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Abstract

Decorated tree semantics is a goal-independent
denotational semantics for Prolog that deals with the
control rules of Prolog and cut operator. This semantics
was designed with the aim to provide a general

framework for abstract analysis of generic properties of

logic programs and has been specialized into computed
answer (ca) semantics and call pattern (cp) semantics. In
this paper we show that the methods for achieving
semantics for the “correct” observables (i.e. observables
related to successful derivations), correct partial answers
(cpa) and correct call patterns (ccp) in particular, are not
trivial extensions of the methods for achieving ca and cp
semantics. We extend the work in [13] and propose a
two-step method for achieving cpa and ccp semantics
using the theory of abstract interpretation. This paper is
concerned with the first step, where the main result is a
modified decorated tree semantics that serves as a base
for further abstraction to get cpa and ccp semantics.

1. Introduction

The development of appropriate semantics for Prolog is
the base for semantics-based Prolog program verification
and analysis, which are important in developing correct
and efficient Prolog programs. This work can be viewed
as a continuation of the work in [13], where a goal-
independent denotational semantics, i.e. decorated tree
(DT) semantics, was proposed by Spoto. This semantics
is a further development of a series of semantics for
Prolog and is suitable for goal-independent program
analysis [2,11,12]. A feature of this semantics is that it
uses syntactic objects (substitutions with some control
decoration) rather than functions as the denotational
domain, which makes it suitable for abstract
interpretation. This choice coincides with the idea of s-
semantics [3].

Just as the semantics presented by Charlier et al. [9,10],
Spoto’s semantics was designed with the aim to provide a
general framework for the abstract analysis of generic
properties of logic programs. As stated in [13], DT
semantics “is a very concrete denotational semantics that
can be specialized into a more abstract one as soon as we
specify the observable property of interest.” According to

[6], a large class of observable properties of Prolog
programs can be captured by different kinds of
observables, which include computed answers, (correct)
partial answers, (correct) call patterns, successful
derivations and finite failures etc. Semantics for
computed answers and call patterns have been given as
specializations of DT semantics and further abstractions
of those two semantics have been proposed to get finitely
computable abstract semantics for program analysis [14].

Our interest in this paper is related to the question
whether the semantics for other observables can be
effectively obtained as abstractions of DT semantics. We
argue that the task of achieving semantics for “correct”
observables, cpa and ccp in particular, from DT semantics
is not trivial. By correct observables we mean those
related to successful derivations. Our work shows that cpa
(or ccp) semantics can be achieved systematically by first
abstracting DT semantics to an intermediate modified
decorated tree (MDT) semantics and then achieving cpa
(or ccp) semantics as an abstraction of MDT semantics.
This paper is concerned with the first step.

2. Preliminaries

We assume the familiarity with the basic algebraic
structures and Prolog language. The basic notations are
used in the usual way. A sequence is an ordered
collection of elements possibly with repetitions. The set
of all possible sequences of elements of set E is denoted
by Seq(E) and the set of non-empty sequences of
elements of E is denoted by Seq'(E). represents
sequence concatenation. A sequence is denoted by a
variable with a tilde sign on it. The empty sequence is
explicitly written as €. #S is used to denote the length of
the sequence S .

Abstract interpretation is a general theory of semantics
approximation. In this paper it is used for relating formal
semantics at different level of abstractions [4,5]. A
common method for formalizing abstract interpretation is
by means of a Galois connection.

Definition 2.1 Given two partial ordered sets (posets)
<P,C> and <P“,C“>, a Galois connection between them is
a pair <o.,y> such that o is a total map from P to P*, y is a
total map from P? to P, and VpeP: Vp“cP®: a(p)C’p’ <



PEy(@”). aand vy are respectively called the abstraction
and the concretization maps of the connection.

The abstract interpretation using Galois connection can be
formalized as follows.

Proposition 2.2 (Proposition 23 in [4]) Let <P,C> and
<P‘,C"> be two posets with | and L“ as the minimal
elements, respectively, <o,y> is a Galois connection
between P and P?, 1“=o(Ll), ¢: P+ P is such that
Ifp(9)= lub,-o¢"(L) (where lub is the least upper bound
operator) and ¢“: P*+— P* is monotonic, then aop=¢“oa
implies a(Ifp(9))=Ifp(¢“). The condition aop=¢‘oa is
called local correctness condition and a(Ifp(p))=Ifp(¢?) is
called global correctness condition.

