Embedding Algorithm Between the Macro-star
Graph and the Matrix-star Graph

"Kim jeong-suk !, Seo jung-hyun 2, Sim Hyun *, Lee HyeongOk *,
! Department of Computer Science, Oklahoma State University, USA
rockhee@hanmail.net

23 Department of Computer Science, Sunchon National University, 315 Maegok-dong, Sunchon,
Chonnam, 540-742, Korea
{jhseo@sunchon.ac kr, simhyun@sunchon.ac.kr}, 82-61-752-3625
* Department of Computer Education, Sunchon National University, 315 Maegok-dong,
Sunchon, Chonnam, 540-742, Korea
oklee@sunchon.ac.kr, 82-61-750-3345

Index Term — Interconnection Network, Macro-star, Matrix-star, Embedding Algorithm, Star Graph

Abstract
The Macro-star graph which has the star graph as a basic module has node symmetry, maximum fault
tolerance, and hierarchical decomposition property. And, it is an interconnection network which
improves a network cost against the star graph. A Matrix-star graph also has such a good properties of
the Macro-star graph and is an interconnection network which has a lower network cost than the Macro-

star graph.

In this paper, we propose a method to embed between the Macro-star graph and a Matrix-star graph.
We show that the Macro-star graph MS(k,n) can be embedded into a Matrix-star graph MSy ,.; with
dilation 2. In addition, we show that a Matrix-star graph MS,, can be embedded into the Macro-star
graph MS(k,n+1) with dilation 4 and average dilation 3 or less as well. This result means that several

algorithms developed in the star graph can be simulated in a Matrix-star graph at a lower cost.

1. Introduction

Parallel processing computer is classified multiprocessor which has shared-memory and multi-
computer which uses distributed-memory. In the multi-computer system, each processor has its

own local memory and is connecting by an interconnection network.
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The communication between the processor is processed by the message transaction method
through interconnection network. The multi-computer interconnection networks affected to the

performance and extensibility of total system[5].

Such interconnection network is usually modeled as an undirected graph where the set of
nodes represents the processors and the set of edges represents the bidirectional communication
links between the processors. The network estimation to test the interconnection networks is
network costs[11,12], which multiply degree by diameter. Interconnection networks are
classified by the number of nodes, such as meshes[5,10] with kxn nodes, hypercubes[10,11]
with 2" nodes, star graphs[2,3] with n! nodes.

The star graph has lower degree and smaller diameter than the hypercube, but it has limitations
which the embedding with other networks is difficult and with the increase of node by
increasing the dimension is very large. Therefore SCC[8], (n,k)-star graph|[3], Bubblesort Star
graph[4], Transposition graph[9], HCN[1] etc. have been proposed. When it has same nodes,
Macro-star graph[11] and Matrix-star graph [12] which has lower degree and more improved
network costs than star graph were also proposed. Macro-star graph having same basic module
with the star graph has lower degree than the star graph, when it has same number of nodes. But
it still has star graph's properties such as node symmetry, maximum fault tolerance, and
hierarchical decomposition. Matrix-star graph has the good properties of Macro-star graph and
is a better interconnection network which the network costs were improved.

The embedding is that a specific graph is mapping into other graph in order to know the
relation of association and inclusion between the two graphs. What network G is possible to
embed into network H at low cost is that all algorithms for network G can be efficiently used to
network H at low cost. Therefore it is important to estimate an embedding of interconnection
networks|[5,6,10]. The /=(¢,p), embedding graph G into graph H, is defined as following. The ¢
is a function which corresponds G's vertex set V(G) to H's vertex set V(H). The p is a function
which corresponds G's edge e=(v,w) to H path linking ¢(v) and ¢(w). The criterion to estimate
the embedding costs is dilation, congestion, expansion and so on. The dilation of edge ¢ of
graph G means the length of path p(e) on the graph H. The dilation of embedding f is the
maximum value among all edge G. The congestion is the number of p(e) including H's edge ¢'.
The congestion of f means the maximum value among all edge's congestion of H. The
expansion of embedding f means the ratio of G's vertex to H's vertex.

This paper analize the embedding between Macro-star graph and Matrix-star graph which the
network cost is better improved than star graph. It also shows that various algorithm for the star
graph can be efficiently simulated under the Matrix-star graph by analyzing the embedding
relation between two graphs. Section 2 defines and discusses some of the basic properties of
Macro-star graph and Matrix-star graph with dilation 2 and that Matrix-star can be embedded

into Macro-star graph with dilation 4. Finally conclusions and future studies are presented.



