier function or Hanning RBF as an alter-
native to the truncated Gaussian RBF.

We note that the condition number of the interpolation
matrix depends directly on the choice of RBF and sug-
gested an explanation of the good conditioning proper-
ties of the proposed RBFs in terms of the behavior of the
derivatives. It is interesting to speculate that new RBFs
may be designed by optimizing the behavior of the deriva-
tive of the RBF for purposes of numerical conditioning.
Such an approach should lead to improved function gen-
eralization.

The opportunity for applications of the proposed RBFs
is significant, e.g., various problems in nonlinear sig-
nal processing, optimal control, computer vision, pat-
tern recognition and prediction such as the financial time-
series problem. In future work we will apply these func-
tions for representing data on manifolds as graph of func-
tions [4, 5] as well as the low-dimensional modeling of
dynamical systems [3].
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