By Tarski’s fixpoint theorem [15] the following
proposition obviously holds as a consequence of
proposition 2.2.

Proposition 2.3 Let <P,C,1> and <P*,C% _1“> be two
complete lattices with 1 and L“ as the minimal elements,
respectively, <a,y> is a Galois connection between P and
P?, @: P— P and ¢“: P*+— P“ are two operators such that
¢ is continuous and ¢“ is monotonic, then cop=e“oo
implies o(Ifp()) = Ifp(e?).

In this paper proposition 2.3 is used to prove the
correctness of abstract semantics. Moreover, the proof
can be further simplified using the following result.
Proposition 2.4 Let <P,C> and <P“,C“> be two posets
with | and L as the minimal elements, respectively, and
¢: P— P, ¢": P'+— P" and a: P+— P be three monotonic
maps such that o(L)=1° and aop=¢“oa.. Then P and P*
can be extended to two complete lattice P' and P,
respectively, and o, ¢ and ¢“ to continuous maps o', ¢'
and @” such that <a',y>, for a suitable y, is a Galois
connection between P' and P“, o'(L)=L" and the
correctness condition a'o ¢' = ¢”o a' holds.

By the above proposition we only have to define
semantic operators and abstraction map on posets instead
of complete lattices when showing the correctness of
abstract semantics.

An abstract syntax was used for Prolog programs in
Ref. [13] to simplify the semantic operators. The basic
idea is to look at Prolog as an instance of the general CLP
scheme [8]. Without loss of generality all the predicates
in Prolog programs are assumed to be unary. The clause
has the form p(x):- G, or...or G, with n>1, where
G,,...,G, are goals defined by the grammar:

G ::=c|p(X)|G and G |exists x. G |cut(G) |cut,(G),

where C is a constraint, X is a program variable, d in
construct cut(G) is a non-negative integer which
represents the effect scope of a cut operator. The cut

operator in cut(G) is assumed to have an infinite effect
scope and is called open cut, and that in cuty(G) is called
closed cut. The set of all possible goals is denoted by G.
The expression p(X), where p is a predicate symbol, is
called procedure call.

The constraints domain from which ¢ is taken is
defined as a lattice <B, <,V,A, true, false> [7,13]. It is
assumed that 53 contains the element §,, for each pair of
variables x and 2z, which represents the constraint
identifying the variables x and z. Moreover, there is a
family of monotonic operators 3, on the set of constraints,
representing the restriction of a constraint obtained by
hiding all the information related to the variable x.

A goal is called divergent if and only if it contains a
procedure call. The denotation div(G) means G is
divergent. A goal which is not divergent is said to be
convergent. The function con(G) associates to G the
conjunction of the constraints that precede the first
procedure call in G. Function con(G) is defined as
follows.
con(c) =c, con(p(x)) = true
con(exists xG) = 3,con(G)
con(cut(G)) = con(cut,(G)) = con(G)

con(G,) if div(G,)

G d G,)=
con(G,; an 2) con(G,) Acon(G,) if not div(G,).

3. Decorated Tree (DT) semantics

Spoto’s DT semantics follows a goal independent
approach, which means that the behavior of a goal in a
program is defined as the evaluation of the goal in the
denotation of the program. The DT semantics also
features its way of dealing with Prolog control and cut
operator. Roughly, the program denotation associates to
any predicate in a Prolog program a decorated tree that
describes all the possible SLD-derivations from the
predicate. An observability constraint in a node of the tree
tells how the node is affected by divergent computation or
by cut operators, and therefore it can be used to determine
whether a Prolog interpreter can actually visit the node.
This is the main idea of the so-called technique of
“control compilation” [1,13].

The concept of tree is basic in the Spoto’s DT
semantics. A tree is an element of the set

T={G,¢) |G € G}
U{@G,1)|G € G,div(G) and t € Seq(T)}

A tree is call i-cut-closed if and only if every cut/(G)
construct is at the height at least (d-i) from the root. It is
assumed that the root has height 0 and its children have
height 1, and so on. An i-cut-closed tree is such that,
when attached to the leaves of another tree, its cuts can



only affect the last i levels of nodes of that tree. A tree is
cut-closed when it is 0-cut-closed.