2. Related work
2.1 The definition and properties of the Macro-star graph

Macro-star graph MS(/,n) is the network with (n/+1)! nodes and (n/+1)!x(n+/-1)! edges. The
address of each nodes is expressed by the permutation of k(=n/+1) different symbols. In the £ bit
string of node v and w, the edge exists between the permutations that is created by applying two
edge generator 7;and S; to the node w. When the k different symbol set is <k>={1,2,....k} and
the symbol's permutation to the <k> is U= ¥ré= ¥1¥z.. . ¥ ¥4 <> the Macro-star graph is
defined as following.

V(MS(L,n))={U= %z | u;, wp E<k>, utu;, i, 1<i,j<k}
EMS(Ln))y={(U,V) | U,V € V(MS(I,n)) satisfying U=S(V), 2<<n+1, 2<i<l}

The edge generator 7; is an edge to connect permutation that is created by exchanging one

element «; among the first symbol u; and the first in the permutation U(2<j<n+1).

T(U)= ¥# zi—1M18541. . 8 j=2 3 n+l,

The edge generator S,; is an edge to connect permutation that is created by exchanging the
symbol sequence uy,; and ug.iymi2imr1 composing the first cluster and ith cluster in the
permutation U.

Syl Ur)= %1% (i Lin+ Z e+ 19 n+ 20— Dnet 120+ 15 et 28 =231

The symbol sequence ¥ [i—1m+2:#+1 means cluster(or level) and the number of element

composing one cluster is # in the MS(/,n). The edge generator is simply called S;. <Fig.1> shows

the node consisting Macro-star graph MS(2,2) of 2th cluster.

<Fig. 1> Macro-star graph MS5(2,2)



In the <Fig.1> the big circle on the right side is the node consisting 2th cluster's symbol of 23.
The permutation of node 145 is 14523, the permutation created by the edge generator 75(14523)
in the permutation 14523 is 41523, and the permutation created by the edge generator 75(14523)
is 54123. If sequentially applying one permutation P to edge generator 7; and Si of Macro-star
graph, it is represented to S;7,(P), (2<j<n+1, 2<i</). In this paper, because the node of Macro-
star graph represents the permutation to the k(/n+1) symbols, the node and permutation have the

same meaning.

2.2 The definition and properties of Matrix-star graph

The Matrix-star graph MS;, represent the node, which is using the symbol 1,2,3, ..., kxn, that is

kth column nth row matrix following form's node.

X X, X, O

A 3
X at1 Xut2 Kt " X
Xli—letl ¥ li-De+2 7 X li-ledi 7 Xis
*ip—1m+1 ¥ {E-Dw+2 " ¥ ik—Dm+i " ¥kl And the edge connecting nodes has the

connecting relation between nodes represented by the following matrix(1<k<n).

(1) Matrix  exchanged 1st column row for Ist column jth  row.

X; %y x X
X at1 Xut2 Kt " X
Xli—letl ¥ li-De+2 7 X li-ledi 7 Xis
*ib—1m+1 ¥ {E-Dw+2 " X ik—Dm+i " ¥ ksl (2) Matrix exchanged 1st column row
X (i—1n+1 X3 x; " Xe
Xat1 Xut2 Xuti " X
ol ¥lime+z 7 X li-De+i 7 Fae
for 1st column ith row. L* te—1lle+1 *{a—De+2 ™ X ii—1me+i ™ ¥ (3) Matrix

exchanged between the same column symbol for 1st row and ith row.

Xlile+l ¥ Gi-le+2 7 X limle+i 7 Xia
X at1 Xut2 Futi R
| x3 X T X

Xip—1let+1l ¥ (p—Dm+2 7 X li—De+i ™ X



Let's divide the edge of Matrix-star graph MS;, into three categories : the edge that is defined
by the condition (1) is Ci(2<j<n), the edge that is defined by the condition (2) is R/(2<i<k), the
edge that is defined by the condition (3) is £;(2<i<k). By the above definition, Matrix-star graph
MS}., can generate matrix as much as the number of permutation. Therefore it consists of (kxn)!
nodes and the degree of node is 2k+n-3. The MS),under k=1, n=2 is k, graph that is consisted
by one degree and two nodes. The node of Matrix-star graph MS;, is made up matrix form &
columns mxn rows. The element of node is kxn and the element of i column j row in the kxn
matrix of node s denotes s;. Fig.2 is an example of Matrix-star graph MS,, that node denotes
matrix of 2 columns 2 rows. Among the graphs suggested by hybrid star graph, Table.l

compares the Macro-star graph and Matrix-star graph that the network cost is most improved.

