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Abstract- Given an arrayX of n elements from
a restricted domain of integer$l,n]. The integer
sorting problem is the rearrangement eof integers
in ascending order. We study the first optimal deter-
ministic sublogarithmic algorithm for integer sorting
on CRCW PRAM. We give two comments on the
algorithm. The first comment is the algorithm not runs
in sublogarithmic time for any distribution of input
data. The second comment is the cost of the algorithm
is not linear. Then, we modify the algorithm to be
optimal in sense of cost with a restriction on the input
data. Our modification algorithm has time complexity

(oan_) yging mleeloen gym CRCW processors.

loglogn . logn
Also, the algorithm has linear space.

I. INTRODUCTION

Parallel computing are used to solve large problems
faster than sequential computation. There are many
parallel computational models are introduced. One of
these models is the Parallel Random Access Machine
(PRAM). The PRAM model is the most common
general purpose model of parallel computations. It
consists of an unbounded number, of processors
working synchronously, where each processor is a
random access machine (RAM) with respect a set of
registers rather than a local memory. All processors
share an unbounded global memory, via which they
communicate.

During a given cycle each processor may read an
element from global memory into its local register
set, write a value from its local register set to global
memory, or perform any RAM operation on data in
its local register set.

Various PRAM models have been introduced, dif-
fering in the conventions regarding to concurrent read-
ing and writing [1], [2]. These models are:

(1) Exclusive Read Exclusive Write (EREW)
PRAM: for each memory location, it may
only be read from or written to by one
processor in each cycle;

(2) Concurrent Read Exclusive Write (CREW)

PRAM: for each memory location, it may be

read from by several processors, or written
to by only a single processor in each cycle.
Concurrent Read Concurrent Write (CRCW)
PRAM: for each memory location, it may be

read from or written to by several processors
at the same time.

In case of concurrent writing, different assumptions
are made about which processor’s value is written into
the memory location to resolve write conflicts [2], [7].

o Common CRCW: all processors must attempt to
write the same value.

« Arbitrary CRCW: one of the processors succeeds.

o Priority CRCW: the smallest numbered among
the processors succeeds.

e Sum CRCW: sum of all values being written to
that location at that time.

o Min CRCW: the smallest of the values to be
written is selected by using minimum.

o Tolerant CRCW: the contents of a cell do not
change.

After solving the problem on one of these models,
the parallel algorithm is measured by some criteria
such as work, cost, and optimality [1], [2].

o The cost of a parallel algorithny, is defined as
the product of the time complexity of by the
number of processor.

« The total number of operations performed by pro-
cessors for solving probler® by an algorithm
A is called the work of the parallel algorithm,
W,(n).

o A parallel algorithm is said to be optimal if
the time-processor product matches the number
of operations for the fastest known sequential
algorithm for the problem.

The problem will be study in this paper is defined
as follows: Given an arrayd of n elements such
that the elements ofi are taken from the restricted
domain [1,n]. The integer sorting is rearrangement
of n elements in ascending order. The integer
sorting problem has many applications combinatorial
problems and simulation.
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The integer sorting is solved by strategies such as



bucket, count, and radix. The running time of integer
sorting is linear [12].

In this paper, we study the first optimal
sublogarithmic deterministic algorithm for integer
sorting and comments on the algorithm. Finally,
we modify it to be optimal in cost if either

of the input data are uniformly distributed or
(i—1)logn . logn _ log n
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The paper consists of six sections. In Section 2, we
give the previous works for integer sorting on CRCW
PRAM. Akl and Chen algorithm was given in Section
3. In Section 4, we give the disadvantages of Akl
and Chen algorithm. We try to solve some of these
disadvantages in Section 5. Finally, in Section 6 we
give the conclusion of our work and an open question.

II. PREVIOUSRESULTS

In this section we will give some of previous
results for integer sorting and related problems.

(1) Prefix Sums [1], [2]: The prefix sums
problem of an arrayA {a1,a1,...,a,} of n
nonnegative integers is computing theprefix sums
si = .., a;,Yl < i < n. This problem can be
performed inO(;%6%-) time using”™ %2195 CRCW

PRAM processors.

(2) Integer Sorting on CRCW PRAM: Many
algorithms are suggested to solve the integer sorting
on CRCW PRAM [3], [5], [6], [8], [9], [11], [13],
[14], [16], [17]. Some of these algorithms are optimal
as in table 1.

Ref. | p(n) Tp(n) Kind | Wy(n)
9] oy O(logn) R O(n)
51| & | O(ogn) | R | O(n)
5] | "R [ Olgiss) | R [ O
Bl | n» [0k [ D [ 00

Table 1: Optimal Parallel Algorithms on
CRCW PRAM for Integer Sorting.

Where, R=Randomized and D=Deterministic

Il. AKL AND CHEN ALGORITHM

From Table 1, We observe that Akl and Chen
algorithm [3] is the first optimal deterministic sublog-
arithmic for integer sorting. The algorithm is based
on counting technique that computes the repetition of
each element. The algorithm consists of the following
steps:

Step lnitialize the elements of an auxiliary array
B with 0, i.e.,b; =0,V0 <i < n.

