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Abstract. Since any personal computer has a limited range of integer values, therefore, it will result in
an integer overflow when a program tries to compute a value larger than machine’s maximum value. We
will discuss a workable algorithm that will be able to deal with any large numbers without getting an
integer overflow.
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§1. Introduction
Any programmer knows that when a variable is declared to be of integer type, it has a maximum value.
It will result in an integer overflow when a program is to compute an integer value larger than your
machine’s maximum value. Some machine gives you an error message when overflow occurs, but
others don’t. Therefore, it is necessary to prevent it from occurring. It would be nice to find an
algorithm that will be able to deal with any large number without getting an integer overflow on any
machine. In the following, we will provide an algorithm that will fulfill such goal.

§2. Algorithm

Our approach is simple and easy for implementation. The idea is to take any integer input as a string,
which can be as long as you wish. For instance, if you have to calculate
12345678912345678998162727272822221234 + 1234598726262626262626262626262681818819982
you can view both numbers as string, then manipulate them either digit by digit or block by block. The
following algorithm Add (A, B) is an algorithm of digit by digit.
Algorithm Add (A, B):
A=AA _A_,-AA),
where A, is the unit digit, A, is the tenth digit,and so on
B=B,B, B, , BB,
where B, is the unit digit, B, is the tenth digit,and so on
(if not of the same length, fill it out by zeros to the left)
Initialize Carry =0;
For(i=0;i<n;i++)
if A+B,+Carry>9,
then {C; = A, + B, + Carry —10,Carry =1}
else {C. = A, + B, +Carry,Carry =0}
if Carry>0,thenC,, =CarryelseC, ="";
Output:C=C,,,C C ---CC,

nHl~n = n-1’



Considering the efficiency for large numbers, we might divide each number into blocks of length k that
can be determined by the machine’s maximum integer, and then use regular operation of addition to
carry out the sum of each block, and then concatenate the sums of blocks to get the sum. The
following algorithm demonstrates the idea of block by block.

Algorithm Add2 (A, B)

Assume that k is a positive whole number,

A=A, x10™ +A X107 + A X107 4o+ A X100 + Ag;

B=B x10"+B_ x10“™" +B_, x10"?" +...+ B, x10" + By;

where A;(0< j< p)and ,B;(0< j < q) are whole numbers of k or fewer digits;

Each sum A;+B; +1(j=0,1,2,---,min(p,q)) is less than the machine' s max;

(1) Use regular addition to find each sum S; =A; +B;(j=0,1,---,min(p,q));
If S,.length =k +1,then Carry =1,otherwise,Carry = 0;
Set S;=A;(if p>q)orB,(if p<q) for j=min(p,q)+1t0 max(p,q);

(2) If (Carry =1) then (S, = S, -10* ;pach (k— S, .length) Os to the left of S,;
C :H H&SO );

(3) For (j=1,2,---, max(p,q))
{ S, =S8, +Carry,
if (S;.length <k +1) then
if (j<max(p,q)) then pach (k —S.length) Os to the left of S ;;
C =Sj & C; Carry =0;
else
{Carryzl;Sj =Sj —10*;
pach (k=S ;.length) Os to the left of S ;)
C=S§,&C;

(4) If (Carry = 1) then C ="1"&C;

(5) Output C as the sum A+ B.



Likewise, we can do subtraction in a similar way. The following is an algorithm for subtraction in digit

by digit.

Algorithm Subtract (A, B):
A= AnAnflAan "'Ale’
where A, is the unit digit, A, is the tenth digit,and so on
B=B,B, B, , BB,
where B, is the unit digit, B, is the tenth digit,and so on
(if not of the same length, fill it out by zeros to the left)
If A= B then sign="+"
else sign ="-";
Initialize Borrow =0;
For(i=0ji<n;i++)

if A, —Borrow<B,,

then {C, = A, — Borrow+10-B,, Borrow =1}

else

{C, = A, —Borrow— B,, Borrow = 0}
Output : if (sign=="-")then-C C, ,---C,
else CC, ,---C,

n~"n-1

We can also do subtraction block by block as shown in Algorithm Subtract2 (A, B).