A decorated tree is achieved by adding an observable

constraint part to the nodes of a tree. An observability
constraint can be seen as a set of basic constraints of 5.
The set O of observable constraints is formalized in
definition 3.1.
Definition 3.1 The set O of observability constraints is
defined as the minimal set containing B and such that if
ScO then MS and US belong to O and such that if
o€ then -0€O. We will often write 0,11 . . . Mo, for
M{o1,....,onyand similarly for L. Moreover true, and
false,, are shorthand for M{} and LI{}, respectively. An
observability constraint o is true if and only if €53 and o
# false, or o =S and every o € S is true, or o=ULIS and
there exists o€S which is true, or o = -0' and o' is not true.
A constraint o is false when it is not true.

A unary function xo0bs is used to convert a basic
constraint to an observability constraint; “*” is used to
instantiate an observability constraint with a basic

constraint and is defined as
b' e (b o obs) = (b* ADb) xx obs if beB ;
b'eS =M{b"e0joeS} ; b e(0)=-0b"e0) ;

b'e IS =1 {b' 0|0 € S}. Operator 3,0 is defined as
3,0 xobs)=@Gb) xobs ; 3,(MS)=N{3,0]o0eS};
3,(US) =U {300 €S}; 3,(0)=-(G0).

The set of a decorated tree DT is defined as
DT={(© +G,e)|o € O,G € G}U{(0 +G,t)|o €O,

G € G,div(G) and t € Seq(DT)}.

A Prolog interpreter can visit a node of a decorated tree
only if the observability constraint contained in the node
is true. If the observability of a node is true, it is surely
to be visited. The notion of i-cut-closed decorated tree is
defined in the same way as the i-cut-closed tree.

An interpretation gives information for every predicate

symbol:
Definition 3.2 A decorated tree interpretation / is a map
that associates to any predicate symbol p in a program an
element /(p) of oy (T) which models the behavior of
procedure call p(o) in the program, where o is a
distinguished variable which is not allowed in the syntax
of the clauses and ay, is a map from Seq'(T) to
Seq " (DT).

The immediate consequence operator T, of program
P is defined as
T. (1) (p) = w“(“)EIf,”((trueO +9,,.€) X"

lm (¢p(y)j£m’ [[Glﬂ | |7 ... @or ¢P(y)jPIDJT [[Gn H | )),
where p(x):- G, or...or G, is the definition of p in P, [ is a
decorated tree interpretation and J5" is defined as:

Js" el = (true, +c,¢)
e [POO]I = 1(PIx/a]
T [exists xG]I =370 G]I
Jo" fewt@[1 =" 7" 6]
T [G, and G,]I = T [G.]1 =" g [G,]1.
We refer to [13] for the definitions of the operators
present in Ty and 72" . In this paper, a superscript of an

operator symbol is used to indicate which semantics the

operator is defined for. For example, symbol H’"
denotes the sum operator for DT semantics.

The partial ordering “<” on ay(Seq™(T)) used in the
computation process is defined by the following rules.

1) 0+G,e)<(©0+G,e); 2) 0+G,e)<(+G,i);
3 0+G )< +G, ) iff Tt

4) t1 <t if for every partition tu ::f12 of f1, we can
find a partition 21 ::f of f. such that ti <{x and
fo < — U 6" () D" t2, where 07 is the instantiation
operator that adds further observability constraint to the

nodes of a sequence of decorated trees.
This ordering relation can be lifted to a partial ordering

on decorated tree interpretation by defining /;</, if and
only if I;(p)<L(p) for every predicate symbol p. The

bottom element of the partial ordering on decorated tree
interpretations is denoted by 1,7 and is such that

177(p) = (true, + p(a),e) . In the completion of the
domain of decorated tree interpretations %, is defined
as the least fixpoint of T, i.e. A" =lubso (T2 (177))' .

It is shown that &’ is correct decorated tree denotation
of program P.

4. Problems
semantics

in achieving cpa and ccp

In this section we first describe a partial answer (pa)
semantics as an easy abstraction of DT semantics. Then
we analyze the problems encountered when we are going
to achieve cpa or ccp semantics.