<Fig. 2> Macro-star graph MS,,

<Table 1> Compare the network cost

Star Macro-star IMatriz—star
S, MSn) Mol 2= 2l
# node ( n®) (n%+1) ( ")
f degree nt-1 -1 5C et -1
# diameter L3z w*-1)) | 250 0%+n-1) 5 ntea M)
# network cost O ) o 1) o 15Ty

3. Embedding the Macro-star MS(k,n) into a Matrix-star MSy .+,



The outline of this embedding is as follows. The matrix form, 1 column kn+1 row, that
represents the node of Macro-star graph MS(k,n) changes matrix form, & column n+1 row, that
represents the node of a Matrix-star graph MS ;. The Macro-star MS(k,n) graph consists of k
clusters and each cluster consists of n symbols. Because the matrix representing the node of a
Matrix-star graph MSy, . denotes k& columns n+1 rows, the number of symbol of one column
representing the node of a Matrix-star graph MSy,+; is one more than the number of symbol of
one cluster representing the node of Macro-star graph MS(k,n). The symbols consisting the first
cluster of Macro-star graph MS(k,n) is located in the first column of the matrix A(n+1)
representing node expression form of Matrix-star graph and the symbol consisting ith cluster is
located in the ith column(2<i<k). Because the number of symbol of one cluster of Macro-star
graph MS(k,n) is different from the number of symbol of one column of a Matrix-star graph, jth
element of each cluster of the Macro-star graph MS(k,n) makes to be located in the j+1th row of
matrix k(n+1) that represents as the node expression form of the Matrix-star graph(1<j<n). In

the ith column of matrix k(n+1) that represents as the node expression form of Matrix-star graph,

B is assigned in the first row that symbol of Macro-star graph MS(k,n) is not assigned(2<i<k).

The following is a way of mapping the node of Matrix-star graph into the node of Matrix-star
graph. First map the node U of Macro-star graph MS(k,n) into node V of Matrix-star graph
MS;,+1. And the mapping between symbols maps w14 INt0 V(i1),4; in the remaining symbol

except in the matrix k(n+1) that represents the node of Macro-star graph, (2<a<n+1, i+1<<[+n).

Theorem 1. The Macro-star graph MS(k,n) can be embedded in the Matrix-star graph MSy,+1
with dilation 2 and expansion (kn+1)!/(kntk)!.

proof When the permutation of node U of the Macro-star graph MS(k,n) is w1ty 1Uns2:2011 .. U-
Dnt2iint] - Ug-lyni2:knt1, SUPpOse the matrix that node U changes a node expression form k(n+1) of

Matrix-star graph MSy .+ is node U'. The matrix k(n+1) of node U' is as follows :

i"1 Yy Y T Ve et
B Upgz U Bayy 7 g Yy
B P hi—mrz " Ym0 Ve Yindl
B Y l—Datz 7 P i-Uati 7 YVie Vhnt

The node U of Macro-star graph MS(k,n) is connecting to the node S;(U) and the node 7;(U) by
the edge generator S; and T;(2<i<k, 2<j<n+1). The embedding will be analyzed by the fact that
the node S,(U) and the node T/ U) of the Macro-star graph has the same permutation with the
permutation generated by applying the edge of the Matrix-star graph MS;,+; to the node U' that
changes node U of Macro-star graph MS(k,n) into the node expression form of Matrix-star graph
MSy 1.



The adjacent node to the node U of Macro-star graph MS(k,n) is connecting by the edge

generator S; and 7;. Therefore two kinds of edge generator is introduced.