Algorithm Subtract2 (A, B):

Assume that k is a positive whole number,

A=A, x10™ + A, X107+ A ) X107 4. 4 A 10" + Ag;
B=B,x10" +B,_ x10" + B, x10“™" +...4+ B x10" + B;
where Aj(j =0,1,2,3,---,p—1) and ,Bj(j=0, 1,2,3,---,q—1) are
whole numbers of k digits (pach Os if necessary);

A, and B, are whole numbers of k or fewer digits,

A, and B jare less than the machine' s max;

(D) if (A= B) then

output D = 0; Exit;
else if (A> B) then sign ='+';
else {sign ='-";swap A and B;}



(2)Assume A > B;
Initialize Borrow =0;
Use regular subtraction to find each difference :
For (j=0to max(p,q))
if (j < min(p,q))then
if (A, —Borrow > B )then (D; = A; — B, — Borrow; Borrow = 0;)
else (D;=A;+ 10* — B — Borrow; Borrow =1;)
else
if (A; — Borrow > 0)then (D ; = A; — Borrow; Borrow =0;)
else(Dj =A;+ 10 — Borrow; Borrow =1;)
(3) Let m = max(p,q);
(4)For(j=0t0m—1), pach (k—D,.length) Os to the left of D ;
$)D="";
Jor(j=0tom)D =D, &D;
(6) if (sign ='-") then D = sign & D;
(7) Output D as the difference A— B.

For multiplication, we can do either digit wise or block wise. The following is an algorithm for
multiplication in block wise.
Algorithm Multiply (A, B):

Assume that

A=A, x10" + A x10" 4+ A x1077" 4. 4 A x10° + A;

B=B x10“+B,_ x10“" +B_,x10"?" +...4+ B, x10" + B;

where A;,B (0<i< p;0< j<g)are whole numbers of k or fewer digits,
Each product A;B, is less than the machine' s max;

(1) Use regular multiplication to find each product A;B;

(2) Atiching (i + j)k zeros to the end of the product A;B ;

(3) Use the Add(A,B) or Add?2(A, B) to sum up all products;

(4) Output the sum as the product of A and B.

In order to check divisibility and primality of integers, we need an algorithm of division. We can
proceed as follow:

Algorithm Divide (A, B):
A:AA An—ZU.AlAO’

n* n-1

where A, is the unit digit, A, is the tenth digit,and so on
B=B,B, B, , BB,

m— m—1

where B, is the unit digit, B, is the tenth digit,and so on



(1). If A < B, then Output quotient = 0, and remainder = A.
(2). If A =B, then Output quotient = 1, and remainder = 0.
(3). If A > B, then

Dividend = A, divisor = B,

K = the length of B;

While (Dividend > divisor)
{

D1 = the first k digits of Dividend from the left.

D2 = the substring of Dividend starting from the (k+1) to the end
If (D1 >= divisor) then
{Find the greatest non-negative integer k such that k x(divisor)<= D1I;
QCUM}’H = k;
Update Dividend = Subtract (D1, Multiply (k, divisor)) & D2;

}
Else
{ QC()MVH = O;
D1 = the first k + 1 digits of Dividend
D2 = the substring of Dividend starting from the (k+2) to the end

Find the greatest non-negative integer k
such that k x (divisor) <= D1;
Deoun = K5
Update Dividend = Subtract (D1, Multiply (k, divisor)) & D2;
}
}
If (Dividend = divisor) then
{
Qoo =1 Remainder = 0;
}
Else
{

Remainder = Dividend,;

}

OMtput : quotlent = ququ T qwum‘—l
remainder = Remainder

Once we implement Divide (A, B), we can define modulo function Mod (A, B), which returns the
remainder when A is divided by B. Therefore, we can check divisibility and primality of integers.