Spoto’s DT semantics can be specialized into partial
answer (pa) semantics using approaches similar to that for
achieving call pattern semantics. Besides convergent,
divergent and cut constraint, we need another kind of
constraint, i.e. partial answer constraint, to describe
partial answers. For example, the partial answer
constraint can be of the form (o + ?* b) where o is the
observability part and b is the constraint corresponding to
a partial answer. Let PA be the set of convergent,
divergent, cut and partial answer constraints. We can use



the following abstraction map Olpy:
Seq™(DT) — Seq™ (PA)
ap, (0 +G,¢)
0 +"™ con(G) ::0 ®"* cutsseq(G) ::0 +° con(G)
if div(G)

0 +™con(G) ::0 ® cutsseq(G) ::0 +° con(G)
if not div(G)

ap, (0 +G,t) =0 +™ con(G) ::0 ©™ cutsseq(G) :: oy, (t)
ap (1 1 12) = g, (B1) 1 o, (E2),
where cutsseq(G) is the sequence of cut constraints

associated to goal G, and “®"™ * denotes the instantiation

operator. Both of them can be defined in much the similar

way to those for ca semantics.

Example 4.1 Given the sequence of decorated trees f in

Fig.1, its abstraction by oy, is as follows.

ap, () = true,, +7 true ::true, +™ x =4
ntrue, +x =4:true, +P x =4AX =5
ntrue, +x =4true, +°X =4AX =5
DX =4)+Ptrue i —(x =4)+Px =5
T—(x=4)4+"x=5

e, +P0) x4y 4 1)

true, +cut(x = 4)
and r(x)

true, :ncdut((: - :)) (X =4)+x=5

Fig.1 A sequence t of decorated trees and its abstraction.

Suppose we want to get a cpa semantics. The problem
is how to determine whether a partial answer (or the
corresponding pa constraint) is “correct”, i.e. whether it
will eventually lead to a successful derivation. In a
decorated tree we know that a partial answer b can
correspond to a node N in the tree, and the partial answer
is correct if and only if there is a consistent and
observable convergent leaf in the tree rooted at node N.
In our example we know from t that p(x) and p(4) are
not correct partial answers of goal p(x). But in the pa
semantics decorated trees are “flattened” into a sequence
of constraints and it’s difficult to determine the essential
structure of the original decorated trees only from their
abstractions. So in the partial answer semantics we
generally cannot tell whether a partial answer constraint is
correct or not. In the above example, we cannot tell
whether true, +" true and —(x =4)+°x =5 belong to
the abstraction of the same tree. This means that the
abstraction from Seq*(DT) to Seq™(IPA) is too coarse.
We need a finer one for cpa semantics. The similar
situation will occur when we are trying to get correct call
pattern semantics, i.e. the cp semantics also does not

contain enough information to determine whether a call
pattern is “correct”.

Since we are interested in goal-independent semantics,
the problems we learn from this example are in two
aspects. Firstly, we must have some means to determine
from a sequence of constraints the essential structures of
the original decorated trees. Secondly, in order to make
cpa semantics goal-independent we may have to explicitly
specify the conditions under which a partial answer will
eventually lead to a successful derivation.

In this paper we argue that the semantics for correct
partial answers can be achieved in two steps. The first
step deals with the second aspect of problem, where the
main task is to abstract DT semantics to an intermediate
MDT semantics which contains success condition for the
nodes in a decorated tree. By success condition we denote
the conditions under which a decorated tree node is on at
least one successful SLD-derivation. From DT semantics
we know the success condition of a decorated tree T is
exactly the convergent condition LI "™ (T) of 7. The
purpose of the first step is to make the final cpa or ccp
semantics goal-independent. The second step deals with
the first aspect of problem and the main task is to achieve
cpa semantics or ccp semantics as abstractions of MDT
semantics. Our solution to the problem is quite natural
and the main idea is to make use of the depth-first nature
of Prolog search rules. We’ll discuss the second step in
detail in other paper. This paper is mainly concerned with
the first step.

5. Modified Decorated tree (MDT)

In this section we first present a semantic domain
Seq(MDT), and then define semantic operators on this
domain. By adding success condition to the node of a
decorated tree, we get the definition of the set MIDT of
modified decorated trees.