Step 2Processop; write 1 intob,,, V0 < i < n.

Step 3Apply prefix sum computation on arrai
and store the result in array.

Step 4For 0 < i < n, do the following in parallel:
each processqr; testifc;_1 < ¢;, then write
i into d,,---,dc,—b,+1, Where D is array
represents the ordering of.

lemma 1[3]. Linearly-ranged integers can be

sorted in O(26%-) time with O(n) work on a

Sum-CRCW PRAM.

The following example illustrate the execution of
the algorithm, where, = 16 :
Given A = {9,2,14,8,4,1,5,13,7,9,11,12,6, 4, 10,
16}

Step 1B = {0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}

Step 2B = {0,1,1,0,2,1,1,1,1,2,1,1,1,1,1,0,1}

Step 3C = {0,1,2,2,4,5,6,7,8,10,11,12, 13, 14, 15,
15,16}

Step 4D = {1,2,4,4,5,6,7,8,9,9,10,11,12,13, 14,
16}

IV. COMMENTS OFAKL AND CHEN ALGORITHM

Akl and Chen algorithm is very simple and consists
of few steps. But, when we applying the algorithm on
different data distribution, we found that the algorithm
has some disadvantages.

The first comment: the algorithm is not runs in
sublogarithmic time for any distribution of input data.

We prove this disadvantage by the following
counter example. Let = 16 and
A=1{9,2,14,9,2,9,5,4,7,9,11,9,6,9,9,5}

By applying the algorithm:

Step 1B = {0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}
Step 2B = {0,0,2,0,1,2,1,1,0,7,0,1,0,0,1,0,0}
Step 3C = {0,0,2,2,3,5,6,7,7,14,14, 15, 15, 15, 16,

16,16}
Step 4D = {2,2,4,5,5,6,7,9,9,9,9,9,9,9,11, 14}

It is clear that the repetition of the integer 9 is
greater thanO(—."_) = 2. So, the processopy

loglogn
will do more thanO(lolgf’ﬁ) ") iterations to reallocate
the integer 9 in step 4. Therefore, the algorithm not

H logn H
run in O (5757 in general case.

In general, if the value of; is greater thaqolg‘)lgﬁ,
sayO(logn), then the processqr; requiresO(logn)
time to do step 4. Therefore, the running time of the



algorithm isO(log n). This means that Akl and Chen

algorithm does not run iﬂ)(lolgoign) time in general.

The second comment:the cost of the algorithm
is not linear. The cost of the algorithm is equal to
O(lggl‘l’fg”n). Therefore, the algorithm is not optimal
in the sense of cost.

V. MODIFICATION

In this section, we try to solve some of
these comments. We uséEe Sum-CRCW
PRAM processors. Also, assume that the integers
are distributed uniformly over the rangél,n|

or the number of integers over the subrange
(i—1)logn ilogn . nloglogn
[ log logn +1, log log n] are eqUﬁl,Vl i< logn °

We use the following variables in the algorithm:

o R s an array of lengt to represent the repeti-
tion of each element in the array.

« S is an array of lengtl to represent the prefix
sums forR.

Our modification consists of the following steps:

Step 1nitialize the elements of an arrai with
zero by using% processors.

Step 2Repeat the following,1 <
times:
update the value aR(a;) by writing 1 using
processop;, wherev1l < i < ™ERER and
a; = (i—l)lv(L)loT%logn + 7.

Step Compute the prefix sumS for the in-
puts: 0, R(1), R(2),---,R(n — 1) by using

logn
— loglogn

Bl processors, wher§(1) = 0 and
S(i) =Y R(l),¥2 <i<n.

Step 4Reallocate the non zero elements Bfto
the array A by using 28" proces-
g 1 .
sors. Each processgs starts from position
i—1)1 . log 1l
S(U=Hlen 1) wherel < < mlogloan,

lemma 2 Linearly-ranged integers can be sorted

in O(p28ts) time with O(n) optimal cost using
nleslogn gum-CRCW PRAM such that the inputs

are distributed uniformly, or the number of elements
Li—1)logn ilogn
over the subrangesy 5= +1, .15, | are equals,

V1 <i< n loglogn
- = logn

VI. CONCLUSION

Many optimal integer sorting algorithm on CRCW
PRAM are suggested. We have studied one of them
which is Akl and Chen algorithm. We have given
two comments of Akl and Chen algorithm. Then, we
have proposed a correction of their algorithm under
a condition. The algorithm is correct under either of
them the input data are uniform distribution or the

i—1) 1

number of elements over the subranq%ﬁ +
1,kfkl)g” |, are equals. The proposed algorithm is

og log n T N L
optlma%, deterministic, and running in sublogarithmic
time. Also, the algorithm uses linear space. There
exists a open question which i€€an we design
an optimal deterministic algorithm in sublogarithmic

time without any restriction on Sum-CRCW?

Note added in proof. Since this manuscript was
accepted, we have been able to extend the results given
here to any distribution of input data.
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