§3. Applications
It is very common that whenever we teach Number Theory, we need display some large numbers such
as Fibonacci primes and Mersenne numbers by using computer. If we are not careful, we will run into
an integer overflow. We can use the algorithms developed in section 2 above to eliminate such errors.
As a demonstration, we give two examples in the following. The first example is a comparison of
displays of large numbers on computers with or without using our algorithms.



Example 1. Ttis well known'”! that the 3%, 4% 7% 11", 13" ,17% 23", 29 43¢ 47" 839 131%,
137", 359" 431", 433" 449", 509" 569" ,571™ 2971 4723" ,5387" ,9311" ,9677" ,14431",
25561%, 30757™, 30757", 35999", and 81839 terms of Fibonacci sequence are primes. It is easy to
display any of the first few small ones using a computer. However, it is impossible to display a large
one without getting an integer overflow. In the table 1, it was shown that the display via JavaScript
without using our algorithm will either loss precisions or get a scientific notation that unfortunately
results in a real number instead of an integer. A live demonstration is available on our website at
http://cims.clayton.edu/whong/tools/Demo4BigNumber.htm.

Table 1 Fibonacci Primes.

The first 22 primes in the Fibonacci Sequence

The Display

without using our The Display using our algorithm
algorithm

2 2

3 3

5 5

13 13

89 89

233 233

1597 1597

28657 28657

514229 514229

433494437 433494437
2971215073 2971215073
99194853094755490 99194853094755497

1.0663404174917107e+
27

1066340417491710595814572169

1.9134702400093282¢e+
28

19134702400093278081449423917

4.754204377346978e+7
4

47542043773469822074736802716674938292770141701655719366226871637693547624
1

5.298927110060951e+8
9

52989271100609562179203955678778467019711275902953450662090516283476995513
4424689676262369

1.3872771278047825¢e+
90

13872771278047838271141861031862463922584503581717836900799180321360252259
54602593712568353

3.0617199924845414e+
93

30617199924845450305543138480837172081112854323537384971316747993215712381
49015933442805665949

1.0597999265301477e+
106

10597999265301490732599643671505003412515860435409421932560009680142974347
195483140293254396195769876129909

3.668447431608094¢e+1
18

36684474316080978061473613646275630451100586901195229815270242868417768061
193560857904335017879540515228143777781065869

9.604120061892246e+1
18

96041200618922553823942883360924865026104917411877067816822264789029014378
308478864192589084185254331637646183008074629

Infinity

35710356064190986072090777413906345444556992658284330679404199747630107110
27675704833435635185100078003041954440805185626309000273864989339446192101
92856768352683468831754423234217978525765921040747291316681576556861490773
13521486178287771656087968636826611736535188492639377543192511689632234113
00758802871692449806988379419312475160101016317043499635834003619108099258
47721300802741705519412306522941202429437928826033885416656967971559902743
15026325222945629899226300812671958920343040738522823036162849486017212970
22711729264695008023426087220064207455862972679290525090591543409683485095
80552307148642001438470316229




Example 2. 1t is well known "1 that the 257" Mersenne number is a prime. To display the 257"
Mersenne number, we can make a simple loop as follows:
Count =0;
X=1;
While (Count Not Equal to 257)
{ X = Multiply(X,"2");
Z = Subtract(X,"1");
Count++;
} Output Z;
The 257" Mersenne number is
231584178474632390847141970017375815706539969331281128078915168015826259279871.

§4. Conclusion
It is very common that an error of integer overflow occurs in scientific computation. To eliminate such
an error, it is a good idea to implement algorithms as we did in this note in either digit by digit or block
by block so that programs will be able to handle situations intelligently for lager integers. The

algorithm given in this note can be easily applied to many scientific computations such as RSA B3]
encryption and searching for large primes.
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