MDT={(o+G+sc,e)|0,5c€O,GeG}U{(0+G+sc, T )|
0,5ccO, GeG, div(G) and t €Seq(MDT)}
where SC is the success condition of a MDT node.

The abstraction map oty from Seq (DT) to Seq (MDT)
is defined as:
ypr(© +G, €)
0 +G + false, if div(G)
~ lo+G +0mcon(@G) xobs if not div(G)
(0 +G, 1) =0 +G+ U (D), e (1))
e (th 1 12) = e (t2) 12 gpr (t2).

Note that the main idea here is also the “control
compilation”. From the definition of oy it can be seen
that the information for determining whether a goal
contained in a node will succeed or not is also compiled.



The following maps are needed to define the abstract
counterparts of the operators defined for decorated
tree semantics, where ™7 is used to collect information
of convergent leaves and o' (f) is true if and only if
there is a consistent and observable convergent leaf in t,
k™" is used to collect cut conditions in the nodes of t s
and 6" is used to collect information of divergent
leaves in T .

Definition 5.1 Given f,;,f, € Seq” (MDT), we define:
MT (0 +G +sc,e)=0"(0+G +sc,t)=sc

OM]DT (f]_ o f.z) = OM]DT (fl) [ OM]DT (fz)

k"™T (0 +G +5sc,e) =0 x (cuts(G) o obs)

k"™T (0 +G +sc,t) =0 x (cuts(G) oc obs) U k™™ ()
kM]DT (fl o fz) = kM]DT (fl) U kMDT (fz)

{orcon(G)xobs} if div(G)

8" (0 +G +5sC,e) = )
1%} if not div(G)

8" (0 +G +sc,t) = 6" (b)
STy t) = 8" (E) U 6™ (t2)
BEE) = K" ) U™ (D)
" (0 +G +5s¢c,8),T)
if div(G)

%)
- |{o % (con(G) e 8" (T))} if not div(G)

(0 +G +5c,1),T) = "™ ({,T)
EPT(E, L, T) = €™ (6, T)U ™ (E,,T)
where cut conditions cuts(G) of a goal G, shaking map ¢
and map x are defined in the same way as in [13].

It can be shown that the functions defined in definition
5.1 are correct w.r.t. their counterparts for DT semantics.

Proposition 5.2 Given f € Seq ' (DT) and T € DT, we
have:
DU 0™ (E) = 0" (aygr ) ; 20K @) = k™" (e, ©);
3) 8" (®) = 6" (aypr () : 4 B () = B (0 ) :
5) €T ET) = € (Qypy ®), Ay (T))

Now we are ready to give the definitions of the

operators for MDT semantics.
Definition 5.3 Given a goal G such that div(G), we

define the instantiation operator """ for MDT

semantics as

G >"" (0 +G' +5s¢,¢)

=(on(G)e0 +G and G' +con(G) esc, )

G >"" (0 +G' +sc,f)

= (con(G) e0 +G and G' 4 con(G) esc, 7(G) >""" (t)
G "' (f1 ) =G "7 (1) ::G "7 (t2),

where 7(G) is a map that removes all cut() or cuty()

constructs from goal G (See definition 5 in [13]).
Let 0,+Gytsc, be the root of T,eM DT, we define product
operator X""" as:

(0, +G, +sC,e) X7 T,
(0, +G, and G, +sc,, )

o, @ G, > T,)

(0, +G, +sc,t) X" T,

=(0, +G, and G, + 0" (f, X' T,), t, X" T,)

€ 6) T T,

=f, X"T T,:—-U T . T,) YT (t, )T T,),

where

0" (0, +G +s¢c,e) = (0 Mo, +G +0r1sc,€)

o "™ (0, +G +sc,f) = (0 Mo, +G + o0 rsc,0 " f)
o™ (f1 =f,) =0 "™ t1 0™ 1,).