Casel Edge generator T}+(1<7<n)

The edge generator 7}, of Macro-star graph MS(k,n) denotes the edge C; of the Matrix-star
graph MS;,1(155<n). In the permutation of the node U of Macro-star graph MS(k.n)
Ut U 42201 -oe UG-t 2:int 1 - Uil yni2:knt1, the node T (U) connecting by the edge generator Ty,
is the permutation uius.1Upi2:2nt1 -oo UG-imt2iint1 - Ug-lmi2nrn Mutually exchanging the first
symbol u; of node U and jth symbol of the first cluster. The node 7;:(U") that changes node
T;+1(U) of Macro-star graph MS(k,n) into the node expression form of Matrix-star graph MS,+

Y i) ol "My Pa
B2 Yaiz " Yati " Yaa Yaey
By Y li-tmtz " Y i-leti U Vi Vil
is as following. 12¢ ¥ ta—1imt2 ™ ¥ =Lt " Vi Yt

In the node U, because the position of symbols that can be exchanged by the edge generator T},
is the symbol from the second position to (n+1)th position, the first symbol of first column and
the (j+1)th symbol is same with the exchanged permutation. It can be mapping the node U of
Macro-star graph MS(k,n) into the node V of Matrix-star graph MS;,.; and mapping the node
T;+1(U) adjacent to the node U into the node C;.(U'). Therefore the edge generator 7};; of the
Macro-star graph MS(k,n) serves as the edge C;:; of the Matrix-star graph MSj 1.

Case 2 Edge generator S;(2<i</)

The edge generator S; of Macro-star graph MS(k,n) denotes the edge E; and R; of Matrix-star
graph MS; ,+1(2<i<k). In the permutation u uy.,1Uns20n41 - Ugi-tyns2sint1 -« Ug-1yms2:m+1 Of the node U
of the Macro-star graph MS(k,n), the node S(U) connecting by the edge generator S; is the
permutation u g 1yi2:int1 - Uznt1 ... Ug-nmr2:me1 that consists by exchanging the first cluster's n
symbols uy,1(Zuous ... u,e) and ith cluster's n symbols i 1y+2.m+1. Being changed the
permutation S;,(U) connecting by the edge generator S;to matrix form same as the node form of

the Matrix-star graph k(n+1), the node S;(U") is as follows.

My Mo limtz M M i—eti M ¥ae Yietl

B Mgy v Huyy o v Uy Upeyg
o ty #; Ty e
Bf % g—Dmtz ™ % —Unt; " %o ¥t



Permutation S;(U), which is connected by node U, can be constructed the same permutation
R(E(U"), which is generated to node U’ by star graph edge E; and R;. Therefore permutation
S{U) have the same permutation R(E(U")). We can show that the transform of permutation
node U’ by the edge S; and R; of Matrix-star graph.

First, we can apply the edge E; of Matrix-star graph to node U’, and the result permutation node

E‘a: B etz ™ M i—eti " ¥ Yien

2 Hatz U Hagy v Vg Yy
t t; % Ty Hap
E(U)is as follows. L2 % -1tz ™ % (—Dnti ™ ¥ in % et

Second, the permutation node R{E;(U")) is generated by the edge R; of Matrix-star graph to node
U'. The following matrix is the node R{E(U")).

My Mo limtz M M i—eti M ¥ae Yietl

B Mgy v Huyy o v Uy Upeyg
o ty #; Ty e
Bf % g—Dmtz ™ % —Unt; " %o ¥t

In the permutation u s 1Up2:2041 - U-lyni2:int1 --- Ug-me2:me1 O the node U of Macro-star graph
MS(k,n), the node Sy(U) connecting by the edge generator S; is the permutation u v 1y+2:int1 ---
Uil ... Ug-nmi2inr that consists by exchanging the first cluster's n symbols uy., 1 (Zuaus ... i)

and ith cluster's n symbols u.1y,+2:in+1-

4. Conclusion

In this paper, it was analyzed the embedding between Macro-star graph and Matrix-star graph
having more improved network cost with important properties of interconnecting network: node
symmetry, recursive structure, maximum fault tolerance than star graph. This paper shows that
the Macro-star graph MS(k,n) can be embedded into the Matrix-star graph MSy,,+, with dilation 2
and expansion (kn+1)!/(kn+k)! and that matrix-star graph MS(k,n) can be embedded into the
Macro-star graph MS(k,n+1) with dilation 4 and expansion (kn)!/(kn+k+1)!. At the above result,
the average dilation rate of embedding Matrix-star graph MS(k,n) into Macro-star graph
MS(k,n+1) was less than 3.

The result of embedding Macro-star graph into Matrix-star graph with dilation 2 means that
various algorithm developed for star graph can be simulated with the extra constant cost under

the Matrix-star graph, because Macro-star graph has star graph as a basic module.
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