3" (0 +G +5¢,¢) = (3,0 +exists XG + 3,5C,¢)
3" (0 +G +sc,t) = (3,0 +exists xG + 3,s¢,3"7 (D))
N ) = 3 2 3 (E)

We define cut operator """ and uncut operator |""" as:
M0 4+G +5¢C,¢) = (0 +cut(G) +sc,e)

T 4+G +sc,t) =0 +cutG) + o™ (D), """ (t)
!MDT(fl - fZ) — IM]DT(fl) - OM]DT (f-l) ‘:‘M]DJT !MJD)T(fz)

" =" ®

W0 +G +sc,e) =0+ |, G +5c,¢)

L0 +G +sc,t) =0+ |; G +sc, |17 ©)

l_M]Dﬂl‘ (fl - fz) :liM]mT fl ::liM]DT fz,

if div(G,)
if not div(G,)

where |; is defined in the same way as in [13].

Expansion ¢§Hm , root swapping wﬁﬂm , sum BT, and
substitution operator [] are defined, respectively as:
#5,:(T) = (true, +G + """ (T),T)

YS (0 +G" +5¢C,6) = (0 +G +5¢,¢)

Y80 +G" +5¢,f) = (0 +G +s¢,f)

©0+G +c,t.)B" (0+G +c,, ) =0+G +c¢,

L (— [ BMDT(fl) [ Cz)afl —u ﬂMDT(fl) DMDT fz)
(true,, + p(a) + sc, 3" ((true, + 6, , + 6,
R a g ()X /7 a]
= (true, + p(x) + scftrue /6, .1, oy (€))
(true, + p(a) 4 sc, 3, ((true, + 6, + 6, xobs,¢)
B v ()X / 0]
= (true, + p(x) +sc[é,, 79, ],

3 ((true, + 6, + &, oxobs, ) K ay ()
where sc[b,/b,] denotes the operation that substitutes

o< obs, €)

ed

every occurrence of b, in sc with b,. Note that in the
operation T[x/a] we substitute &, with true in the first
case and ¢, with & in the second case, because in our
semantics every occurrence of « is in the form of ¢, or

&, » as will be seen later in the definition of T, .



All the operators defined in definition 5.3 are correct
with respect to their counterparts defined in [13] for DT
semantics.

Proposition 5.4

(1) Given te€Seq"(DT) and G € G such that not
div(G), we have :
Aypr G " 1) =G " g, ().

(2) Given teSeq"(DT) and o€ O , we have:
Qe O " ©) =0 "7y (0).

(3) Given t€Seq"(DT) and T € DT , we have:
e ( T T) = gy @) =M o (T)

(4) Given t,,t, €Seq"(DT), 0€ O and G € G , we
have:

ypr(©© +G, 1) B (0 +G, 1)
= Qppp(© + G, 1) B (0 + G, T2).

(5) Given t € Seq™(DT) , we have:
0‘1\/11]11;’11‘(!111)T t) =" e () -
(6) Given t € Seq*(DT) , we have:

aMDT(EET t) = H;Mmamm(f) -
(7) Given teSeq"(DT) and i>0 , we have:

aMm(l]?T ) :lliwm Qpr (@) -

(8) Given T DT , we have:
Aypr(TIX 7 a]) = oy (T)[X 7 ]
(9) Given T DT , we have:

O‘Mm(ébg'ﬂ*(r)) = ¢§ﬂm(aMm(T))-
(10)Given T € DT whose height is at least 2 and

G € G, we have: O‘Mm(q/’gqr(r)) = ¢&DT(O[M]DT(T)) .
Definition 5.5 A MDT interpretation I is a map which
associates to every predicate symbol p in a program an
element /(p) of aypr(apr(T)) which models the behavior
of procedure call p(o) in the program, where o is a
variable not allowed in all the programs.

With the operators defined in definition 5.3 we can give
the abstract immediate consequence operator Tp""" .

TPMZDT(I)(p) — wp(“)ﬂi’m((trueo + 5),'& 46 €) Mot

y.a’?

lMLJ"Jl‘ (qbp(y)j;WHD'ﬂ‘ [[Gl]] | EEIMM EBMHW ¢p(Y)~7FI>WM [[Gn]] | ))

where 7 is a MDT interpretation and [J5""" is defined as:

2" el = (true, +c¢ +c,¢)

o [pCOl = 1(P)x/a]

MO exists xG]1 = 37 70 [G]I
T feut@)]1 =T 7T G|

1716, and 6,1 = 7 [6,]1 2 7 G 1
Let J," and T)" be the counterparts of J5"" and

T.""" in DT semantics, respectively. By proposition 5.4
we have the following theorem:

Theorem 5.6 Let / be a DT interpretation and G be a goal.

We have:
1) alww(jET G = j;wm [Glayg: (1)
2) aygr (rpm(l )= TPMM(CVMM .

6. MDT semantics and its correctness

In this section we define an ordering C on Seq (MDT),
which turns out to be a partial ordering on
ogpr(0pr(Seq’(T))). This ordering is lifted to a partial
ordering on the domain of MDT interpretations. Then the
least fixpoint F""" of T2""" in the completion of the
domain is shown to be a correct abstraction of the
decorated tree denotation F,”" of program P. We first
give the relation C and then prove that C is really the
relation we need.

Definition 6.1 On Seq'(MDT) we define the relation C
as follows:

D@O+G+sce)E(0+G+sc¢)

2) (0 + G +scy, &)C (0 + G + scy, T) iff s, < sc,

3) (0 + G +sc, t,)C (0 + G + sC,,t,) iff {,CH,
and sc, < sc,

4) t, £, if for every partition fy; :: ty, of t;, we can
find a partition f, ::t, of f, such that f;; C f, and
f C— U6 () 0™t

This ordering relation can be lifted to the domain of
MDT interpretations by defining 1,C1, iff I;(p)CL(p) for
every predicate p in a program. We show that C is indeed
a partial ordering relation on oygr(cupr(Seq (T))).
Theorem 6.2 C is a partial order relation on
oypr(or(Seq (T))).

The bottom element of this partial ordering on MDT
interpretations is denoted by 1)”" and is such that
1,"""(p) = (true,, + p(«) + false,, ) for every

I MDT
0

predicate symbol p. It can be shown that is strict.

(15" (P)) = o (true, + p(a), €)
= (true,, + p() + false,, ) = 1,"""(p)

The following theorem shows that oy is @ monotonic
map from < to C and T,""" is monotonic w.r.t. C. By
the monotonicity of LI o and induction on #, we have
the following theorem.

Theorem 6.3 Given f, , t, cop(Seq (T)) such that

t, <tp, we have: o, (E1) C oy (B2)
Note that as a simple consequence of definition 6.1, the
converse of Theorem 6.3 also holds, i.e.,

oy (1) T oy pr (E2) implies €, <, This allows us to
conclude that TF,M“INT is monotonic on cypr(cyr(Seq'(T))).

Theorem 6.4 Given {; , T, € oypr(apr(Seq(T))) such that
f, Ct,, we have T,"" (£)CT."" (£,).



Then in the completion of the domain of MDT
interpretations we can define """ =lub; o (T2""") (Here

2"y is a shorthand for (T2""(1)"""))"). In section 5

we have shown that To™™" is correct w.r.t. T2" . Then

from the above theorems and proposition 2.3 and 2.4, we
conclude that

Theorem 6.5 Given program P, the following equalities
hold.
aMm(ﬁm) = O‘Mm(lfp(-rpm)) = pr(rpMDT)
— Iubi(-I—PMHJJT)i — ﬁMHD']T
By Theorem 6.5, 72""" is a correct denotation of

program P. Theorem 5.6 and 6.5, together with the
definition of ay,, allow us to draw the following

conclusion.
Theorem 6.6 Given a program P and a goal G, the set of
correct partial answers of G is given by

{con(G")|(0+G'+sc) is a node of J5""" [G] A" whose
success condition SC is true }

Similarly we have a theorem for correct call patterns.
Theorem 6.7 Given a program P and a goal G, the set of
correct call patterns of G is given by {con(G"),p
|(0+G'+sc) is a node of Jo""

condition sc is true and p is the leftmost procedure call

[G] A" whose success

present in G'.}

7. Conclusion

This paper proposes a two-step method for achieving
semantics for correct partial answers and correct call
patterns from Spoto’s decorated tree semantics. An
intermediate MDT semantics is presented, which contains
information related to successful derivations and
therefore allows for further abstraction to obtain cpa and
ccp semantics. With the theory of abstract interpretation,
this semantics is shown to be correct with respect to
decorated tree semantics. Theorems in this paper show
that MDT semantics is sufficient for describing correct
partial answers and correct call patterns.

Future work includes the derivation of computable
abstract cpa and ccp semantics from the semantics
achieved by our method and their use in the analysis of
non-trivial applications.
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